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Preface

This book is aimed at to entice multidisciplinary pure and applied science re-
searchers to think differently and to discover and describe nature and natural phe-
nomena (sociological, economical, biological, physical or chemical processes)
with wonderful tool of mathematics called Fractional Calculus, which is in fact a
generalization of the classical Newtonian Calculus, what we all are used to. The
greatest discovery by Newton was to tell the world is ‘that nature follows mathe-
matics’; well the question is “which mathematics”? This question of finding
“which mathematics” nature should follow is never ending quest for the pure and
applied science researchers and this book will entice them. This work is aimed at,
to make this subject popular and acceptable to engineering and science community
to appreciate the universe of wonderful mathematics, which is in between classical
integer order differentiation and integration, which till now is not much acknowl-
edged, and is hidden from scientists and engineers. This book will generate
‘Physical and Engineering Essence of Fractional Calculus’.

This work is inspired by thought to have overall fuel-efficient nuclear plant
control system. I picked up the topic more than a decade ago while deriving reac-
tor control laws, which aimed at fuel efficiency. Controlling the nuclear reactor
close to its natural behavior by concept of exponent shape governor, ratio control
and use of logarithmic logic, aims at the fuel efficiency. The power maneuvering
trajectory is obtained by normalized shaped reactor period function, and this de-
fines the road map on which reactor should be governed. The experience of this
concept governing Atomic Power Plant of Tarapur Atomic Power Station gives
lesser overall gains compared to older plants where conventional proportional in-
tegral and derivative type (PID) scheme is employed. Therefore this motivation
led me to design scheme for control other than conventional schemes to aim at
overall plant efficiency. Thus I felt need to look beyond PID and obtained the
answer in fractional order control system, requiring fractional calculus (a three
hundred year old subject). This work is taken from large number of studies on
fractional calculus and here aimed at giving application-oriented treatment, to un-
derstand this beautiful old new subject. My contribution, in having fractional di-
vergence concept to describe neutron flux profile in nuclear reactors and to make
efficient controllers based on fractional calculus, to have physical sense to solve
fractional differential equation, to interpret laws of nature in simple way to make
fractional calculus subject attractived and to give picturesque sense to sometime
complex looking mathematics, are some minor contribution in this vast (hidden)
area of science.



VIII Preface

This work is due to blessings of Prof Michelle Caputo, the founder of Caputo’s
fractional derivative. His blessings for the first edition encouraged me to carry out
further research and development on the scientific and engineering aspects of
Fractional Calculus further.

This second edition carries most of the advances which I could carry out with
my colleagues, publish papers, make circuits and carry out experiments and filing
patents. The photograph of one such system is shown below; the system is now
under industrialization. This edition is improvement on the contents of first edition
having advance work on this subject. Some mistakes that appeared in the first edi-
tion have been corrected too. In several places I have added extra explanations
with derivations as enquired by various users of the first edition.

The extra portions of this edition is from, advanced work done during past
years by the students and faculty of various Universities and Institutes who have
taken up research work on this subject with me, and also from various invited
talks and lecture series that I have taught at post graduate level at Universities and
deliberated in past, as a ‘Resource Faculty’ of Ministry of Human Resource De-
velopment Government of India, or deliberated as Invited Speaker at various sci-
entific forums; on this subject.

This photograph is of DC motor position servo with analog circuits of frac-
tional order PID, under industrialization process. Well, now it is a real reality,
once opined as a paradox three hundred years ago by Leibniz.

2010/05/20 11:08 PM




Preface IX

The treatment here in this book is very simple, with physical reasoning and neat
derivations, for almost all the concepts; a final year student can take this for his
research.

Enjoy the wonderful world of Fractional Calculus.

January-2011 Shantanu Das
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About Contents of This Book

The book is organized as eleven chapters. The book aims at giving a feel of this
beautiful subject of fractional calculus to scientists and engineers and should be
taken as start point for research in application of fractional calculus. The book is
aimed for appreciation of this fractional calculus and thus is made as application
oriented, from various science and engineering fields. Therefore, the topics restrict
the use of too formal mathematical symbolism and mathematical formal theorem
stating language. The chapter three and four gives overview of application of frac-
tional calculus before dealing in details about fractional differintegrations and ini-
tialization issues. These two chapters deal with all types of differential operations
including fractional divergence application and usage of fractional curl.

Chapter one is basic introduction, dealing with development of the fractional
calculus. Several definitions of fractional differintegrations and the most popular
ones, are introduced here. A table in this, chapter gives feel of fractional differen-
tiation of some functions i.e. how they look. To aid the understanding diagrams
are given. In this chapter the solution of Fractional Differential Equation is given
to draw similarity between uses of indicial polynomials used to solve integer order
differential equations, with classical example of ‘tautochrone’ problem, solved by
Abel. Also in this chapter classical physical law of transport where conservation
of probability is generalized is introduced deriving the Fractional Differential
equation. The laws of irreversibility and its relation to non local character of frac-
tional calculus are highlighted. This introductory chapter also gives idea of scale
invariance, generalization of normal statistical laws, useful in fractional calculus
context. Here simple derivation is done to show that normal integer order diffu-
sion equation has inbuilt ‘half’ derivative thus paving way by indexing the order
of fractional half derivative, to adapt a concept of ‘fractional Brownian motion’ a
motion with memory.

Chapter two deals with the important functions relevant to fractional calculus
basis. Few examples of these functions are highlighted as to aid understanding in
utilizing these for solving Fractional Order Differential equations. Laplace trans-
formation is given for each function, which are important in analytical solution. In
this chapter interesting discussions are put as for memory integrals, which are es-
sence of various physical systems relaxing through non-exponential power laws.
Also brief introduction is made regarding regularizing of irregular and rough func-
tions with ‘fractal’ non-integer order dimension. Definitions of various dimensions
are also placed here.

Chapter three gives observation of fractional calculus in physical systems (like
electrical mechanical, thermal, control system etc.) description. This chapter is
made so that readers get feel of reality. In this chapter the anomalous diffusion
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laws are introduced, along with synthesis of fractional order element as approxi-
mate to continued fraction expansion. The derivation is done in simple manner for
dynamics of chain network, and its average displacement for infinite case is re-
lated to half differintegral with external force. The same is also derived for
‘charged’ chain in an Electric Field, indicating different fractional order differin-
tegral (other than half) relating average displacement with the external uniform
electric field.

Chapter four is extension of chapter three where concept of fractional diver-
gence and curl operator is elucidated with application in nuclear reactor and elec-
tromagnetism. With this the reader gets a broad feeling about the subject’s wide
applicability in field of science and engineering. In this chapter Fractional Deriva-
tive and its spectral derivation is made through Fractional Discrete Difference
concept, in random walk context; with extension giving super diffusion and sub
diffusion. The concept of persistent and anti-persistent diffusion with memory is
derived. The fractional reactor kinetics equations are derived and solved and pos-
sibility of fractional criticality is elucidated.

Chapter five is dedicated to insight of fractional integration fractional differen-
tiation and fractional differintegral with physical and geometric meaning for these
processes. Explanations are made to elaborate concept of fractional differintegra-
tion by computing area under shape changing curve, and concept of imaging (pro-
jection), and non-uniform flow of time. The concept of Fractional Order Signal
Processing and Fractional Noise is introduced to identify the Fractional Stochastic
Processes. The Local Fractional Derivative and its relation to fractal dimension of
graph along its utility to enlarge critical points study of physical systems is elabo-
rated. In this chapter example of numerical calculation of simple fractional order
differential equation is presented, along with method to extract exponent describ-
ing local singularity at a point is derived. Along with this basics are developed to
do integration on fractal distribution, thereby giving concepts of fractional line
surface and volume integrations, with respect to fractal dimensions. Naturally the
generalization of Stroke’s law and Gauss’s law is derived for systems with ‘fractal
distribution’.

Chapter six tries to generalize the concept of initialization function, which ac-
tually embeds hereditary and history of the function. Here attempt is made to give
some light into decomposition properties of the fractional differintegration. Gen-
eralization is called as this fractional calculus theory with the initialization func-
tion becomes general theory and does cover the integer order classical calculus.
The periodic signals are fractionally differintigrated with different initial start
points. Here conflicting issues of initialization of Riemann-Liouvelli vis-a-vis
Caputo formulation is elaborated, giving physical interpretability. With the as-
sumed fractional initial conditions demonstration to solve Fractional Advection
Dispersion Equation, and concept of modeling fractional stochastic process as
example dynamic delays of computer network system and its physics are derived.

Chapter seven gives the Laplace transform theory a general treatment to cover
initialization aspects. In this chapter also described is concept of w-plane on which
fractional control system properties are studied. In chapter seven elaborate dealing
is carried on for scalar initialization and vector initialization problems. Elaborate
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block diagrams are given for aid to understand these concepts in chapter six and
seven. In this chapter fundamental fractional differential equation is taken and im-
pulse response to that is obtained, along with derivation of interlacing of poles and
zeros to get arbitrary fractional order operator realized practically is elaborated.

Chapter eight gives application of fractional calculus in electrical circuits and
electronic circuits and electromagnetism. In this chapter the concept of Generat-
ing-function is presented which gives transfer function realization for digital reali-
zation in real time application of controls Realization of transfer function for
implementation of Fractional Order PID is given here. Interesting elaborations of
laws of Electromagnetism is included where electric charges and magnetic flux is
distributed in fractal media.

Chapter nine deals with application of fractional calculus in other fields of sci-
ence and engineering for system modeling and control. In this chapter modern
aspects of multivariate controls are touched to show the applicability in fractional
feed back controllers and state observer issues. Also the theory of iso-damping is
elaborated by practical examples of design of fractional phase shaper by Bode’s
integral. In this chapter the derivations of fractional laws of viscoelastic behavior
of fractal chain network, and anomalous electrochemical behavior are discussed,
along with memory based relaxation of non-Newtonian fluid.

Chapter ten gives detailed treatment of order of a system and its identification
approach, with concepts of fractional resonance ultra-damped and hyper-damped
systems. Also a brief is presented on future formalization of research and devel-
opment for variable order differintegrations and continuous order controller that
generalizes conventional control system. This chapter also deals with complex
non-linear relaxation of condense matter and methods to identify these behaviors.
The introduction of complex order calculus in system identification is given, in
this chapter. The identification technique of important parameters for irregular
stochastic process is developed here, in order to fit Levy statistic with long range
dependency with lingering tail, and with memory effect.

The chapter eleven deals with the solution of Generalized Differential Equation
System by decomposition technique by physical principles of action reaction se-
ries. The solutions thus obtained are analytical approximates for the system. Here
the method highlights uniformity in Riemann-Liouvelli and Caputo formulations
where only integer order initial states are required and the solution is close to
physics of action reaction.

References contains list of work in fractional calculus and applications a few of
them. Several other authors draw some of the references indirectly on their re-
search papers. Undoubtedly it is not possible to include all references and work of
past three hundred years.

Undoubtedly this is an emerging area or research (not so popular at present in
India), but in next decade perhaps will see plethora of applications based on this
field. May be XXI century will speak language of nature that is fractional calculus.

January-2011 Shantanu Das
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Chapter 1
Introduction to Fractional Calculus

1.1 Introduction

Fractional calculus is three centuries old as the conventional calculus, but not very
popular amongst science and or engineering community. The beauty of this sub-
ject is that fractional derivatives (and integrals) are not a local (or point) property
(or quantity). Thereby this considers the history and non-local distributed effects.
In other words perhaps this subject translates the reality of nature better! Therefore
to make this subject available as popular subject to science and engineering com-
munity, adds another dimension to understand or describe basic nature in a better
way. Perhaps fractional calculus is what nature understands and to talk with nature
in this language is therefore efficient. For past three centuries this subject was with
mathematicians and only in last few years, this is pulled to several (applied) fields
of engineering and science and economics. However recent attempt is on to have
definition of fractional derivative as local operator specifically to fractal science
theory. Next decade will see several applications based on this three hundred years
(old) new subject, which can be thought of as superset of fractional differintegral
calculus, the conventional integer order calculus being a part of it. Differintegra-
tion is operator doing differentiation and sometimes integrations in a general
sense. Also the applications and discussions are limited to fixed fractional order
differintegrals and the variable order of differintegration is kept as future research
subject. Perhaps the Fractional Calculus will be the calculus of XXI century. In
this book attempt is made to make this topic application oriented for regular sci-
ence and engineering applications. Therefore rigorous mathematics is kept mini-
mal. In this introductory chapter list in tabular form is provided to readers to have
feel of fractional derivatives of some commonly occurring functions. Here various
definitions of fractional differ-integrations are introduced, and some applications
of Fractional Differential Equations are deliberated. Also, discussed are the law of
irreversibility, non-locality and conservation of probability, stable random vari-
ables, scale invariance and generalization of normal probability density function to
power law distributions. The simple derivation is shown here to elucidate the fact
that integer order diffusion equation Fick’s law has half order differentiation em-
bedded into it, and its extension to have concept of anomalous transport, and Frac-
tional Brownian Motion. This treatment will give the readers the feel of fractional
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calculus to explain natural laws, stochastic processes of several manifestations and
the subject’s relevance to basic physical laws of nature. To start with let us think for a
moment, about the normal derivative d /dt is representing the rate of accumulation
or loss; that is, gain rate minus loss rate, at infinitesimal bounded space. Well if that
infinitesimal space is having traps (of various sizes) where our particle money or any
variable what we are studying is temporarily parked then will the d / dt replicate real
picture of accumulation or loss? Similarly these trap pictures could be islands or for-
bidden zones in the infinitesimal space where the variable (particle, money, flux etc.)
cannot reside; then also the rate of accumulation or loss will be different
than d/dt. Well then the fractional differentiation d*/dr®, where o€ Re may
give the sub- or super-rate of accumulation or loss with index « representing the
heterogeneity distribution of the infinitesimal space (traps or islands)!

1.2 Birth of Fractional Calculus

In a letter dated 30" September 1695, L’Hopital wrote to Leibniz asking him particu-
lar notation he has used in his publication for the n-th derivative of a function

D" f(x)
Dx"

i.e. what would the result be if n=1/2. Leibniz’s response “an apparent paradox
from which one day useful consequences will be drawn.” In these words fractional
calculus was born. Studies over the intervening three hundred years have proven at
least half right. It is clear, that with in the XX century, especially numerous applica-
tions have been found. However, these applications and mathematical background
surrounding fractional calculus are far from paradoxical. While the physical meaning
is difficult to grasp, the definitions are no more rigorous than integer order counterpart.

Later the question became: Can 7, be any number: fractional, irrational, or com-
plex? Because the latter question was answered affirmatively, the name ‘fractional
calculus’ has become a misnomer and might better be called ‘integration and differ-
entiation of arbitrary order’ or ‘arbitrary ordered differ-integrations’. Anyway mathe-
matics is art of giving misleading names!

In 1812, P.S. Laplace defined a fractional derivative of arbitrary order appeared in
Lacroix’s (1819) writings. He developed a mere mathematical exercise generalizing

from a case of integer order. Starting with y =x", where m a positive integer, La-

croix easily develops n th derivative:

n
d Y m! m-n

= >n.
dx" (m-—n)!

. =

Using Legengdre’s symbol for the generalized factorial (the complete Gamma
function), Lacroix gets:
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dny _ F(m+1) K
dx" T(m-n+1) '

He then gives example for y = x and n=1/2, and obtains:

o Jr

It is interesting to note that the result of Lacroix in the manner typical of the clas-
sical formalists of the periods is same as that yielded by the formalists Riemann-
Liouvelli definition of fractional derivative. This expression of Lacroix is also
referred to as Euler’s formula (1730). Let us try and use this to evaluate fractional
derivative of f(¢) =exp(t) .

The exponential function is represented as series

ok

fn=e =1L

"
= k!

applying this term to the Euler expression (as above) we get,

where v>0 and ve R (real number). The fractional derivative of exponential func-
tion does not return exponential function. The expression of the series function is one
of the Higher Transcendental Function, and in this case Miller-Ross function
is represented as E, (—v,1) .

1.3 Fractional Calculus a Generalization of Integer Order
Calculus

Let us consider 7 an integer and when we say x" we quickly visualize x multiply n
times will give the result. Now we still get a result if n is not an integer but fail to

visualize how. Like to visualize 2” is hard to visualize, but it exists. Similarly the
fractional derivative we may say now as

dﬂ'
dx_”f(X)

though hard to visualize (presently), does exist. As real numbers exists between
the integers so does fractional differintegrals do exist between conventional
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integer order derivatives and » fold integrations. We see the following generaliza-
tion from integer to real number on number line as

X" = XXX X X n is integer
n

x" =" n is real number

n!'=123...(n—-n n is integer

n!'=T(n+1) n is real

and Gamma Functional is T'(x) = J. e dr

0
Therefore the above generalization from integer to non-integer is what is making
number line general (i.e. not restricting to only integers). Figure 1.1 demonstrates
the number line and the extension of this to map any fractional differintegrals. The
negative side extends to say integration and positive side to differentiation.

& & &°F
’dl" dtz b} dt3 EXRRS

- ...,Idtjdtf fdt,jdtf fdt,jfdt,f
Writing the same in differintegral notation as represented in number line we have

d°f d°f d'f . df &°f d’f

At At de det dr?
D R ® ° - ° o ® @t rarnnn »
-3 -2 -1 0 1 2 3
B v ° ® o PN * O reirarrann >

f(-3) f(-2) f(—l) f(O) f(l) f(2) f(3)

INTEGRATION DIFFERENTIATION'

Fig. 1.1 Number line & Interpolation of the same to differintegrals of fractional calculus

Heaviside (1871) states that, there is universe of mathematics lying between the
complete differentiation and integration, and fractional operators push themselves
forward sometimes and are just as real as others.

Mathematics is art of giving things misleading names. The beautiful-and at first
glance mysterious-name, the fractional calculus is just one of those misnomers,



1.4 Historical Development of Fractional Calculus 5

which are essence of mathematics. We know such names as natural number and
real numbers. We use them very often; let us think for a moment about these
names. The notion of natural number is a natural abstraction, but is the number
natural itself a natural? The notion of a real number is generalization of the notion
of a natural number. The real emphasizes that we pretend that they reflect real
quantities, but cannot change the fact that they do not exist. If one wants to com-
pute something he immediately discovers for himself that there is no place for real
numbers in this real world. On a computer he can work with finite set of finite
fractions, which serves as approximations to unreal real number.

Fractional calculus does not mean the calculus of fractions, nor does it mean a
fraction of any calculus differentiation, integration or calculus of variations. The
fractional calculus is a name of theory of integrations and derivatives of arbitrary
order, which unify and generalize the notion of integer order differentiation and
n-fold integration. So we call generalized differintegrals.

1.4 Historical Development of Fractional Calculus

Fractional order systems, or systems containing fractional derivatives and integrals,
have been studied by many in engineering and science area. Heaviside 1922, Bush
1929, Goldman 1949, Holbrook 1966, Starkey 1954, Carslaw and Jeager 1948, Scott
1955 and Mikuniski 1959. Oldham and Spanier 1974, Miller and Ross 1993 present
additionally very reliable discussions devoted specifically to the subject. It should be
noted that there are growing number of physical systems whose behavior can be
compactly described using fractional calculus system theory. Of specific interest to
electrical engineers are long electrical lines (Heaviside 1922), electrochemical proc-
ess (Ichise, Nagayanagi and Kojima 1971; Sun, Onaral, and Tsao 1984), dielectric
polarization (Sun, Abdelwahab and Onaral 1984), colored noise (Manderbolt 1967),
viscoelestic materials (Bagley and Calico 1991; Koeller 1986; Skaar, Michel, and
Miller 1988) and chaos (Hartley, Lorenzo and Qammar 1995), electromagnetism
fractional poles (Engheta 1999). During the development of the fractional calculus
applied theory for past three hundred years the contributions from N, Ya. Sonnin
(1869), A.V. Letnikov (1872), H. Laurent (1884), N. Nekrasov (1888), K. Nishimoto
(1987), H.M. Srivastava, R P Agarwal (1953), S.C Dutta Roy (1967), Miller and
Ross (1993), Kolwankar and Gangal (1994), Oustaloup (1994), L. Debnath (1992),
Igor Podlubny (2003), Carl Lorenzo (1998) Tom Hartley (1998), R.K. Saxena (2002),
Mariandi (1991), R.K. Bera and S Saha Ray (2005), and several others are notable.
Author has tried to apply the fractional calculus concepts to describe the Nuclear Re-
actor constitutive laws and apply the theory for obtaining efficient automatic control
for nuclear power plants. Following are some of the notations and formalization ef-
forts since late seventeenth century by several mathematicians:

Since 1695 after L’Hopital’s question regarding the order of the differentiation
Leibniz was the first to start on this direction. Leibniz (1695-1697) mentioned
possible approach to fractional order differentiation, in that sense that for non-
integer (n) the definition could be following. This letter he wrote to J. Wallis and

J. Bernulli.
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d'zemx

'

n_mx
e

L. Euler (1730) suggested using relation ship for negative or non-integer (rational)
values, taking m =1 and n =1/2 he obtained the following:

a"x"

dx"
I'm+1)=m(m-1)..(m—n+DHI'(m—n+1)
d'x"  T(m+])
dx"  T(m-n+1)
d"x 4x 2 o

=m(m-1D)(m=-2)..(m—n+Dx"™"

m—n

d'? 7 \/;

First step in generalization of notation for differentiation of arbitrary function was
conceived by J.B.J. Fourier (1820-1822), after introduction of:

fx)= %__Ef(z)dz_j:cos(px— pz)dp .

His definition of fractional operations was obtained from this integral representa-

n

tion of f(x).Now,

n
X

He made a remark as:

1
cos p(x—z)= p" cos[ p(x— z)+5n7r] for n, an integer.

d" f(x)
dx"

l'm v n T
—E_J;f(z)dzjl p cos[p(x—z)+n5]dp

—oco

and this relationship could serve as a definition of n-th order derivative for non-
integer order n. Fourier states that “The number n that appears in above will be
regarded as any quantity whatsoever, positive or negative”.

N.H. Abel (1823-1826) introduced integral as

X

J’S'(ﬂ)dﬂ _

S=p)
) (x-1)

He in fact solved the integral for an arbitrary ¢ and not just for %2 he obtained

S(x) =

ﬁme#ﬁ w(xt)
r Oa—nF“



1.4 Historical Development of Fractional Calculus 7

After that Abel expressed the obtained solution with help of an integral of order
of .

1 d %W

SO = e

Abel applied the fractional calculus in the solution of an integral equation that
arises during the formulation of tautochrone problem, the problem of finding a
shape of curve such that the time of descent of a frictionless point ball mass, slid-
ing down the curve under action of gravity is independent of the start point. If the
time of slide is a known constant (7" ), then Abel’s equation is

k = '[(x—t)_% Fydr .
0

This equation, except the multiplicative factor 1/I°(1/2), is a particular case of
definite integral that defines fractional integral of order 2. Abel wrote the RHS of
above integral as \/;[d_l/ 2/axV 2] f(x). Then he operated both sides with

d"? 1 dx'"* , to get:

172

d
k= NZf 0.

Thus when fractional derivative of order %2 is computed (in above) f(x) is deter-

mined. A remarkable contribution by Abel is that fractional derivative of constant
need not be zero.

J. Liouvilli (1832-1855) gave three approaches. The first one in following
Leibniz’s formulation as follows.

d"e™

dx"

=a"e™

oo

f(x) = che“"x;Rean >0

n=0

d’ -

7
dx s

Here the function is decomposed by infinite set of exponential functions. J. Liou-
ville introduced the integral of non-integer order as the second approach is noted
below:
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u
At = #lg
I¢(x) x )T )I¢(x+a)a o
u
| <p<x>dx”—r( )j(p(x a0 dar
T=x+o,&T=x—«
u
d H__ - _ il d
[otoax (Dﬂr( )j( W p(de
j o(x)di =— j (= (07

The third approach given by Liouville is the definitions of derivatives of non-
integer order as:

dF(x) _ D" [F(x)—ﬁF(x+h)+MF(x+ Zh)—...j
ol 1 12

d”F(x)_L( LM HE=D _)
= Fe= R+ S F -2 -
lim.h — 0

Liouville was first to point the existence of right sided and left sided differential
and integrals.

G.F.B. Riemann (1847) used a generalization of Taylor series for obtaining a
formula for fractional order integration. Riemann introduced an arbitrary “com-
plimentary” function y(x) because he did not fix the lower bound of integration.

This disadvantage he could not solve. From here the initialized fractional calculus
was born lately in the later half of the twentieth century, Riemann’s notation is as
follows with the complimentary function.

D)= 0] f(x )——I(x NV F()dt + w(x);[Rev > 0]

Cauchy formula for n-th derivative in complex variables is:

@O

([ Z)n+1

D'f(z)=f"(2) =

for non-integer n =v a branch point of the function (¢t — 2)™"™", appears instead of
pole:
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D"f(2)=

C(v+D) ¢ I S@
(t—

_]27[ Z)V+l

Generally to understand the dynamics of any particular system, we often consider the
nature of the complex domain singularities (poles). Consider a complex function
G(z)=(z"+a)™", where ¢ >0 and is fractional number. This particular function of
the complex variable does not have any poles on the primary Riemann sheet of the
complex plane z=rexp(jf), i.e. with in |9| < . It is impossible to force the de-

nominator z? +a to zero anywhere in complex plane |0| < 7. Consider for ¢ =0.5,

the denominator z*° +1 does not go anywhere to zero in primary Riemann sheet,
|t9| < 7. It becomes zero on secondary Riemann sheet at z = exp(£j27) =1+ j0.

Normally to get to secondary Riemann sheet it is necessary to go through a
‘branch cut’, on the primary Riemann sheet. This is accomplished by increasing
the angle in complex plane z. Increasing the angle to 8=+ gets us to the
‘branch-cut’ on the z— complex plane. This can also be accomplished by de-
creasing the angle until @=—x, which also gets us to the ‘branch-cut’. This
‘branch-cut’ lies at z = rexp(xjz) for all positive r . Further increasing the angle

eventually gets to 8= =*j27. Further increasing the angle 6 >z makes us go ‘un-

derneath’, the primary Riemann sheet, inside the negative real axis of z-—
complex plane.

The behavior of the function (z*°+1)"" is described by thus two Riemann

sheets. Return to the first Riemann sheet on the z— complex plane, the branch cut
begins at z =0, the origin and extends out to the negative real axis to infinity. The
end of the branch cuts are called ‘branch-points’, which are then at the origin and
at minus infinity in the z— plane.

The ‘branch-points’, can be considered as singularities on the primary Riemann
sheet of the z—plane as well, but the function (z*°+1)" does not go to

infinity then. Therefore to obtain the plot of the pole one has to wrap around these
branch points and go to secondary-Riemann sheet (in this case at 1+ j0

at 0=212rx).

An appropriate contour would then require a branch cut. An open circuit con-
tour on a Riemann surface with contour integration produces Riemann fractional
integral definition. This work of complex variable approach, with contour integra-
tion, was from H. Laurent (1884), extending Letnikov’ and Sonin’s work on
Cauchy’s formula to generalize derivative to arbitrary order.

Marchaud (1927) was trying to define fractional derivative from Riemann-
Liouvelli fractional integral definition that is, by taking v as —v and wrote:

oo

oDef(x)= oI f(x) = (1 ) u VT f(x—u)du , for v>0.
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No matter how smooth f(x) might be, the above representation (integral) di-

verges due to u"! at the origin. Later this definition was modified only for

0< v<1, by considering finite part of the above diverging integral in the sense

that one should subtract the part which makes the integral diverge; namely:

j 0 Fodu =22 with £ 0" Thus,
ve

oo

£

o

! )J.u_v_l[ Fx—u)= fOOldu , using T(1— ) = —al (1) .

D! f(x)= lim
0 Xf() e—0" T'(—v

The Marchaud definition is:

=3

w f (x—wydu= 17V f(x)

. D! f(x)= lim
0 Xf() 0" F(l—v)g

Riesz (1949) formulated potential expression for arbitrary order with fractional
integration as:

f T((n-e)/2) [ f(u)

I,f(x)= B —du , with n=1 the definition is as follows:
2% 7" F(O(/z)_m|x—u|n o

1 [ f

20(@)coslam/ 2] 3 |y~

def
R f(x) =

This is also called Riesz’s potential, which generalizes to several variables the
Rieman-Liouvelli integral. These singular integrals are well defined provided the f

decays rapidly at infinity.

1.4.1 The Popular Definitions of Fractional Derivatives/Integrals
in Fractional Calculus

1.4.1.1 Riemann-Liouville

o (2] L,
I'(n—a)\dt a(t—z')"“’”r1

(n-H)<a<n

Where 7 is integer and «is real number. This is a forward derivative.
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1.4.1.2 Grunwald-Letnikov: (Differintegrals)

5

U FLE S A
DI f @) =lim-2 Z WL e im

{t ;a} —s INTEGER
1.4.1.3 M. Caputo (1967)

<D f(1)=

dr,(n-1)<a<n,

L 1
L(n-a)° (t—1)*"™"
Where 7 is integer and «is real number.

1.4.1.4 Oldham and Spanier (1974)

Fractional derivatives scaling property is:

d' f(Bx) Y d‘ f(Bx)
dx? d(fx)!

This makes it suitable for the study of scaling and scale invariance. There is con-
nection between local-scaling, box-dimension of an irregular function and order of
Local Fractional Derivative.

1.4.1.5 K.S. Miller and B. Ross (1993)

D f(t)=D“D*..D" f(t)
a=o+o,+..+a,
o, <1

This definition of sequential composition is very useful concept for obtaining frac-
tional derivative of ant arbitrary order. The derivative operator can be any defini-
tion RL or Caputo.

1.4.1.6 Kolwankar and Gangal (1994)

Local fractional derivative is defined by Kolwankar and Gangal (KG) as to ex-
plain the behavior of ‘continuous but nowhere differentiable’ function. The other
definition of fractional derivative in classical sense is integral-derivatives and is
non-local property.

For 0< g <1, the local fractional derivative at point x =y, for f:[0,1] >R

is:
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d(f(x)=f(y
=y d(x—y)!

There is a logical extension of this definition to subject of Calculus on Fractals.

1.5 About Fractional Integration Derivatives and
Differintegration

All the efforts to realize fractional differintegration is “interpolating” the opera-
tions between the two integer order operations. In the limit when the order of the

operator approaches the nearest integer the “generalized” differintegrals tends to
normal integer order operations.

1.5.1 Fractional Integration Riemann-Liouville (RL)

The repeated n-fold integration is generalized by Gamma function for the factorial
expression, when the integer » is real number .

1 t
DO =1"f 0= f,(0=——[ -0 f(2)d7
(n—-1)! )

v “ L[ e
DS =1F 0= fu) = = -0 fode
0
Defining power function as
taf—l
(D =
“O T

and using definition of convolution integral, the expression for the fractional inte-
gration we can therefore write as the convolution of the function and the power
function.

D)= Dy()* f(1) = [ @, f 1= D)7,
0

This process is depicted in Figure 1.2 where L is Laplace operator and L™ is in-
verse Laplace operator.
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0 F(s)
L

_ e
Foo,s) | L | Deso

—>

on L | o

Fig. 1.2 Block diagram representation of fractional integration process by convolution

Convolution means folded-up or rolled-up condition. Non exponential relaxa-
tion processes, imply memory that the underlying fundamental relaxation proc-
esses are of Non-Markovian nature. Natural way to incorporate such memory ef-
fect is by ‘fractional calculus’, By the involved convolution integration in time,
the present state is being influenced by all states and the system has been running
through at times 7=0,1,2......r. The power-law kernel defining the fractional ex-
pression represents a particular long memory.

The above is Cauchy’s generalization of n-fold multiple integral. The fractional
integral represents (as in Fig: 1.2) a convolution of power-law with a function
f(t) defined as:

» (1) “ 1 ¢ f(7)
oD f(t)—(r(a)J*f(t)——F(a)a—d(t_f)l_a ¢

The lower limit of integration a=0 implies ‘Riemann’ system, (without
complementary function w(x)) and corresponding convolution definition is

‘Laplace Convolution’. The lower limit of integration when a = —co represents
‘Liouvelli’ fractional integral definition with convolution, as Fourier’s convolu-
tion. Convolution algebra plays an important role in solution of Fractional Differ-
ential equation. Convolution can be interpreted as Memory Integrals, i.e., all in-
stances from 7=0 to 7=t , contribute to situation at present instance 7=t . Any
dynamic time evolution process can be generalized via following convolution
integral with memory kernel K(r)
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o L
0

The memory Kernel K(f) in the Memory-Integral of the definition of fractional

integral is power law %!
The definition of integration has two types, based on limits of integration, the
Riemann-Liouvelli definition is :( for ¢ >0)

I2f(x)= D" f(x)= T )J(x w)® f(u)du is “forward integration’

Ib fx)= Dy Yflx)= mj( - x)a_ f(u)du is backward integration

Note that the Kernel in backward integration is (u—x)*", and for the forward

integration the Kernel is (x—u)®" . More generally 17 f(x) is called Riemann-
Liouvelli definition.

1.5.2 Fractional Integration Weyl’s (W)
The Weyl’s definition for right hand and left hand integration is:

WZf(x)= 1% f(x)= Ta )I(u )% f(u)du is ‘backward integration’

W)= LI f(x)—m_[ (x—u)*" f(u)du is “forward integration’.

The forward and backward integration i.e. “f(x) and I f(x) are related by

Parseval equality (fractional integration by parts). For a =0 and b = o the relation is:

’ax
=)

Tf(x)(olfg)u)dx: [(we )z
0

0

1.5.3 Nature of Kernel for Fractional Integration

Refer Figure 1.3 where the kernel, the power function
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a-1

t
* =T

is plotted. It is worth noting that when the fractional order tends to unity, the ker-
nel of the power function tends to Heaviside’s unit step function and in case the
fractional order tends to zero the power function or the kernel tends to become
delta function. That is

limld)a(t):H(t), where H(t)=1.0 for t>0 and H(t)=0 for ¢t <0, which
a—

t
also implies the identity as lim (I f(t)=lim ,D; % f(t) = I f(7)d7r is normal
a—l a—l
0
integer order integration of order one.

lim @, () = &(1) , gives identity as lim (17 f(t) = lim (D; “f(t) = f (). Here we
a—0 a—0 a—0

have wused the property that convolution of delta function with any
function results in function itself.

"1 =09
N e JA——
/\/m 0.1

S o 5 p—

Fig. 1.3 Nature of Kernel (Power-function) for fractional integration

1.5.4 Fractional Derivatives Riemann-Liouville (RL) Left Hand
Definition (LHD)
The formulation of this definition is:

Select an integer m greater than fractional number o

@) Integrate the function (m— ) folds by RL integration method.
(ii) Differentiate the above result by m.

Expression is given as:
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a1t [

A" F(m—O{) . (I— T)aJrl—m

DYf(t)=

The Figure 1.4 gives the process block diagram & Figure 1.5 gives the process of
differentiation 2.3 times for a function.

fio—— d""

A 4

d" | d“f()

Fig. 1.4 Fractional differentiation Left Hand Definition (LHD) block diagram

A

»
|

INTEGRATION DIFFERENTIATION

f(—3) f(-2) f(—l) f(o) f(l) f(2) f(3)
B . ° ® ® PN Ot ruurnane »

0.7 2.3

A

(i) (m-a)=0.7

v

(i)

Fig. 1.5 Fractional differentiation of 2.3 times in LHD

In this LHD the limit of integration is from 0 to ¢. We thus denote the deriva-
tive by notation oD/ f() . In fractional calculus we find limit of derivative i.e.,

derivatives are taken in interval. We call this as ‘forward derivative’. Now if the
limits of integration are changed to (¢ to 0) the derivative is denoted as

DS f (1) the ‘backward derivative’. The backward derivative is related to forward
derivative by
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m

d —a
DS f @)= (1" — 177 f (1)
dt

Therefore, in order to obtain fractional derivative of a function at a point (say 0)
we should have the values of these two derivatives the same: forward derivative
should equal the backward derivative. This implies that not only one should know
the function from past to the point of interest (say 0) but also the function should
be known into the future in order to have point fractional derivative at a point.

Fractional derivative of purely imaginary order i.e., =16, (8#0 ) with real
part as ‘zero’ is expressed in Riemann-Liouvelli notation (with m =1):

w0, _ 1 df f
.D. f(x)_l"(l—iH) dxa(x—u)igdu

and associated integral of purely imaginary order in Riemann-Liouvelli definition
is:

-i6 ) _a 1+1e _ i
DW= P = 1) = j( W' f

1.5.5 Fractional Derivatives Caputo Right Hand Definition
(RHD)

The formulation is exactly opposite to LHD.
Select an integer m greater than fractional number

1) Differentiate the function m times.
(ii) Integrate the above result (m— ) fold by RL integration method.

In LHD and RHD the integer selection is made such that (m—1) < o <m . For ex-

ample differentiation of the function by order 7 will select m = 4 . The formulation of
RHD Caputo is as follows:

d" f () t
4o -1 | @
(t

dt=
I'(m- o) J(; (t— 2_)0(+1—m I'(m— o) (1= 2_)0(+1—m

‘DUf(t)=

Figure 1.6 gives the block diagram representation of the RHD process and
Figure 1.7 represents graphically RHD used for fractionally differentiating func-
tion 2.3 times.
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A 4

o d"

d-m e d" f()

Fig. 1.6 Block diagram representation of RHD Caputo

INTEGRATION | DIFFERENTIATION

f(*3) f(*2) f(*l) f(O) f(l) f(2) f(3)

D TETTTTRT T . 25

(@)

(i) o] (m-a)=07

A 4

Fig. 1.7 Differentiation of 2.3 times by RHD

The definitions of Riemann-Liouville of fractional differentiation played an
important role in development of fractional calculus. However the demands of
modern science and engineering require a certain revision of the well established
pure mathematical approaches. Applied problems require definitions of fractional
derivatives allowing the utilization of physically interpretable “initial conditions”
which contain f(a), f (l)(a),f & (a) and not fractional quantities (presently un-

thinkable!). The RL definitions require
lim ,D¥ f (1) = b,
t—a

lim ,D* 2 f(t)=b,
1—a

In spite of the fact that initial value problems with such initial conditions can be
successfully solved mathematically, their solutions are practically useless, because
at present there is no known physical interpretation for such initial conditions,
presently. It is hard to interpret.

RHD is more restrictive than LHD. For RL f(¢) is causal. For LHD as long as

initial function of 7 satisfies f(0)=0. For RHD because f(¢) is first made to m-th
derivative i.e. f" (), the condition f(0)=0 and f'=f*>=...f"=0 is re-

quired. In mathematical world this is vulnerable for RHD may be deliberating. For
LHD
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-
D?C+#0= o ,
I'l-ow
the derivative of constant C is not zero. This fact led to using the RL or LHD
approach with lower limit of differentiation a — —e< in physical world this posses
problem. The physical meaning of this lower limit extending towards minus infin-
ity is starting of physical process at time immemorial! In such cases transient ef-
fects cannot be then studied. However making a — —eo is necessary abstraction
for consideration of steady state process, for example for study of sinusoidal
analysis for steady state fractional order system.

Note that non-local character of Fractional Derivative definitions and the fact
that in LHD the Riemann-Liouvelli definitions, the fractional derivative of con-
stant being non-zero makes scaling information somewhat difficult. Sometimes it
is desirable to have ‘local-character’ of a function i.e., to have local fractional de-
rivatives defined-in wide range of applications ranging from structure of differen-
tiable manifolds to various physical models. Therefore extensions to this LHD are
made in KG definition to have Local Fractional Derivative. This KG definition too
takes care of this LHD i.e., Fractional Derivative of constant being non-zero gives
a consequence to change magnitude of Fractional Derivative of a function at a
point when different constants are added. The Local Fractional Derivative of KG
definition with LHD formulation addresses these issues.

While today we are familiar with interpretation of the physical world with inte-
ger order differential equations; we do not (currently) have practical understanding
of the world with fractional order differential equations. Our mathematical tools
go beyond practical limitation of our understanding.

Therefore still process is on to ‘generalize’ the concepts for use in practical world.

1.5.6 Fractional Derivatives of Same Order but Different Types
RL-Caputo

We have seen two types of fractional derivative and discussed them in above sec-
tion. The following formula gives fractional derivative definition with in RL-
Caputo type, with £ as type defining parameter as 0< f<1. When =1 the

definition is Caputo definition with symbol, CD;’ f (@) while f=0 gives RL frac-

tional derivative with symbol D/ f (r) . The generalized definition is as following:

—o d B\
oD F 0 = o0 I f (0]

The « is the order of derivative, and here in this definition is 0< <1 and £ is
the type of derivative with 0< S <1. Therefore the nearest integer is m =1 in the
above generalization.
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1.5.7 Fractional Differintegrals Grunwald Letnikov (GL)

Differintegration process as described below is differentiation for positive index
and integration for negative index for the differintegral (generalized) operator.

f(X+h) f®)

o=
h—)O
im fO+h+h)-fx+h) lim f+h)—f(x)
f (x) = f (X+h) f (x) - lim h,—0 h, =0 hy
=0 hy
=h,=h
f (x)= f(x+ 2h)=2f () + f(x) , Continuing for n times we have:

h2

f"(0=D f(x)—hm—Z( D" Jf(x mh)

(n) _ n!
Lm m!(n—m)!
IN'o+1
This can be replaced by Gamma functions as _ et for non- integer n

m!l'(ad—m+1)
i.e. o Therefore differentiation in fractional order is:

5]
T T aCean) )
D7) =lm-g ;)( D = men &7

For negative « the process will be integration.

[—nj _—n(-n-1)(-n-2)..(~n-m+1) _ 1" n(n+D(n+2)(n+3)...(n+m—1)
m) m! - m!
(1) (n-:—m—l)! S I'(a+m)
ml(n—1)! m!T(x)
Therefore for integration we write:
[%} T(or+m)
DTS = B D S o e

m=0
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The part l:%} is integer part (floor-function). That is the upper limit of the
summation is the integer part of the fraction.

The RL GL RHD (Caputo) LHD are they equivalent? The answer to this is yes.

1.5.8 Fractional Derivative Weyl’s
Like Riemann-Liouvelli definition the Weyl’s derivative of function is defined,

for an integer just greater than the fractional index of derivative. For
m—1<a<m,where me N, the Weyl’s definition is:

DEF(x)=(=1)" d—mxw;" “F(x)

The W[ %f(x) is Right Hand definition of Weyl’s fractional integration of or-
der (m—o) .

Let f(x)=e ™, with p >0, and under the substitution u—x=(y/ p), and
with integral representation of Gamma function as defined as

T(x) = J'e*’szz ,

we get the following

—px

o — o-1 e Pdy = o-— 1 =Y gy, —
XWwe F( )J.(u X) —ar(a)J‘y dy =

This yields:
B am —px o\ = DX ~
XDi!e px _ (_l)m — { e(m_a) } — (_l)m |:( Pri fa :|= pae px
dx” | p p'p

Earlier in this chapter we have seen the fractional derivative of exponential func-

tion e¢* returning Miller-Ross function.

e k—v

VX X
obxe Zr(k— - e

for v>0 and ve R, whereas D]e" =¢" . Thus it is observed that the lower

limit of fractional differentiation is very important.

5 —oco
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1.5.9 Scale Invariance and Power Law

By scale change of the function f(x) w.r.t. a lower limit with a we mean re-
placement by f(fx— fa+a), where [ is a constant termed as the ‘scaling fac-
tor’. To clarify this consider, a =0 . Then scale change converts f(x) to f(fx).
This is in contrast to homogeneity property where if f(x)is changed to Cf(x)
then DY[Cf (x)] = CD? f(x).

We seek a procedure by which the effect of generalized differ-integration op-
eration ,D{ operation be found if ,DYf(x) is known. Let X =x+[a—aBl/[.
Then by Riemann-Liouvelli definition we write:

1 [ f(By—Pa+a)dy
Tq)s  [x=y1"

DLf(BX)=  DIf(fx—Pa+a)=

1 ﬁf F{ay B}
T=q) 5 {LBX -Y1/ p)*"!
g T fmay

TTg) 3 px vy

=ﬁan;}xf(ﬂX)

When a=0, X =x and the scale change is simply multiplication of independent
variable by a constant, i.e. (D f(fx) = (D} f(Bx).
When a # 0, the effect requires additional process of translation, i.e., f(x) to

f(x+ A) which is a difficult process to generalize.

1 ffO+Ady 1 ’T‘ F(V)dy

DI f(x+A)= = ,
a xf(-x ) r(_q) ) [x_y]q+1 r(_q) o [_X+A—Y]q+1

=y+A

+

That is shift the upper limit to x+ A and lower limitto a+A.
This implies the study of self-similar processes, objects and distributions too.

Let y(r)= ¢, then y(Ar) = (AP = ﬂﬂy(t) . A scaling in time axis results in sim-
ple scaling of ordinate y . The law y(f) = t# is not altered. In log-log plot this

means a shift logA on the logz axis and shift Blog A in the ordinate. This ‘scale

invariance’, however, is the cause of stability of systems following power laws.
The kernel of fractional integral, defined above
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ta—l

o)

D,(0)=

is also a power-law-and is scale-invariant.
Power law relaxation is observed in various physical processes. Thus often one
encounters algebraic relaxation function as ¢(t) < =%, with 0 < < 1. The power-

k

law is any polynomial that exhibit ‘scale-invariance’. If f(x) = ax" , with k as scal-

ing exponent, examples being inverse square law (gravity, electrostatic), area of cir-
cle. Power law distributions in most general sense have a probability distribution of

form: p(x) e L(x)x~%, with & >1 and L(x) as a slowly varying function. Implying
p(x) be asymptotically ‘scale-invariant’ thus L(x) controls the shape and finite ex-

tent of lower-tail. These are also called long-tailed distributions with no defined aver-
age or standard deviation, as compared to normal-distribution. It is convenient to as-
sume sometimes lower-bounds x,;, from which the power law holds as:

-0

a—l{ al J ,with a>1
Xmin \ Xmin

p(x) =

Moments of power law distributions are

oo

<xm> = I x" p(x)dx =

Xmin

-1
a—-1-m

m
(xmin ) )

which is only well defined (finite) for m < o—1. That means all moments for
m 2 a—1 diverge. Say when « <2, the average (mean) and all other moments di-

verge (not-finite). When 2 < &< 3, the mean exists but variance <x2> and higher

order moments are infinite. These power-law distributions with diverging (integer
order) moments are characteristics of fractional order differential equations defining
relaxation in disordered system, thus paving way to have ‘Fractional Lower Order
Statistics’.

The most discussed power-law distribution is ‘Levy stable distribution’; which

has asymptotic form as f,, z(x) ~ A, 5/ |x|1+a , where o <2 is called the Levy in-

o
dex or the characteristic exponent. The limiting case with =2 corresponds to
Gaussian normal distribution governed by central limit theorem. For all Levy stable

laws with 0 < ar< 2, the variance diverges <x2> — oo . Conversely the fractional

. . 5
moments of the absolute value of X exists. Meaning <|x| > <o for 0<o<x<2.
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The processes are like:

(1) Transport of charge carriers in amorphous semiconductors.

(i) Behavior of electrical current at rough blocking electrodes (Warburg
electrochemical impedance in battery).

(iii) Di-electric relaxation of liquids and solids.

(iv) Microscopic and Macroscopic dynamic behavior of macromolecular
systems (such as linear polymers or gel).

(v) Attenuation of seismic waves.

(vi) Transient Electromagnetic Method for geophysical exploration, the late
time decay of receiver voltage profile from conductive half space, and
several other decay processes.

(vii) Scale invariance in ‘fractional’ stochastic process of financial returns or
fluctuating dynamics of delay generating systems in computer network.

Fourier transform of power-law is also a power law, the Magnitude and (phase)
angle of a Fourier transformation is depicted in an example as:

‘S{taH(t)H =T+ @) " and LS{taH(t)} - —g(a+ D,

Here H(t) is Heaviside’s step function that is H(t) =1 for + 20 and H(#)=0

for r<0.
Therefore often one encounters functional relations in the frequency domain of

the form @™ *F(w), for example @ % exp(—@7) . Such relations back-transformed
by generalized differentiation theorem gives ‘fractional integral’ expression as:

W “F(w) < (D™%f (1)

Fractional expressions can arise quite naturally from functional relations observed in
‘spectral-domain’ analysis and experiments. In time domain a typical example of

-8
asymptotic fractal is of the form G(¢) ~ [Lj 7y (B.t/7), with >0 and ' as
T

incomplete Gamma function, or any other higher transcendental function. This form
has late times a fractional power decay law. Power law is also referred as Long-
Tailed distribution and Long Range Dependence (LRD) as its tail lingers as if having
memory. This is in comparison with exponential decay curves associated with Integer
Order Linear Differential Equations, which decays very fast as though having no-
memory. Power-law decays are associated with Fractional Order Decay Equations
and those are having long lingering memory kernels.

Why the night sky is irregularly illuminated (Olber’s paradox), why income is
non-uniformly distributed (Pareto’s law), that is why rich get richer and poor get
poorer, is all follows self-similar power-law distribution. Mandelbrot coined the term
fractal, to take cognizance of the fact that a large class of natural and social phenom-
ena that traditional statistical physics is not equipped to describe. The fractals and
fractional calculus are related.
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1.5.10 Fourier Transform of Fractional Derivative

The lower limit of fractional differ-integration is commonly set to zero or minus
infinity. The zero bound is most commonly used for time dependent functions that
are causal, and nonzero only for 7> 0. For spatial functions an infinite bound is
typically used and for simplicity the limit is eliminated from the subscript and
only the direction of fractional differ-integration is noted. For infinity bound, frac-
tional differ-integration Fourier transformation is the technique many times used
to solve fractional differential equations. The Fourier transform is expressed as

3{f@}=Fw=[ e foodx, i=v-1

and the Fourier transform of integer (7 ) order derivatives is:

3{D (o) = S{%} = kY 7 (k)
n _ d”f(x) (3 7
S{Df(x)}—s{ pT=s }—( ik)" f (k)

Staying with the definition of the positive direction fractional derivative that is:

d T O s
2 f(x)_l"(n——q)ﬁj‘(x_g) f(©d¢,

Dlf(x)=

substituting y=x—¢, for —1< p <0, we have

1
I'(-p)

D! f(x)=———[y " fx=y)(=dy).

s [ =y e

H(y) is Heaviside’s step function with value 1 for y >0 and O for y<O0. The

We re-write this expression as D! f(x) =

Heaviside’s step function multiplied with the function in the integrand changes the
limits of integration as —eo to +eo, required to perform Fourier transformation.
This derived integral is convolution of product of Fourier transforms of two func-

tions namely x™'"?H(x)/T(-p) and f(x). From the standard tables of Fourier
transform we have
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S{x""H(x)/T(-p)] = |k|" exp((ip / 2)sgn(k))

Since exp[(iﬂ'p/2) sgn(k)] =i", when k>0 and is equal to (—i)” when k<0,

we have:
3{D7f()} = k)" F k) .

Similarly one can draw ${D” f (x)} = (=ik)" f (k)

For other fractional values we can construct the Fourier identities as:
3{pz 0} =3{p[ DL F (0]} = kY @ik)” (k) = ik)™” f (k) = (k) F (k)
The Fourier transform of Fractional derivative of Dirac delta is thus:

${D¢8(x)} = (ik)”
The convolution (® ) of function f and g with respect to Fourier transform is
given by

fFO®g = [ =0 f .

One important convolution relation with Dirac delta function is,

[Di6(0]® f(1)=8(®[ DLf () |=DLf ().

1.5.11 Composition and Property

In this book the symbols for fractional differintegration have been standardized as
follows.

DI f@)
Represents initialized g-th order differintegration of f(f) from start point c to ¢.
A (@)

Represents un-initialized generalized (or fractional) g-th order differintegral. This
is also same as
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df(1)

= dlf@),
[d(t-o)] /

shifting the origin of function at start of the point from where differintegration
starts. This un-initialized operator can also be short formed as d? f(z) .

The index ¢ >0 is differentiation and index ¢ <0 is integration process. For
g as integer, the process is integer order classical differentiation and integration.

Miller and Ross (1993) with sequential fractional derivatives tried to give for-
mal properties and to have composition methods for generalized differintegrals.

Decomposition ,Dy(t)= ,D;" ,D " y(t) also to some extent the index com-
mutation (under certain conditions) D"*D™? =D @*P = pPD~% well true for
fractional integration. But fractional derivatives do not commute always i.e.
D*DP = DP** £ D*P  (except at zero initial conditions). Integer operator (i)
commutes with fractional operator (&) i.e. D" D% = D"*% are some of the basic
composition properties. The desirable properties of fractional derivatives and inte-
grals are the following:

a. If f(z) is an analytical function of z, then its fractional derivatives

ODZ“ f(z)is an analytical function of z and «r.

b. Fora=n, where nis integer, the operation (DY f(z) gives the same re-
sult as classical differentiation, or integration of integer order 71 .

c. For a=0 the operation DIf(z) is identity operator i.e.
oDLf(2)=[(2)

d. Fractional differentiation and fractional integration are linear operations:
oDZaf (2)+ (DIbg(z) =a DY f(2)+byD g(2)

e. The additive index law:
oDY Ofo(z) = ODf oDZf(2)= 0Df”rﬂf(z) holds under some reason-

able constraints on the function f(z) .

The above desirable properties are valid under causality that is the function is differ-
integrated at the start point of function itself (with initialization function being zero).
For a function f differentiable in open-interval (a,b)by fundamental theorem

of calculus we can express the function as:

( )
fo=| [ S+ @)= 10+ /@)

On the both sides carrying out fractional integral operation ,/ l_“ where O0< o<1

1170!

and making use of commutation of fractional integration i.e., commuting
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with I' we write the above expression as:

= 1 1 >+(x 9™ @
Ir2-o

Differentiating the above by one integer order, and applying Riemann-Liouvelli
definition of fractional differentiation on LHS of the above we obtain:

DEF =S 170 = 1 0 f@ Y 1 s oS
-a) -a)
This shows that , lx “ and D =d/dx do not commute, except when initial

condition is zero. They are related by initial condition. The above expression also
shows the relation between Riemann-Liouvelli and Caputo derivatives
(forO< ar< 1), that is:

(x-a)”

(DYF )= GDEf )+ @™

1.5.12 Fractional Derivative for Some Standard Function

The table lists Riemann-Liouvelle fractional derivatives of some functions, which
are used very often. In most cases the order of differentiation & may be real num-
ber, so replacing it with -« gives Riemann-Liouville fractional integral. The table
can be used to find Grunwald-Letnikov, fractional derivatives, Caputo fractional
derivatives and Miller-Ross sequential fractional derivatives. In such cases «
should be taken between O and 1, and Riemann-Liouvelli fractional derivatives
should be properly combined (composed) with integer order derivatives with con-
sidered definition (of composition). Table 1.1 gives RL derivative with lower ter-
minal at 0, and Table 1.2 gives fractional RL derivatives with lower terminal
at— oo, In the list H (t) is unit step Heaviside function. E is Mittag-Leffler func-
tion, W -is ‘psi’ function. These tables’ gives a feel of how fractional differintegra-

tion will look like in analytical expressions.
We demonstrate the derivative calculation of Dirac’s delta function o(x—c)

with b < c<d, defined by
d
[8Gx=e)fdx = f ()
b

Using

T+
f*'{x}_r(u—qﬂ)xq'



1.5 About Fractional Integration Derivatives and Differintegration 29

The fractional derivative with order 0<gq of J(x—c) is directly obtained as

follows.
q _; d" I _ _ An—q-1 _ 1 0 x<c
Diox=c)= T'(n—q) dx" ;';5(; Hx=¢) dé= T'(—q) {(x—c)"l x=c
D" d" ol 1 (c—-x)"" x<c
DiS(x—c)=——2 L [ SN E=x) A = ——
O g | TG T r(—q){ 0 xse

The higher transcendental functions play important role in fractional calculus, as

appearing in the tables.

Table 1.1 RL Derivative with lower terminal 0 i.e. ,D, f(¢) for ¢ >0

Function f (t) oD/ f(t) . Fractional derivative
H() -
(l-a)
H(t - N
(t=a) 9" s
I'l-a)
0,(0<t<a)
H(t—a)f(1) DI f@),(t>a)
0,(0<1<a)
03] !
I'-o)
5(’1)([) t—tz—n—l
C(—a—n)
n)e —a—n-1
0" (t—a) (t—a) ¢>a)
I'(-n-o)
0,(0<t<a)
tv F(V + 1) t|:+zx V> —l
Tv+l1-a)
e” 17 E) () = E/(~at, A)
cosh(+/41) By _o(A)
sinh(+/21) 1'"7E,, ,(Ar?)
Vi
In(z) -a
1 H—w(d-
F(1_0{)( n(1)+ y() - y(l-a)
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Table 1.1 (continued)

P n(r) V)
m(lﬂ(f) +w(p)-w(B- 05))
PE, st #E, 5 (")

The E,, ,(A1),E, (-, A),y are higher transcendental functions, used in

fractional calculus, namely Mittag-Leffler, Miller-Ross, and ‘psi’ functions.

Table 1.2 RL derivative with lower terminal at —oi.e. _ D f(t),

Function  f(?) — D/ f(t) Derivative
H(t—a) —a) %
%,(l > 61)
I'l-oa)
0,(t<a)
H(t—a)f@) D).t >a)
0,t<La)
eﬂ’ /lae/it
e,1,+/1 laelﬁ,u
in At
st A%sin (ﬂt + ﬂ]
2
A
cosAt A% cos(/lt+ﬂ)
2
M sin Lt r%et sin(ut + o)
r=JA2 + 1P tan¢:% (A > 0)
e* cos ut r%et cos(ut + o)
P2+ 2 tan¢:% (A.>0)

1.6 Solution of Fractional Differential Equations

Fractional differential equations appear in several physical systems. Solution to
these is no more rigorous than its integer order counterpart. The Laplace transfor-
mation technique is very popular though yet several analytical approaches do exist.
Numerical evaluation with “short memory principle” is one amongst them popular
for computer programming and numerical regression. Mellin transform, power se-
ries expansion method approach using fractional Green’s function, Babenko’s



1.6 Solution of Fractional Differential Equations 31

symbolic method, Orthogonal polynomial method, Complementary polynomial
(changing fractional differential equation to integer order differential equations)
Reisz fractional potential method, method with Wright’s function and finite-part
integral method are some of the mathematician’s tool for obtaining the fractional
differintegrals and solution of fractional differential equation. However in this book
only Laplace is considered as most easily understood and being popular amongst
engineers and scientists. A very recent approach to solve General Dynamic Sys-
tems with action reaction process is described in the Chapter-11, which gives
approximate analytic solution close to physics; the mathematics of Adomian De-
composition Method is applied to describe the physical reaction chain. A simple
examples in this section elaborates the concept of Fractional Differential equation.

1.6.1 Abel’s Fractional Integral Equation of Tautochrone

The Abel’s problem is to find a curve where the time of decent is same irrespec-
tive of the position of release of ball in frictionless system. S is the arc length
measured along curve C from point O (the origin) to an arbitrary point Q on C
(Figure 1.8). The gain in Kinetic Energy while the ball decends is loss in the
potential energy and is given by:

lm(ﬂjz_m[_]
2 a) gLy—n

ds =—2g(y—mdt

Fig. 1.8 Abel’s tautochrone curve
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The negative square root indicates that the distance (arc-length) decreases as the
time increases.
The equation thus to be solved is

1
dt =——=ds

V2g(y—m)

The time of decent from ‘P’ to ‘O’ is T, which is constant and is

1 ¢ 1
T=-——|———ds
P

V28 e ly-71

Now taking, the arc length as a function s = h(77) , where & depends on the shape

of ‘C’. We can write in differential form the curve as ds = /' (17)d 7, so this substi-
tution gives:

1 ¢ |
T=———[G-m 2t pdn)

T

Re-writing above expression
[y
28)T =[(y=m) W (mpdn.
0

Meaning that the integral of RHS of above, when a constant will be solution to get
constant time of decent (7 ). In the above expression writing, with k as constant
the integral of RHS is:

k=[G-n"2rwar.
0
This is Abel’s integral equation.
With

1

Y

—rk=\rf ().

dx’?

Thus when half derivative of a constant is computed the function f(x), is obtained.
Solution to

W28 = [ (v=m) " (.
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can be obtained when 4’ (7) =‘% n and letting f(y)=H(y), then dividing

both sides of expression by Gamma half and applying Riemann-Liouvelli defini-
tion of fractional integration, that is; as follows:

_1 1 ,\- _1
D fw =—[ =0 fs
(1))

2 0

Jap 5 p o = [ - % s

and thereby inverting the operator we get:
28 1
=D ()
r(%)

% 1= 5 ()
v/

Put half derivative of constant as:

pir= Y

J2g T
fn=YE .
y = \/;

Doing algebraic manipulation the following is obtained.

dx* +dy*
FOr=H (==Y i [j;\

—=Jlfr-1

dy

2
I /ng —ldn+c
0

Solution continuation with

to get:

c=0,x=0=y

z'n
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2
Letting a= 8T 4 ,, and change of variables 7=2asin’&, gives

g ([y)
x= 4aj cos’&dé, with = sin"L %J . The parametric equation of the cycloid
a

0
is thus obtained as:

1
x= 2a(ﬁ+Esin2ﬂ)
y =2asin’ S
gT”
r
x=a(@+sin )
y=a(l—cosb)

0=2p,a=

Cycloid is the tautochrone.

A point be mentioned about the cycloid curve shape C is that this is too a
curve for brachistochrone problem solved by Bernoulli. That is determination of
shape of the curve giving ‘minimum’ time of descent. Therefore, the constant time
T is also minimum time of descent in a cycloid.

1.6.2 Fractional Damped Motion

Consider a ball falling freely under gravity in viscous fluid having constituent
equation as:

d d“
—v(t)+
dtv() dat*

v()+v() =1

With initial condition as: v(0) =0 and with generalized Laplace Transformation
(let us believe L{di” f (t)} = s"“F(s), with zero initial condition) and some alge-

braic manipulation the following is obtained:

1 ~ [1— (_s—l %! )]-1

V(S)Zs(1+s+sa)_ s

Expanding numerator as binomial series, where [(s™' +s“')]<1 and <1, for
large s ; the expansion is:

vo=5ers( ")

n=0 0
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Using Laplace Inverse term and by consolidating term one obtains temporal
response:

n+l-ra
t

hnd > (n
v = ZO(_I)"ZOU T+ 2-ra)

Consider another fractional damping system where the inertia plays negligible role
given by

Dgx(t)+x(t) = f(t), with x(0)=0 and f(r) = H(t) Heaviside’s step input.

The Laplace transforms gives

L -
s(1+ s%) s%

X(s)=

With |s| << 1, the above is expanded as series, giving:

= (=" !
X(s)= Z ), , and using the Laplace pair ¢" < T the temporal expression

v S% sn+] ?
for above fractional dynamics equation’s solution is:
. e
x(t) = -1"
() ;( ) T/ 3)

1.6.3 Formal Definition of Fractional Differential and Fractional
Integral Equation

Consider Ordinary linear differential equation (ODE), homogeneous one, with
constant coefficients D’ y(t)+aDy(t)+by(t)=0. Then if & and S are distinct
zero’s (roots) of indicial polynomial P(x)=x"+ax+b, then we know that
exp(at) and exp(f) are linearly independent solutions of the ODE and if o=
then exp(o¢) and rexp(at) are the linearly independent solutions of ODE.

As an attempt to define a fractional differential equation (FDE), let

.t 1,1, be strictly, decreasing sequence of non-negative numbers. Then for

SE e
a,,a,,....a, constants
[D’"‘ +a, D" +....+amD’“} y(t)=x(¢#) is candidate to represent general

fractional differential equations. This equation too is complex looking, so we try to
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simplify, by addition of imposed condition that r; be rational numbers. Thus if g is
LCM of the denominators of the nonzero r ’s, then we define formally the fractional

differential equation as:
[D”" +a, D" 4.+ anDOJ y(t)=x(t), t =0 where v=(g)"

The order of this fractional differential equation is of (n,q), and is of constant
coefficients. If g =1, then v=1 and the equation is simply ordinary differential

equation of order n with constant coefficients. The above definition is for Non-
Homogeneous, fractional differential equation with constant coefficients. With
x(t) =0, vanishing source term the equation is Homogeneous Fractional Differ-

ential Equation with constant coefficients, first this has to be solved for obtaining
Green’s function, and then for source term standard convolution of this Green’s
function, with source function will yield solution.

For convenience introduce the indicial polynomial

P(x)=x" +a1x"_] +..+a,,
then P(Dv) is fractional differential operator as
P(D")=D" +a,D"" +..+a,D".
With this, the FDE is compactly described as:
P(D") y() = x(t).

Consider a simple FDE of order (4,3) as D% y()=0.Thenif C, and C, are arbi-

trary constants y(t) = C,t% + Cztf% is a solution. The first solution is y,(¢) = C,t% .
Using this in the FDE the following is obtained:

1 14
F(7+1)t3 3 r(1
Py =6———=C F(?)t‘=
F(f—7+1] ©)
3 3

This satisfies as one solution.
Derivative of first solution shall be second that is following from ODE.
! 2
3

Dy, (1)=Dt> =Cyt 3,

is the solution. The combination of these two gives solution for FDE as mentioned
above.
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One may draw parallel to ODE. Consider D'y(¢) =0 it has one solution, namely
y(t) = C, a constant. Take Dzy(t) =0 it has two solutions, namely y,(#) = Ct and
y,#)=C,. Here Dy,(t)=y(t) and the composite solution is y(#)=Cit+C,.
Similarly, D’y(f)=0 has three solutions, and the combined solution is
y(t)=C;t* + Cyt + C,. General n order ODE has n linearly independent solutions.
The FED D'"*y(t)=0 has two solutions and not 1.333.. solutions. Here

nv=4/3=1.333.. must logically have integer number of solutions N =nv, in this
FDE is two.

Let m and g be positive integers and let v=(g)™". Then the Fractional Inte-
gral Equation is defined as:

[D°+aD” +...+a,D™ |y(t) = x(t)

1.7 Fractional Calculus and Law of Irreversibility Non-locality

A large number of problems of physics and engineering, including Schrédinger’s,
Maxwell’s, Newton’s, Fourier’s Heat Flow, Brownian Motion, Bio-Physical Systems
etc. can be formulated as initial value problem for dynamical evolution equation as:

d
Ef(t) =Bf ()

where € R denotes time and B is an operator on Banach space. This classical
equation of evolution represents basic symmetry, principle of locality and irre-
versibility. This state equation need not be of first order in time, and can be of
wave equation of g(x,f) as:

It can be casted into the first order by taking

18| x |0 T]20
f_{h}’B_L 0} ox

For example consider distributed loss less transmission line with repeated per unit
series inductance and shunt capacitances. Then g(x,t)=v(x,t) is per unit cell

voltage difference and h(x,t) =i(x,t) is the current, and 2 =(LO)™", gives,

wave equation 9;v=(LC)'d%v. Depending on the initial data f(0)= f,
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describing the state or observables of the system at initial start time, the problem is
to find the state or observables f(¢) of the system at later times. The generaliza-

tion of the above evolution equation to fractional differential equation is:

dC{
- =B
Y f(©)=Bf (1)

where the order of derivative is of fractional order or complex order raises several
fundamental questions regarding non-local behavior and symmetry and conserva-
tions. Let us postulate that all time evolutions of physical systems are irreversible.
Obviously law of irreversibility must be considered to be an empirical law of na-
ture equal in rank with the law of energy conservation. Reversible behavior is ide-
alization; its validity or applicability in physical systems depends on the degree to
which the system can be isolated from past history and its environment. The order
of the fractional derivative 0 < or<1 classifies and quantifies the influence of past
history. Note that Fractional Derivative definitions have inbuilt integration, mean-
ing that the operation is non-local, requires information about past states. For unity
value of the fractional order (or integer order of one) the influence of past history
is minimal, in the sense that, then the process (evolution) enters only through the
present state. Small value of o corresponds to a strong influence of past history.
This is too embedded in definitions of fractional differ-integrals by Grunwald-
Letnikov (GL), the lesser the order the more are the weights as compared to unity
order of differentiation effect of past history and heredity comes in while fraction-
ally differentiating the function!

1.8 Stable Random Variables and Generalization of Normal
Probability Density Function

De Movie’s central limit theorem (CLT) for finite variance, independent identi-
cally distributed (iid) random variables X, with ¢, o as constants, states that

X +X,+..+X,—nu

O_n1/2

converges to Z , as standard normal random variable, can be generalized by re-
moving the assumption of finite variance

X1+X2 +...+Xn_nﬂ

O.nl/a

converges to Y as a standard o -stable variable that has infinite variance. The
CLT was generalized by Levy (1937). Power-law distributions are observed in
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various fields of science, engineering, sociology, and economics and these are
connected to fractional calculus. Densities of « stable variables are generalization
of the normal probability density function, the ‘characteristic function’ of which is
defined as,

(k) = exp{—|k|"‘ o“[1-ifsgn(k).tan(zer/ 2)] +ikﬂ} d<a<?2.

The parameters ¢,  and u describe the spread, the skewness and the location of
the density, respectively. The skewness can be viewed from picture of random walks,
as this factor denotes the probability of particles moving either ahead or behind the
mean. If the forward moving probability and the backward moving probabilities are
same then there is no skewness. This expression of (k) is characteristic function
(that is the Fourier transform with k the Fourier (normal) coordinates changed to
—k ), for the stable density. The sgn(k) functionis —1 for £k <0 and +1 for k >0.
The characteristic function for av=1 the Cauchy distribution is slightly different
from the above expression.

When the density is symmetric, the skewness parameter f=0, the symmetric

characteristic function is (k) = exp(—o"x |k|a +ik,u). A standard ¢ -stable density
function has unit “spread” and is centered on the origin, so =1 and 4=0 is
§,(x) = exp(—|k|a) . A nonstandard ¢ -stable density f,,(x) is related to standard
5, (x) by f,,(x)= o’lsa [(x— W/ 0'] . A standard symmetric ¢ stable distribution is

characterized by y(k) = exp(—|k|a). In this form it is easy to see that the Gaussian

(normal) density is ¢ -stable with & = 2 . Note, however, that when the scale factor of
the stable law, o =1 the standard deviation of the normal (& = 2 ) distribution (. A/)

is \/5 .
N (k)= exp(—ZJ2 K+ ik) is normal distribution.

The most important feature of ¢ -stable distribution is the characteristic exponent,
also called index of stability «. The value of ¢ determines how “non-Gaussian”
a particular density becomes as the value of this index of stability decreases from a
maximum of 2, more probability density shifts towards tail; that is the density be-
comes a long-tailed distribution or LRD (long range dependence).

A simple test of infinite (diverging) variance is to plot running sample variance
estimate S, with respect to number of points 7, where

Si=2 =% (n=1)

and the average is
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_ n
X =Z x, /n.
n k:lk

If for large n, the value S, does not converge (rather diverges) then the process
is with infinite variance and a non-Gaussian one. In fact in non-Gaussian stable
distribution with characteristic exponent ¢, only moments of order less than o
are finite. Therefore, variance can no longer be used as a measure of dispersion in
many standard signal processing techniques such as spectral analysis with least
square based methods may give misleading results!

1.9 Conservation of Probability

The statement about the conservation of probability is that a particle will occupy a
specific location that is at any particular time the sum of probabilities at all locations
must be equal to unity. So if the probability changes in one location from one time
moment to the next time moment, the probability must also change in vicinity to con-
serve the probability. An ensemble of particles that is very large numbers can fulfill
the probabilities and this statement becomes conservation of mass. Fokker-Plank-
Equation (FPE) is the outcome of this statement of conservation of probabilities.
Derivation of FPE starts with simple mathematical statement of how a random meas-
ure changes state from one moment to the next moment after some event has oc-
curred. In this case we are interested in the (probability) that a particle has moved
from location x, to x, intime #, to t, or p(x, —X;t, —1t,) . This probability will
be referred to as transitional density, which is conditional on the initial position x,
and the time interval. The particle must move through an intermediate location x; ; so
the probability can be found by summing the over all possible intermediate points x; .
If the process is defined by Markovian process, in which the movement of a particle
is independent of past movements; then the probability of making both transitions
(xy to x; to x,) is the product of the single transition probabilities, giving the
Chapman-Kolmogorov Equation.

D(xy — X3t — 1) =J.p()c2 = X5ty — 1) P(X, = Xo31 —1)dx

The relationship between transition density and the particle position density (also
called propagator or plume) is that the particle density has moved from (and must
incorporate) the initial condition (position) and is defined as x, at time f, =0.

Placing this in above expression we have
p(x—xy3t) = J p(x—=x;5t =) p(x; — xy51))dx, .
Similar to equation for conservation of mass, the FPE is a statement of conservation

of probability of single particle’s location over a brief period of time. Using the short
hand notation for propagator
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p(x—xp30) = P(x,1),

that is transition from initial condition to the present time and replacing x; with ¢
and signifying the interval (r—¢)by At gives a compact form of above obtained
expression as,

P(x,i+ A1) = J' p(x—EADPC DAL .

To make the next step of derivation, a requirement on the relative size of total time ¢
versus the transition time Ar is needed. For a general transition density, Az must be
much smaller than the total time, and At is called a ‘mixing’ time. Then an appropri-
ate limit theorem such as central limit theorem (CLT) can be invoked, implying that a
large number of transitions are integrated and the limit distribution is approached.
The assumption of Markovian process requires that all time dependence is contained
in this mixing time so that the convolution still holds. If the transitions are independ-
ent identically distributed (iid) stable variables, the standard normal for example; then
no restrictions are placed on the transition time and the convolution is always satis-
fied. For example, iid Gaussian transitions results immediately in a Gaussian propa-
gator.

By taking Ar =0, we will know change in P(x,?) over a very short time pe-

riod, resulting in a differential equation. The time derivative of p is defined as:

op(x—xy;t) . 1
- Altlglog[P(x—xo;HAt)— plx—xp;1) |

The limits and moments of the particle transition probability must be correctly
identified. One should expect that a particle that travels along a fractal path and/or
requires power law times to complete individual walks will have different limiting
behavior than a typical Gaussian or finite variance process.

The density p(x—x,;t+At) can be replaced by Markov relation, that is

ple= it + 80 = [ px= A0 p(C =it —1)d(

Using this in the above expression and recalling that p(x—x,;t) = P(x,1), gives
the differential probability change:

OP(x,1) — lim 1

ot A—0 At (.[ p(x=G AP, A~ P(x,1)

The instantaneous transition density has the limit

Alimop(x—él;Ai) =d(x-{),
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where d(x—{) is the Dirac delta function, which means that as the transition time

tends to zero, the probability that the particle does not move goes to unity. Equiva-
lently, the Fourier transform of the density has a limit of unity, that is

lim ${p(x—{;An}= lim p(k;Ar)=1.
At—0 At—0

This density has all the positive moments equal to zero. When Ar # 0, the density
has higher order moments. The first moment of this instantaneous transition density is
defined by the expected value of the particle’s new position minus the initial position;
let it be called as A(At) a function of At , that is

A(Ar) = .[(x _ O p(x— A .

The second moment of many power law functions and most of the Levy’s «-
stable instantaneous transition densities is infinite (diverging); therefore we
choose a coefficient(again a function of Ar) as B(Atr) that is measure of the

spread of density similar to the second moment of a Gaussian distribution. A very
general transition density with finite or infinite variance has Fourier transform,

D(k;t) =1— A(Ar)(ik) +%B(At) [(1 +BGk)* + (1 - ﬂ)(—ik)“] +O(Ar)

where —1< S<1 indicates the relative weight of forward versus backward transition
probability and 1< <2 is the scaling exponent in 1-Dimensional space. The final
term O(Af) indicates higher-order terms that diminish to zero faster than Af. Since
exp(—x) = 1—x+x*/2+..., this density contains the expansion for the -stables as

subset. A finite variance density requires that & = 2, so the above Fourier transformed
density reduces to the transition density used to derive classical FPE, and that is:

p(k; Ar) = 1— A(Ar)(ik) + B(Ar)(ik)> + O(A?)

where 2B(At) is equal to the second moment of particle excursion distance when

o =2, related to mean squared displacement (MSD). This special case instanta-
neous transition density has an inverse transform that contains derivatives of the
Dirac delta function:

p(x=C A1) = 0(x— &) — A(AN) O (x— &)+ B(ANO” (x— {) + O(Ar)
This transition density when substituted into

P _ Ait(j p(x—CANPC DAL - P(x,1))

ot At—0
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leads to classical FPE for Brownian motion with advective drift. The derivation is
similar to that done for the generalized case below. Power law and « stable tran-
sitions with <2 have a real space density for small time (that is inverse of
General Fourier expansion), as:

p(x—=CAN) =6(x—)— A(ANS (x— ) +%(1 +B)B(AH)DY6(x—¢)

+%(1 — BB(A)DE5(x— ) +O(Ar)

where DY are the ¢ th order fractional derivative. The terms of these fractional de-

rivatives can be evaluated for the delta function as proportional to (|x—§)|_1_a,
which shows the power function density of the instantaneous transition approxima-
tions. For symmetric jumps £ =0. The coefficients A(At) and B(Ar) vanish as Az
goes to zero, as required by

lim p(x—{ AN =0(x=¢).
Ar—0

We assume that the rate of change of the drift and scale coefficients for small time are
constants, so A(At) and B(Atr) are linear with A¢ for small transition times, leading

to
v= lim (A(Ar)/At)and D = lim (B(At)/ At).
At—0 At—0

Nonlinear power function scaling of A(At) and B(At) with Ar can be used to

model non-Markovian, long-term temporal correlations (LRD) yielding fractional
derivative of time; this will be elaborated in Chapter-4. For simplicity we assume
that the time correlation is thin tailed and relative to spatial correlation, so that v
and Das represented above are good approximates. Placing the expansion of
p(x—_;Ar), expressed with fractional derivative of delta function in the expres-

sion of dP(x,r)/dt we get:

oP(x,t) . 1 s 3
S~ tim ([ plr-GAnP@0AL = P

)

5(x—§')—A(At)§'(x—§')+%(l+ B)B(ANDZS(x— )
P({dd

1
= lim —

A—0 At I +%(1 - BB(AHD6(x— )

—P(x,t1)
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Recognizing that
[se-oPnac

is convolution of delta function with P(x,t) giving P(x,t). Then, using, Fourier
Identity

(D260 ]@ fv =8 @[ D0 |=Dif(x),
and invoking the limits we get:

m ! : im 2 2
Al:LnOEJA(At)é‘ (x=OP(,0de = AltILHO P (A(ADP(x,1)) = P VP(x,1)

and
1 o 10" _ 0“DP(x,1)
Al;:noA B(AHYDES(x— )P, 1dS = Altnno TR [B(At)P(x,t)]——a(ix)a

substituting these we obtain the Fractional Fokker Plank Equation, a generalized
conservation of probability.

oP 0 1 9 1

—=-—VP+ (1+ﬂ)—ﬂ)>P 2( >

o(—x)”

ot ox 1= ﬂ)

The function v is the drift of the process, i.e. the mean advective velocity. If the
particle transition is modeled by an infinite variance probability then the nonlinear
growth of the particle propagator is incorporated by fractional derivative, rather
than the leading parameter D).

1.10 Half Order Fractional Differentiation Embedded in
Standard Fick’s Law and Its Extension to Describe
Anamolous Diffusion

In the previous section, we have discussed in generalized Fokker Plank Equation;
which in force free or field free situation reduces to Fick’s diffusion equation.
In the above assume drift component is zero, then we get the classical and generalized
diffusion in field free environment. Let us assume that P(r,f) represents density

function per unit space 7, then the mass is integral of P(r,?) represented as
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M(r,t)= jdrP(r,t) .

The continuity equation is rate of change of mass and is related to mass current
density as,

d .
EM(r,t) =—j(r,t)

where constitutive equation is

oP(r,1)
or

Jj(r,t)y=-D,

From these two equations we obtain the Fick’s law of diffusing species as

d 2?
—P(r,t)y=Dy— P(r,1)
ot or
This has got standard solution as Gaussian plume at any other r and any other
time ¢ , when at initial instant at t=0 a delta function is placed at origin,

P(0,0) = 8(r,0) ; that is

1 eL7 4Dyt )

7Dt

Taking Laplace of this Gaussian plume (refer Laplace table of Chapter-2), we get

BIG I \H@
Dyt L\/m J

P(r,t)=

P(r,s)=L{P(r.n}=L

Differentiating the above we obtain

F =, s Lol

iP(r s) =
Using Laplace pair
1 1
Vs & c{dé /dﬂ} :

taking Laplace of constitutive equation, that is j(r,s) = —IDydP(r,s)/dr , and substi-
tuting above obtained derivative that is dP(r,s)/dr , we obtain (after simplification
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and simple algebra) j(r,s)=/sD,P(r,s). The inverse Laplace transform gives, a

constitutive equation expressed with half (fractional) derivative as:

](F t) \/ma P(I" t)

Using this fractional derivative equation for constitutive equation, we can recon-
struct easily the fractional derivative counterpart of Fick’s law as:

8%P(r,t) =—\/]DT aP(r,t)
o2 Do

The half (fractional) derivative is imbibed in this isotropic uniform normal diffu-
sion equation of Fick’s law, where the continuous time random walk (CTRW) is
Brownian Motion (BM).

1.11 Fractional Brownian Motion

Let us re-write the Gaussian plume (as expressed in previous section) with pa-
rameter d,,, as following with FBM as full form of ‘Fractional Brownian Motion’.

( 2 )
1 L_maz%’wj
S —

Begy (x,8) = 5
47:]1))01‘/1‘*’

Then the corresponding scaling of mean square displacement (MSD) is
2
(¥w)= 2
With 2<d, <o . When d,,=2 , we get the Gaussian plume back with MSD

scaling linearly with time, and we return to normal Fick’s law corresponding to
normal brownian motion (BM) as obtained in previous section, that is:

8% Pap (x,1)
at%

D 0B\ (x,1)
SR

For any type of anomalous transport, (diffusion) with exponent other than two we
may write fractional diffusion equation from our above explanation as:
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a%wP (x,1) 0Pcnn (X,1)
M (51) _ ) Ofsm (X

. 9l

We may thus tempt to relate the brownian motion (BM) and fractional brownian
motion (FBM), with integral transform as,

Xppm (1) = I Ky (1= 1)dxgy (7)

—oco

with kernel defined as follows:

(- T)(l/dw)—(l/2) _(_T)(l/dw)—(l/2) 7<0
(t— T)(l/dw)—(l/Z)

KM(I—T)={

0<7<t

This is Mandelbrot’s kernel, relating BM and FBM, similar to singular kernel of
Riemann-Liouvelli, fractional integral that is

O pim _ 10 _Lt s
O=d* 0= ¢)£<r o™ f(ndr.

When the anomalous index d,, =2, then, memory kernel is K,,(t—7)=1 and
XpgMm (1) = xgp (#) , that is walk without memory. However, this Mandelbrot’s kernel

is different from memory kernel that we had formalized for fractional calculus previ-
ously, the concept of memory however remains the same.

Thus a walker undergoing FBM remembers his past and its motion having mem-
ory kernel, while a walker undergoing BM does not remember its past. Well a walker
can remember its past and have preferences in same direction giving persistence
walk, or a walker remembering its past can change its direction giving anti-
persistence walks, which are the cases of anomalous transport. This gives concept of
sub- or super-diffusion, in FBM context. The variable xgg,; could be computer
network delay; could be price-index of stock market; could be random returns of in-
surance system; could be infected population by swine flu or could be stochastic
noise. In general this could be variable for physical systems represented by random
stochastic process.

Dynamics of financial assets demonstrate stochastic behavior; the first attempt
to describe stochastically financial dynamics was made by L. Bachelier in 1900.
He proposed the Brownian motion to model the stochastic process of returns xpy,

as G(t) = G,,(¢) over time scales Ar as the forward change in the logarithmic of
price or market index S(f), as Gy, (1) =InS(+Ar)—InS(¢) . Thus Gy, (t) = xgy

as Bachelier’s approach is natural if one considers the return over time scale At to
be result of many independent shocks which then lead by central limit theorem
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(CLT) to a Gaussian distribution of returns. Well, with spiky nature of the returns
where the fluctuations are too spiky will be different than Gaussian, with pro-
nounced tail and long range dependent (LRD), and in that case G, (f) = xpgy Will
be a Fractional Brownian Process. These cases will be taken up subsequently.

The MSD, in case of Brownian motion scales as proportional to time, that is

<xBM2> =t . The fractional brownian case was stated as anomalous case, when

MSD is non linear with time; can be expressed with Hurst exponent, H as
<xFBM2> =20 = (%)

With H =0.5, giving Brownian case, with 0 < H < 0.5 indicating anti-persistent
walk (slower diffusion than Brownian case), 0.5< H <1 indicating persistent
walk (faster diffusion than Brownian case). Persistent walk is case when walker
remembers the step, and next step being in the same direction is more probable, in
case of anti-persistent case the step is remembered and next step being in reverse
direction is more likely. The Brownian case the walk is ‘without memory’. These
concepts will be used in subsequent chapters and will be elaborated.

1.12 A Thought Experiment

From aircraft, we see the city roads and observe the vehicular traffic movement. The
vehicle seems to move in one straight line. Therefore as an observer we draw the ve-
locity curve by simple one order integer derivative of displacement and find that
maps straight lines. In Figure 1.9 the pair of straight lines gives the velocity trajectory
of the up stream vehicle and down stream vehicle, as observed in macroscopic scale.

A

v

—— T
M

Fig. 1.9 Macroscopic and Microscopic view of moving vehicles on road
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The same vehicle when looked with enlarged view tells us its continuous
movement but to avoid road heterogeneity travels in zigzag fashion. The curve in
lower frame of the Figure 1.9 maps this picture. Here scale is enlarged. The ve-
locities for up stream and down stream vehicles are not pair of straight lines, but
follow a continuous but nowhere differentiable curve. So will the dx/dt give the

true picture of velocity or will it be (d'*%x/dr'*®), where 0 < r < 1, give the rep-
resentation of the actual zigzag pattern, is the thought experiment. Now the ques-
tion about the dimensions of velocity, in the thought experiment when defined as
fractional derivative of displacement, is matter of another thought. In the present

understanding as per uniform time scales the quantity dx/dris velocity and

d’x/dt? is the acceleration, however the quantification of d"3x/dt"?? is hard to

visualize. This fractional differentiation is in between velocity and acceleration
perhaps a velocity in some transformed time scale, which is non-uniform-
enriching thought for physical understanding of fractional quantities. The nature
of zigzag pattern shown is somewhat called fractal curve, actually a continuous
and nowhere differentiable function. Relation of fractal dimensions and the frac-
tional calculus is evolving field of science at present. The macroscopic view pre-
sented above gives a thought of explanation of discontinuity and singularity for-
mations in nature, in classical integer order calculus. Can fractional calculus be an
aid for explanation of discontinuity formation and singularity formation- is enrich-
ing thought experiment.

In this chapter definition of fractional derivative and fractional integration is given
as brief outline. Note may be taken as fractional differentiation embeds the fractional
integration (in both the cases of RL as well as Caputo definitions). Looking at the
formulation of fractional integration one sees it as convolution of power function

® (1) with the function f(¢) giving fractional integration ,I.” f(¢) . The Figure 1.3
here demonstrates the nature of power function ®, (7). Consider for a thought ex-
periment that f(z) is velocity of moving vehicle and @, (¢) gives ‘time-interval’
flowing with time. Now in the limit & — 1, the Figure 1.3 shows that ® , (1) = H(?),

meaning that with the flow of time the ‘time-interval’ is always unity. This condition
may also be viewed as ‘time-interval’ flow is uniform and the ‘speed of time-interval’
is zero! That is at every instant the ‘time-interval is unchanged’. In this scenario what
we measure the distance as

ofl f()= D' f(1)= f f(@)d
0

which is normal way of estimating distance. This system has ‘homogeneous flow
of time’. The above argument gives us a thought that there can be condition when
o<1 giving rise to a convolution of velocity with power function as fractional
integration of velocity as displacement! Well, in this particular case, then, the
‘time-interval’ is not unity always and well, ‘time-interval’ has a variable velocity
or we can say ‘time-flow’ is non-uniform! Here the distance traveled will be



50 1 Introduction to Fractional Calculus

oI f ()= oD %f(1), in terms of fractional integral or we calculate velocity by

fractional differentiation of distance traveled. Can ‘time-interval’ have dynamic
speed? Perhaps in system where heterogeneity exists the movement of particles
appears to have ‘non-homogeneous’ time flow!

1.13 Quotable Quotes about Fractional Calculus

Expressed differently we may say that nature works with fractional derivatives.

We may express our concepts in Newtonian terms if we find convenient but if
we do so, we must realize that we have made translation into a language, which is
foreign to the system we are studying.

All systems need a fractional time derivative in the equation describing them.
System have memory of all earlier events is thus necessary to include this records
of earlier events to predict the future. Conclusion is obvious and unavoidable:
‘Dead matter has memory’.

Fractional calculus is the calculus of XXI century.

1.14 Concluding Comments

This field of science is evolving and particularly as per author’s intuition, this cal-
culus will be the language of XXI century for physical system description and
controls. In this chapter observation points towards evolving nature of the science
of fractional calculus definitions, though born three hundred years ago. The ‘ifs
and buts’ related to fractional calculus as on today, is due to our own limitation of
understanding. This will have clearer picture tomorrow when products based on
this subject will be used at industry. This introduction chapter has given the
thought that there is wonderful universe of mathematics staying within the bound-
ary of ‘one complete differentiation’ and ‘one complete integration’. The science
maturity will absorb the richness in this fractional calculus may be in coming
years of XXI century. The chapter gives idea that this fractional calculus is as rig-
orous as its counterpart classical integer order differentiation and integration, with
subject’s richness for scientific research for future. Also highlights the general
laws of nature where integer order differential equation descriptions are idealism,
and in real cases anomalous nature of physical behavior are a generalization with
fractional differentiation or fractional integration.



Chapter 2
Functions Used in Fractional Calculus

2.1 Introduction

This chapter presents a number of functions that have been found useful in the solution
of the problems of fractional calculus. The base function is the Gamma function,
which generalizes the factorial expression, used in multiple differentiation and
repeated integrations, in integer order calculus. The Mittag-Leffler function is the basis
function of fractional calculus, as exponential function is to integer order calculus.
Several modifications of the Mittag-Leffler functions, along with other variants are
introduced which are developed since 1903, for study of the fractional calculus. These
functions are called Higher Transcendental Functions and its use in solving Fractional
Differential Equations is as similar to use of transcendental functions for solving
Integer Order Differential Equations. Use of these functions is demonstrated for
solving Fractional differential equations with Laplace Transform Technique. Here,
some interesting physical interpretation is given, for memory integrals for relaxation
laws for generalized system dynamics (with memory); along with basic definition and
physical interpretation of rough functions, and its fractal dimension. Several examples
are solved to get fractional integration and fractional differentiation of standard
function and use of introduced higher transcendental functions is demonstrated
especially for solving Fractional Differential Equations.

2.2 Functions for the Fractional Calculus

2.2.1 Gamma Function

One of the basic functions of the fractional calculus is Euler’s gamma function.
This function generalizes the factorial n!, and allows n, to take non-integer
values.
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2.2.1.1 Representation of Gamma Function

Definition of the Gamma function in integral form is: I'(z) = J.e_’tz_1 dt , Which
0
converges in the right half of the complex plane Re(z) >0 considering z to be

real number the above statement implies that gamma function is defined
continuously for positive real values of z.

For z, small, between 0 and 1, (l"(z))f1 =7z,

2.2.1.2 Basic Properties of Gamma Function

I'(z+1) =zI(2)

oo oo

T(z+1)= ]:e"t‘””“dt = J-e_’t"dt =[-er I: + zj et = 72T°(2)
0 0 0

The above is obtained by integration by parts. Obviously I'(1) =1, and using the
above property we obtain values for z=1,2,3,...

r@2)=1I1=1!
'3)=2I(2)=2!
I'(4)=3T(3)=3!

T(n+1)=nI(n)=nm-1)!=n!

The above property valid for positive values of z. Another important property of
the gamma function is that it has simple poles at z =0,-1,-2,-3,...
The proof is explained as splitting the function in two intervals as indicated below:

1 oo
I'(z)= I et dr + I et dr
0 I

The first integral can be evaluated by using series expansion for the exponential
function. If Re(z) = x>0, then Re(z+k)=x+n>0 and thus *™* .= 0.

Therefore,

1 1 o k oo k1 ) k
—tyz—1 g, _ (_t) =1 3. _ (_]) ktz=l g, _ &
R DY o A N

k=0

The second integral may be represented as an “entire-function”
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o(2)= et ar
1

D" 1 _ -0’ 1 D" 1 -D* 1
T I  S C  VE T R T Y S

I'(z)= i
k=0

Clearly indicating simple poles at 0, -1, -2, -3...this means that at negative integer
points the gamma function asymptotically approaches infinity and is discontinuous at
those negative integer values.

Besides the obvious relation T'(z+1) = zI'(z) , we observe that if n is an integer,

then T'(z+n)'(-z—n+1)=(-D"T' ()T 1-z2), for all n. Using a!=T(ax+1),
when ¢ is not a positive integer, then we may generalize the binomial coefficients

as:
[—z] ~ I'l-2)
u IF'u+HI'd—z—u)
In particular if # is nonnegative integer, say n then using the above identity, we have:

[‘Z] - 'm—‘@ C ey TEE [“”‘1]
n) nT(-z-n) n'T(z) n

The other properties of gamma function are:
Duplication formula:

T(27) =7 /222! r(z)r(z +%]

Reflection formula:

T

Tard-2= sin 777

For x >0, the asymptotic representation of gamma function is
I'(x+1)~x"e " V27mx
The reciprocal gamma function is defined as

1 eﬁmug)”
Tz Ko

k=1

where ¥ =0.577215666....1s Euler’s constant.
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This reciprocal gamma function is continuous everywhere for real values of z .
The value of reciprocal Gamma function is zero at negative integer points and at
zero, an important property. Whereas, the gamma function has discontinuities at
all negative integer points at zero.

The asymptotic representation is

1

——x

1 x

T(x) 27

The gamma function can also be represented as limit as follows:

' ra
I(z)=lim— "
n-e 7(z4+1)...(z+n)

Here we initially assume right half plane Re(z) >0, or in case of real number

positive values.
Let us introduce an auxiliary function as below to prove this part,

n t n
f, = (1--) t'dt .
Ji-s

Substitute 7=1t/n, and then performing integration by parts we get the following:

1

fl@=n -0 dz
0

P

="—nj(1—r)"*1 rdr
Z

0

n‘n!

1
J',Z.zﬂlfld/z_
Z(z+D..(z+n=Dy

n‘n!
z2(z+D...(z+n—-1)(z+n)

. . AN .
Taking into account the well known hm[l ——] =¢™", we expect the following:

n—oo n

oo

lim f,(z) = lim.f[l—i) 7 dt = j et dt = T(2)
n—yoo n—oo n
0

0

The Stirling’s approximation for gamma function ratio is given by Stirling’s
number as:
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Tj-q _ D’ Zj: Stg o
F(_Q)r(]+ 1) ]' m=0 ! !

is Stirling’s number of first kind with recurring relation as: S =S — ij(.’"> ,

J+l J
Sy = S; © =1, except S\ =1. The approximation, of ratio of gamma function as
polynomial in g establishes ratio of gamma function as finite and single value

function for all ¢ and j . Two examples of this Stirling’s approximations are:

r(x-i-a) e b[1+o(x—l):| and X~ I'x-q) — 0 ‘:l CI(CI+1)+O( 2):|,f0r
T(x+b) I(x+1) 2x

X —> o0,

The incomplete gamma function is defined, in series form as:
oo k

yna=e ;F(v+k+1) '

In particular

5

7y (v,0)=

T(v+1)

If p is nonnegative integer, the following properties are deduced from series
definition as:

Yy (p,at)y=e™" Z (at]z,i

k=p

and ¥ (-p,at) = (at)" .

The special values of this incomplete gamma functions are:

—at

Y Lan=""" y©O.an=1,and 7 (-Lat)=at

Incomplete gamma function is an entire function of both z and v and its integral
representation is:

t
j “ledu and lim#"y" =1.
t—>o0

0

For Rev>0, ¥ (v, t)

Some elementary relations that exist among the incomplete gamma functions are:
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oo -t

* * 3 e
y v=1Lt)—ty (v,t)=e" gl‘( +k) ;r(wkﬂ) r»’

Replacing ¢, by at, we get

—at

3 * e .
Yy (v=Lat)—(at)y (v,at) = o) ;

iterating this (p—1) times we arrive at:

R R s (a)f
,at) = (at)” +p,at)+e "y —————.
y (v,ar)=(at)"y (v+ p,ar)+e k§:0r(v+k+l)

Using the series definition of incomplete gamma function on the above expression
we get:

ket
(@' ey an =3 =0
and taking p -th derivative, leads to:
[tv “v (v, at)]—tv r —(m)k =t""e"y (v—p,at).
dt’ =Tw+k+1-p)
From this and earlier identity we write:
d’ - (at)*

ety van]=ar[re"y (voan ]+ "k Torkt1-p)

dt’
In this form we see that the incomplete gamma function on the both sides of equation
has the same arguments. From this with p =1, we find the integral form as:

[ure™y vuauwydu=1e"y (v +1ar) . Ke(v) > -1

0

The incomplete Gamma function is used in obtaining fractional differentiation and
fractional integration of periodic functions, used as sinusoidal response studies of
fractional operators.

Let us try to find fractional integral of order v >0 of exponential function

fy=e"
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1
-V _at __
oD, e

) —m.[(t—u)’e du .

0
Make substitution as x = —u , then integral expression is:

at 1L

e _
D7 =—— | x" e dx .
WD, m){

Clearly this integral is not elementary function, but is closely related to incomplete
gamma function and thus fractional integral of exponential function is:

oD e" =t"e"y (v,at)

The derived functions from complete gamma function, is called Beta function
defined as

I'(p)I'(q)

B(p,q)=|u""'A-u)""du= ,
P-q) {u (I-u u T(pta)

Also there is incomplete Beta function defined as:
def %
B.(x,y) = jf-‘ (-1)""dt, 0< <1
0

If Re(v) >0 and k is nonnegative integer then

0 Tk
J‘u“" t—uw)du=Bk+1Lv)*" = Tkl .
0 T'v+k+1)
Hence we may write the same as:
t tk
—Iu“"l (t—u)'du=———
Wkt ¢ Frv+k+1)

Using the series definition of incomplete gamma function with integrating by
parts, we obtain:

ta _ 1 1 v—1 11 v . (t_u)j _ 1 1 v—1 (t—u)
ey (vt = T {ju du +;ju {z }du} “Tor Iu e"du

i
0 0 =0 J- 0

Thus we see that integral representation of incomplete gamma function as
described before.
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The derivative of complete gamma function a ‘psi’ function is defined as:

_ 1 dI(x) _ _ DI
l//(x)—r(x)—dx or y(x)=DInT(x) T

The utility of these two functions is demonstrated for evaluating fractional

derivatives of power function f(x)=x", with b>-1 and f(x)=1logx.

From Riemann-Liouvelli definition for fractional derivative, with m—1< o <m,
where m € N, we write:

dm 1 x 1 dm 1
Dll b — _ m-o-1 bd — m—o+b 1_ m-o-1 bd
0% dx" {F(m— 0!)'[()( %) ! u} T'(m- o) dx" {x -([( V) Y v}
Using
1
B(p,q) = Iu‘”'l (1—w)" ' du = Tpt@) we get:
0 I'(p+q)
prp oL T+Dlm-a) (d") o

7 T Tm-a) Th+1+m-a) \dx"

__ T®+h ., Tem-a+b+l)
Tb+1+m-a) Tm—a+b-m+1)
T+,

TTh-a+l)

For b=0, we obtain ,DI{l}= [F(l— 0{)]_1 (x)™, for a>0 thus fractional

differentiation of a constant is ‘zero’; only for positive integer values of ¢ =ne Z*
as reciprocal of complete gamma function at zero point and negative integer points

are zero [[(1-n)] ' =0. When e ¢ Z*, ,D*{1}=[[(1-)]" (x)* 0.

On the other hand for any arbitrary positive real number « >0 the fractional
derivative, of a function, is zero, when difference between the order of fractional
differentiation and order of power function is integers 1, 2, 3....

That is, D{x"}=0if a—-beZ"; for example f(x)=x"=x"" and
k=12,.(+o).

Meaning that the difference between the order of fractional differentiation and the
order of power function i.e. &—» is integers 1, 2, 3..., then the fractional derivative of
power function goes to zero. This also demonstrates the role of reciprocal gamma
function, whose values at negative integer points and zero point are zero.

Let f(x)=logx, we find first the Riemann-Liouvelli fractional integration

with change of variable u = x(1-v):
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-a _ o __ 1 r -1
Df(x)= I —m_([(x—u) log(u)du

1 o 1

_ (log x)xll a-1 X a-1 _
= —F(a) J;v dv+ (@) J;v log(1—v)dv

o
X

X o 1 )
T T(a+) log x— ar(a)J;log(IOv)d(l—v )

¥ o RS P
_F(OH_I){logx—[(l—v )log(l—v)]o—.([ = dv}

By doing integration by parts and noting

Lox .y

[ vl—vdv =y(y+D)—w(x+1), with Re(x),Re(y)>—1, with ‘psi’ function
-y

0

defined as above, obeys recursion.

w(x+1)—w(x)=(x)" and —w(l) = ¥ =0.5772156666... . is Euler’s constant.
We write

xa
D “logx= ,Ilogx= logx—w(a+D)+yd
oD “logx = ,I{logx F(a+1){ gx—y(a+D)+yD)}
Thus for m—1< Re(a) <m
oDflogx=— D" logx
dx
dm x"l*a
= —|logx—w(m—-a+1)+w(
dxm{r(m—a+l)[ & v g )]}
Combining the result with 1% logx = F(x+1) [log x— y(ar+1)+ p(1)] following
o
is obtained:
x—ll
D?logx=——ilogx—w(l-a)—
oD log F(l—a){ gx—y(-a)-7}

When ar=ne N the fractional derivative for RHS of above expression should be
interpreted as the limit for & — n . In fact

Jim Y=
aon T(1- @)

=(-)"T(),
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n

the rule 7 log x =—{(n—1)!](-x)™" is fulfilled.

le
However, for o =—n;n € N there holds the classical result.

n n 1
oD " logx=,I" logxzx—‘ logx—Z—. ,
n: j=1J

n 1 1
also observing that y/(n+1)—y/(1)=zf and y(x+1)—-w(x)=— are the
j= X
properties of ‘psi’ function. The ‘psi’ function is also termed as ‘digamma’

function. The other interesting properties are ¥(0.5) = y(1)—In4=—y—1n4. If
z is not negative integer then

- z
H=-—
w(z+1) 7+§k(z+k)

2.2.2 Hypergeometric Functions

The hyper-geometric function and its generalization encompass an extensive class
of analytical functions. The generalized hypergeometric series is defined as:

T(5)..T(b,) & (e +k)..T(a, +k) -

ACTERL bq;z)zr(al)...r(ap); (b, +k)..T(b, +k) k!

poisees

p

Provided that the b, are not non positive integers. The series converges for all z if
p <q, converges for |z| <1 if p=g+1 and diverges for all nonzero z if
p>q+1. If p=2 and g =1then:

I'(c) i C(a+k)T(b+k) 2"

2F'(a’b’c;z)zr(a)r(b)k:O Tc+k) k!

And all its analytical continuations are called the hypergeometric functions. The
series converges for all z with |z| <1. If Re(c)>Re(a)>0 the integral

representation is:

T'(c)

a-1 _ p\ca-l _ -b
—F(a)l"(c—a)'[t A=0)""(A=1z)" at

0

B (a,b,c; Z) =

In particular, if Re(c) > Re(a+b) and c is not a nonpositive integer, then
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_T'@I'(c-a-b)

Filabc2)= T(c—a)l(c—b)

The following are useful identities:
K (a,b,c;z) =(1-2)*" ,F(c—a,c—b,c;z)and

zﬁ(a,b,c;z)=<1—z)“QE[a,c—b,c;ﬁ] .

In particular if p=1=gq, then

IO Ta+h &

Flacz)=
Filae) T(a) = T(c+k) k!

is confluent hypergeometric function. It converges for all z provided that
¢ #0,-1,-2,.... The name comes from the fact that it may be defined by limit as

-t o).

If Re(c) > Re(a) >0, the integral representation is

F(C) l a=1¢1 _ p\c—a-1 zt
—F(a)l“(c—a)-[t (1-0 e“dt

0

F(acz)=
Following are interesting identities:
. a
F(a.cz)=e* | F(c-a,c:2), D F(a,cz) = Fatle+lz)

Relation of elementary functions to hypergeometric functions are for example:

(-2 = F(a2), <1

It =2x2F,(l,1,§;x2], 0<x<l
-X 22
. 1 .
v,2)=—— F(v,v+1;z)=———¢" F(,v+];z
7 (2) rv+D' i ) rv+n ! i )

B,(x,y)= X' CSE(x 1=y, x+1,7) = x'Td-1) JE(x+y,1,x+1;7)

2.2.3 Mittag-Leffler Function

In the integer order calculus equations the exponential function exp(z) plays

important role. Similarly in the fractional order calculus the Mittag-Leffler
function plays the important part.
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For this new function E,[az],q>0 Mittag-Leffler considered, the parameter

a to be a complex number, as a = |a|exp( j®) . As he studied this function it became

apparent that this function is either stable (decays to zero), or unstable (goes to
infinity) as z increases depending upon how the parameter a and ¢q are chosen. The

. . . . . T
result was that the function remained bounded for increasing z if |¢| >q 2

2.2.3.1 One-Parameter Mittag-Leffler Function

Defined as

E.()= Z:1"( ak+1)

The expanded form is infinite series looks as follows:

2 3
Z Z Z

I'a+1) T'QRa+l) T'Ga+l) i

E (z)=1+

This function was introduced by Mittag-Leffler in 1903.

Mittag-Leffler function plays an important role in the study of fractional order
systems and used to express several physical processes. This function incorporates
between initially ‘stretched exponentials’ for small z that is,

o

E (-z%) ~exp[— J and for large zthe asymptotic approximation is

I'l+eao)

4

‘inverse-power-law’ that is, E, (-z%) ~ . This property is widely used to

1"(1— o)
study relaxation in ‘condense matter’ physics, fractional Brownian motion and
ordering the disordered system. The Mittag-Leffler function is a possible model
for a long (fat) tailed survival function. For =1, the function coincides with
ordinary exponential function. The following are some asymptotic expressions of
Mittag-Leffler function useful in system identification:

B

7
Y(D)=E,(-7)=1- =exp{—7? /T(B+ D}, forsmall 7, 0< 71
(0 =Ey-T)=1-g p{ (B+D}
I
‘I’(r):Eﬂ(—rﬁ)_Sm(ﬂ”) B) ,0<fB<1 for large 7-—oo; power-law
7’
asymptote.
~(1-p)

V/(T)Z—iE[,(—rﬁ)z ,forsmall 7, 0< 71

dt (P
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,0< <1 forlarge 7— oo.

_i # sin(Br) T(B+1)
y(r)= E( )=E——— T

,Z./i-H
2.2.3.2 Two Parameter Mittag-Leffler Functions

Two parameter Mittag-Leffler functions plays very important role in fractional
calculus. This, function type was introduced by R P Agarwal and Erdelyi, in 1953-54
The two-parameter function is defined as:

oo k

_ Z
Eaﬁ(z)—;—r(a“ﬁ) (a>0,8>0)

E, (2)= Z T k ) = FE,(z),is one parameter Mittag-Leffler function.

Following identit1es follows from the definition:

oo k
[
E.@)= ZF(kH) _kzﬁ_e
oo k 1 =3 k+1

T
E,(2)= Z _Z = =<

kor(k+2) =0 k+1)' S k+D) 2
- o k+2 :_q1_
B0 = ZF(k+3) Z k+2)' z12 k:o(kz+2)!=e z1 :
The above has general form as follows:
m=2 Zk\

E,(2)= mlLe _kOk'J

The trigonometric and hyperbolic are also manifestations of the two-parameter
Mittag-Leffler function, indicated below:

oo 2k oo k

) z
E, ()= = = cosh(2),
W)= gmkm 2 i e

_l oo 2k+l Slnh(z)
2 (2)= ZF(2k+2)_zkz::(2k+1)' z

Generalized hyperbolic function of order n, are represented below:

oo nk+r-1

h,(z,n)—;)ﬁ—z' 'E, (2"),.(r=1,23,...n)
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Generalized trigonometric function of order n, are represented below:

k,(z,n) = Z( D"

(nm+r 1)' _ r—lEn’,(_Zn)’,..(r :1,2’3’“.”1)
m=0

Mathematical handbooks describe erfc(z) as following:
Error function defined as:

2 &
— e dt

o

erf(z) =

Note that erf(e0)=1.
And is represented by series as:

Z( l)n 2n+l1 2 ? Z5 Z7 Z9

rf e e
erfa) = Jr S @n+1n! \/_L "0 2 216 J

Complimentary error function is defined as:

erfc(z) =1—erf(z) = 1—ij.e_’2 dt = iTe_’z dt
7y Jz?

Eqpa(D= D ()T 2)+11= € erfe(~2)

The series asymptotic expansion of complimentary error function is:

1.35..2n-1) e’ (2n)
i = 1 D" 1
er C(Z) |: +Z( ) (2Z2)n :| Z\/_|: +Z( ) '(2 )Zn:|

Error function in terms of hypergeometric function is:
> 3 13
erf(x)=27"xe™™ |F, [1,—; j 27 "*x | F, [—,—;—xZJ
2 22
Error function and incomplete gamma function are related as:

7 [%,at] = (at) erf (Vat)

erf(z)=zy (%, sz
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This error function integral has no algebraic formula, so it is to be numerically
evaluated and tabulated. This error function is a solution of classical Advection

. . . aoC .
Dispersion Equation (ADE) EzVO(—vC +DVC), for a continuous source

initial condition. Say the step function initial condition is given as C, at =0,
then the solution in terms of error function is

C=%{l—erf[;;]%ﬂ.

For continuity with this widely used formula in ADE, a similar solution can be
framed for ‘Fractional ADE’ that is

aa—f =(-veVC+D,V“C),

for a continuous source initial condition same as for ADE. That is

C —
c=—2 1-serf, Lx—V;J ,
2 (D,1)

where we define ¢ -stable error function serf, similar to the error function, call it

generalized error function; that is twice the integral of « stable density for
argument Oto z as

serf ,(z) = Zj s, (x)dx
0

where sa(x)=exp(—|x|a) is standard symmetric « stable density. The error

function is thus special case when the probability density function is normal
(Gaussian) with ¢ = 2.0, that is erf(z) =serf,,(2z) .

2.2.3.3 Variants of Mittag-Leffler Function

o (m)k

EWa)=t")

————=t'E 1
o L(v+k+1) 1Lv+l (at)

This function is important for solving fractional differential equations.

o k  k(o+1)
3, (By=1")] pi

—r  —t’F tm—l
o Tk +1H{a+1}) wran (P7)
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This function is called Rabotnov function and one special variant too.

( 1)}1 (2-a)n+l1

Sc,_(z E -~ . =< —ZZﬂ
( )= cT({2—-aln+2) 270"2( )
The fractional sine function form-I

s (Z)_z ( ])n 2-a)n (_sza)
“T({2-an +1) Eaa

The fractional cosine function form-I

oo (_l)kz2k+l
sm“(Z)Z;r(z K+ 20— A+1)
ptk + 241

— 2
- ZE2/1,2/4—/1+1 (=z7)

The fractional sine function form-II

€03, ()= V" _p )
” TQuk+pu—A1+1) 2 p= 241

k=0

The fractional cosine function form-II.
Generalization of the Mittag-Leffler function to two variables was suggested
and was further extended by Srivastava to the following type of symmetric form.

BontD-1 p(om+D)-1
' 2

Ty
Sepn = Z;)Z) r(ma+(vn+1)ﬂ)r(n/1+(am+1)ﬂ)

Several manifestations including several variables representation of Mittag-Leffler
have been made for multi-dimensional studies on fractional calculus.

2.2.3.4 Laplace Transforms of Mittag-Leffler Function

Following expressions give some identities for Laplace transforms pairs of Mittag-
Leffler functions

a—/ik‘
£{lak+ﬁ—1Eg}(ala)} _ ( s b Re(s)>|a|(”a)

b
§% — )k+1

k!
0.5k=0.5 (k)
E{f E(OS)(()S)(“\[)} N
(k)

d
(k) _
Here E(x,/i _WEa’ﬁ.

For k>0 the operation is differentiation of Mittag-Leffler function, and for
k < 0 the operation is integration of Mittag-Leffler function.
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B=1k=0, E((Zk;), — E, (at?);

L% (t)}—s‘IE{E(t)} 7

ss?+1 s%+1

—k - 1 a-1 o—k-1
tkE(t)}—skﬁ{E(t)} = 7 s

s+l s9+1

a-1
{Eqa™) S_a
ol Stx—l _ sa '
L{Ea(—ﬂt )}_s“+/1_s(s“+l)’ >0
ol sa—l B sa
£{E-")} = P41 s(s+1)
ol a-1 B s(x
E{Ea(/it )} s s(s¥=A)
L{%E (~At® )}—SE{E (A} = - iﬂ
k . s
oo et
d
d

{5(t)——E(/1t )}_1— s = A

s+ A s+ A

2.2.4 Agarwal Function

The Mittag-Leffler function is generalized by Agarwal in (1953). This function is
particularly interesting to the fractional order system theory due to its Laplace
transform given by Agarwal. The function is defined as follows:

[ ﬁal) Sa_ﬁ
E, 5(t") = Zm- LUE,pt ) =

2.2.5 Erdelyi’s Function

Erdelyi (1954) has studied the generalization of Mittag-Leffler function as:

_ _y_ Dm+h
E,, ()= Z +/3) a,f>0 c{Ea,,,(z)}—mZ:;)sm+lr(am+ﬂ)

Where the powers of t are integers.
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2.2.6 Robotnov-Hartley Function

To effect the direct solution of the fundamental linear fractional order differential
equations the following function was introduced by Robotnov and Hartley (1998)

( a)ntnq
o L'(ng +q)

1

s'—a

F (- at)—t"'z : g>0 L{F(at)}

This function is the ‘impulse-response’ of the fundamental fractional differential
equation, and is used by control system analysis to obtain the forced or the
initialized system reaction.

2.2.7 Miller Ross Function

Miller and Ross in 1993 introduced a function as the basis of the solution of
fractional order initial value problem. It is defined as the v-th integral of the
exponential function, that is:

d’v > (at)" _;
E(v,a)=— ZF(v+k+1) L{E v, a)} . Re)>1

Miller-Ross function in terms of hypergeometric function is:

t
Et(v,a)zm ]FI(I,V‘FI;CII)

The one-parameter Mittag-Leffler function is

E (t)= ZF(I T ,forw=0.

Expanding this series as following grouping we get:

(")

1+ nw)

E (ct")= Z T

B N 1 S S |

- T+ nw)

n=0,q4,2q,....... r(l + nW) n=1,q+1,2g+1,... r(l + nW)

n=q-1,2¢-1,3¢g-1,...
=E (0,¢)+cE (w,c")+’E,2w,c*) +...+ " 'E ([g = 1]w,c*)

Therefore,

q-1
E (ct")= Z cE, (kw,c")

k-0
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is relation between Mittag-Leffler and Miller-Ross functions.
In terms of incomplete gamma function we define the Miller-Ross function as:

E.(v.a)=2"e"y (v,az)

1 . . 1 . .
and C,(v,a) =E[Ez(v,1a)+Ez(v,—1a)] ,S.(v,a) =?[E7(v,1a)—Ez(v,—1a)].
? LE
Where C,(v,a) and S, (v,a) are Generalized cosine and sine functions
respectively, elaborated below. These identities of Miller-Ross expressions are
similar to exponential function and its polar representation to get cosine and sine
trigonometric functions. These functions plays crucial role in Fractional
Differential Equation solutions, and are similar to the normal transcendental and
trigonometric functions. In the above definition of Miller-Ross function let a be

replaced by purely imaginary number ia , where i= V-1, Electrical Engineers
call this imaginary unit as j= V=1 In the series form we can re-write organizing
even and odd terms together as:

[
V' S D '
rov+k+1) (S T+k+1)

E (viia)=t" i

k=even

E (v,ia)=C,(v,a)+iS,(v,a)
E (0,it)=¢"
e" =cost+isint
The above identities indicate similarity of Miller-Ross function with exponential

function and trigonometric functions.
Integration of Miller-Ross function is:

t
jEu (v,a)du=E,(v+1,a), Rev>-1
0

quE,_u v,a)du =T(w+DE (v+w+1,a) Re(w)>—-1,Re(v) > -1

0

D"E (v,a)=E (v+ p,a), p=12,3,... Re(v) > -1
Differentiation of Miller Ross Function is:

DE, (v,a)=E,(v-1,a)
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p-1 k v+k—p
a't
D’E v,a)=E (v—-p,a)=a’E (v,a)+ ) ———— , p=0,1,2,3...
{(v,a)=E (v=p,a) (( );:Ol“(v+k+1—p) p

DI[tE (v,a)|=tE,(v—1,a)+ E,(v,a)
D[1*E,(v.a) |=1"E,(v=1.a) + ut*"'E,(v.a)

~(P) T+
D"|t"E,(v,a) |= [ j—t” ‘E,(v+k-p,a), p=0,1,2,...
[#E,(v.a)] Z ) T+ ( p.a). p

Special values of Miller-Ross function are:

E (0,a) =e"
E,(v,a)=0, Re(v)=0
E (-1,a)=aE, (0,a)
E (-p,a)=a’E,(0,a), p=0,1,2,3,...
E (0,a)—1
Et(l,a)Z&
a

E, [%,a} =a e {erf\/a7}

E, [—l,a) =ak, [l,a] +L
2 2 Jrt

t

Et (V,O) = m

Recursive relations of Miller-Ross functions are listed as follows:

v

t
E (v,a)=aE (v+1,a)+
(v a)=ak( ) C(v+1)
p-1 v+k
E(v,a)=a’E,(v+ p,a)+ Y ————, p=0,1,2,3,..

ol w+k+1)
E (v,a)-E (v,b)=aE,(v+1,a)—bE (v+1,b)

p-1 k ko vtk
(a=b")t
E (v,a)— E,(v,b) = a"E,(v+ p,a)—b"E,(v+ p,b)+ Y ~——— p=0,1,2...

,(v,a)—E, (v,b) (v+p,a) (v+p,b) L rwrkrn P

Integral representation of Miller-Ross function is

1 t
E , — v—1 a(’ﬂl)d , g{ > O
L(v,a) _F(v) '([u e u, Re(v)
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This Miller-Ross function E, (v,a) is solution of the Ordinary Differential Equation:

d A
Y4

2.2.8 Generalized Cosine and Sine Function

In the Miller-Ross modification above the Generalized Cosine function is defined as:

. N
o (=1)"2(at)
Cv.a)=t kz Tw+k+1)

C,(0,a) =cosat

Laplace of Generalized cosine function is

£{C v,a)} =ﬁ Re(v) > -1

In the Miller-Ross modification above the Generalized Sine function is defined as

(k=1)

w 1N 2 k

S o 3 D @)
o TO+k+1)

S,(0,a) =sinat

Laplace of Generalized sine function is

E{S, (v,a)} = s"(ssz , Re(v) >-2

+a’)

Integral representation of generalized cosine and sine functions are:

t
J- usina(t —u)du,
0

1
()

( 1
C(v,a)= u"™ cosa(t—u)du and S,(v,a)=
'([ r'(v)
Re(v) >0

Special values of generalized cosine and sine functions are

C,(0,a)=cosat and S, (0,a)=sinat
C,(v,a)=0, Re(v)>0 and S;(v,a) =0, Re(v) > -1

C (-lL,a)=—asinat and S,(-1,a)=acosat
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2% %
C (-p,a)=(=1)"?a" cosat and S,(-p,a)=(=1)"?a’sinat, p=0,2,4,..

p+l

(p+1) . =ty
C =(-p,a)=(-1) 72a"sinat and S,(-p,a)=(-1) 7?a’cosat, p=1,3,5,..

1 2 1
C,(1,a)=—sinat and S, (1,a)==sin’ Eat
a

a
C, (—l,a] ZL—aSt (l,a) and S, [—l,aj =aC, (l,aj
2 Jrt 2 2 2
C(v,0)= dS »0)=0
/.0 I'v+1) and 5,(v.0)

C [%,a] = \/z[(cos at)C(z)+ (sinat)S(2)|
a

S, G ] = \/2[(sin at)C(z)—(cosar)S(z)|
a

[2at
Where z = zar and C(z), S(z) are Fresnel integrals defined as
V4

1 1
C(z)= Icos Eﬂ'tzdt and S(z) = Isin Eﬂ'tzdt
0 0

Recursive relation of generalized cosine and sine functions are:

v=1

C,(v-1,a)=-as, (v,a)+t— and S,(v—1a)=aC, (v,a)
r'(v)

v—1

t at’
CWw-la)+a’C (v+la)= and S (v—-La)+a’S (v+1,a)=
( )  ( ) o) ( ) ( ) Tt

Integration of generalized cosine and sine functions is:
jcu (v,a)du=C,(v+1,a), Re(v)>—1and jsa (v.a)du =S, (v+1,a), Re(v) >-2
0 0

Differentiation of generalized cosine and sine is:
DC,(v,a)=C,(v—1,a)and DS,(v,a)=S,(v—1,a)
D"C,(v,a)=C,(v—=m,a) and D"S,(v,a)=S,(v—-m,a), m=0,12,...
D[tC,(v,a)] =1C,(v=1,a)+ C,(v,a) and D[iS,(v,a)|=1S,(v=1,a)+S,(v,a)
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D[*C,(v.a) |=1"C,(v=1.a) + ur*"'C,(v.a)
D[1*S,(v.a) |=1"S,(v—=La)+ ur*"'S,(v.a)

This Generalized cosine and sine function S, (v,a) or aC,(v+1,a) is solution of
the Ordinary Differential Equation:

dZy v=1
2 + azy =a
dt Ir'v)

,v>0

This detailed description of Miller-Ross E, and Generalized cosine C, and sine S,

functions is given in order to draw attention toward their similarity with exponential,
cosine and sine functions. These similarities in property encourage us to select these
functions as solution to fractional differential equations. Similarly one can construct
generalized hyperbolic cosine and generalized hyperbolic sine functions with similar
properties as described above for generalized cosine and sine functions.

Generalized Hyperbolic cosine and sine is constructed as follows:

1 t
J‘u"’l cosha(t —u)du
V)

0

HC (v,a) =
\(v,a) T

HS,(v,a) =

! J'u"’l sinha(t —u)du , Re(v) > -1
V)

0

2.2.9 Generalized R Function and G Function

It is of significant usefulness to develop a generalized function which when
fractionally differentiated or integrated (differintegrated) by any order returns
itself. Like exponential, trigonometric, hyperbolic functions of integer order
calculus, the definitions of such generalized Mittag-Leffler functions are important
in fractional calculus. In earlier section some variants of Mittag-Leffler is noted,
here more generalized R function and G function is introduced.

3 oo (a)n (t_ C)(n+1)q717v _ B
R, la,c,t]= Z; TSy R, la,t—c]

Here ¢ is independent variable ¢ is the lower limit of fractional differintegration.
Our interest in this function will be normally for the range ¢ > c .
The Laplace Transforms of R function are:

v

£{R,,(@.0.n}=—>—: Re(g-v)>0: Re(s)>0
’ s’—a

—cs vV

e S
ﬁ{Rq,V(a,c,z)}z ——; 20 Re(g—v)>0;Re(s)>0

sT—a
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2.2.9.1 Relation to Elementary Functions

R ((a,0,1) ="

a2t3 a4t5
aRzﬁo(—az,O,l)=a{t— 3 + 51 —...}=sin(at)
2,2 4.4
R, (=a’,0,1) = {1— azt' %—..} = cos(at)

ar, (a*,0,t) = sinh(ar)
R,,(a*,0,1) = cosh(at)

2.2.9.2 Relationship of R Function to Other Generalized Function

Mittag-Leffler Function:

gq-1

c{E, ) ==

=L{R,, (-a,0.0};  dI7R, o(-a,c.0) = E,[-a(t—c)?]

st +a
Agarwal Function:
q sr q
E{Eq,p(t )}: T =£{R,, ,.0.0}; R, ,(.0.0=E,, @)

Erdelyi’s Function:

n
t‘l

(PE, () =R, 40,00 =rFY —
q.8 7.9-B ;l"(nq-i-l)

Robotnov and Hartley Function:

_a)n t(n+l)q—]

c{F,(-a,n}= ql

=Fq(—a,t)
sT+a

& (
=L{R,,(-a.0.0}:R 4(-a.0.n =D 2
{40 } 9.0 ; T'({n+1}q)

E{Fq [a,t]}z Sql_a,q>0

el [-ar]| =[]
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Od,"']Fq[a,t] =E, [at"]

S NI R

q
s il = g [ ]= 1= o4 a0 o

s’ +a S
Miller and Ross Function:

S—V b a ntrl‘fv
L{E v} ="—=L{R_ @00}k (@.0.1)= m = E(v.a)
n=0

2.2.9.3 Further Generalized Function (G Function)

(=r)(=1=7)..(A1= j=r)}(=a) 1" E{G @ t)} _ s’
L+ Hrir+jlg—v) ' e (s* —a)

Re(gr—v)>0 Re(s)>0 ‘a/s"‘>0

G, (a1)= i {
j=0

2.2.10 Bessel Function

Perhaps among all higher transcendental functions the Bessel functions are the
most ubiquitous; they appear very frequently in theoretical physics and
engineering. The Bessel function, J, (z) of first kind and order v is defined as

infinite series:

1V D 1\
Lol FEr (1)
2 ) Sk Twv+k+1D\2
The J,(z) is an entire function of vis solution of Bessel equation
Z’D*w+ zDw+ (2" =v)w=0. The Bessel function Y, (z) of second kind and

order v is also the solution of Bessel equation, linearly independent of J (z).
One of the integral representations of Bessel function is by Poisson’s formula, as:

2 . 1
J,(2)= ﬁ[%} I(l— )" cos ztdt , Re(v) > _E
r(Dr(v+ )02
2 2
Another representation is by Sonin’s formula, as:

v+l 112yz
j J,(zsin O)sin**' Gcos™ ! 04O, Re(u), Re(v) >1

0

Jporiy () =———
ot (2) 2T+1)
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Some special relations of elementary function to Bessel functions are:

2 . 2
J,,(2)=,|—sinzand J_,(z)=,/—cosz
7z .

The modified Bessel function 7 (z) of the first kind and order v defined as infinite
series is:

oo 1 2k
I"(Z)_(z j zkvr(v+k+1)( Z) ’

is solution of modified Bessel Equation, z’D*w+zDw—(z"+v)w=0. The
modified Bessel function K, (z)of the second kind is also solution of modified

Bessel equation and is linearly independent of 7 (z) .

1
For Re(v) > - and Re(z) > 0, the integral representation is:

1/2 1 )v
V4 - .
[2Z

—I (sinh ) e ***"’d @ = Icosh vBe “"°d @
F[v + %j 0 0

Particularly for nonnegative integer v we may write infinite series for K (z) . For

K, (z)=

example for v=0

1 l//(n+1)( ]
K,(z)=— [1n22]1(z) ZO e 57

Some relation special values in relation to the elementary functions are:

[2 . |2
1,(2)= ﬂ_—zsmhz, I,,(2)= ;;_ZCOShZ and K,,(z)=K_,,,(z) =
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Table 2.1 Lists of Higher Transcendental Functions with its Laplace Transforms

77

Function Time Expression f'(¢) Laplace
Transform F(s)
Mittag- ER 5
E_(at’ S
Leffler  lat?) = ; T(ng +1) prc
Agarwal (”’*ﬂj gah
E, ,(t")= zr(om’H—ﬂ) s -1
Erdelyl S & T(m+))
E,p)= s DY
wo (am + f) ST(em+ B)s
Robotnov- @ gyl 1
F (a,t _—
Hartley L(at)= z:(} T(in+1ig) PR
Miller-Ross I o
E(v,a)=) ———
=Tv+k+1) s—a
Generalized & (- 1)% (ar)’ s
Cosine C(v,a)=t k;nm (5 +d) >
Re(v)>-1
Generalized L) a
. 2 k [
Sine S (v,a)=t" z (=D ? (ar) S (2 +d)
ioods T(v+k+1) Re(v) > -2
Generalized o gDy X
R (a,t
R (@)= ;F(Inﬂq 5 K
generalized G (at)= z (=) (=1=r)(l= j = 1)} (=a) "7 '
" = T+ )T(r+ jig—v) (s'—a)

2.3 List of Laplace and Inverse Laplace Transforms Related to

Fractional Calculus

Table 2.2 List of useful mathematical-physics functions with Laplace Transforms

Laplace Transform F(s)

Time Expression f(¢)

\/7 /1 k+1

4 v E, (At%)
k !Stl—,b;{ | g{(s) S |/1|%! t(lkJrﬂ—lEaﬁ(k) (iﬂ, ta()
(s“F ﬂ) H
k-1
R(s)> A2 12 EX AN

22
1 t(x—l
s¢ I'()
1
arctan E —sin(kt)
s t
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2 2

log 54 2(1—cosh at)
t
2 2
2
log s ta ?(l—cosat)
—a 1
10 - ebt _ear
g b ( )
ks
nk n t
,(k>0) erfc(ax/_+—
Vsta+s)’ 2
ks k
ae” ak at
L(k=0) erfc[ ] erfc[aJ+—]
sta+s)’ N3 N
1 5 K
— ¢ kxf,(k >0) 2\/Ze 41 —(k)erfc(Lj
S\S T 2\/;
1 K
e (k2 0) e
Vs NE=
1
—efkﬁ,(k =0) erfc [Lj
s NG
(k2 0) kA
e
Ny Ao
1 kls t =7
—¢"0>0) [;] 1, (k)
1 N ; (v=1)/2
. S,(v>0) [;j 7 (2ke)
[T .
—"" sinh 2«/E
s\/; Nk
1y 1 .
—e sin 2\/5
s\/; Nk
1, 1
—" cosh 2\/E
Is NET
| 1
—e cos 2\/5
Js N
le ks JO(Z\/E)
S
k |sin k|

.
———-coth
s’ +k’ 2k
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1

N (7))

-[el-[-

t
2. |—
T

(n )

2n tnf(l/Z)

13.5..2n-rx

- S

—a)™”

e“ (1+2at)

1
it

Ns—a—~s—b

(eb[ _ eat)

1
Ny AN

By

+a

1 >
—ae“erfe(anlt)
T

By

1 2
+ae“"erf(av1)
s—a’ N@)(@)
\/; 1 261 7azla\/; 2
3 ————= je drt
s+a Jrr rx ?
1 1 »
—_ —e“erf (avt)
\/E(s—aZ) a
1 2 _ 2 at 2
- - e ! e drt
x/g(s+a2) N ,[0
b -a

(s—a*)(s +b)

et [b —aferf (ax/;) }] —be” erfc(bx/;)

1
Js(s+a)

e erfc(a\/; )

| 1
1 —at I.f b_
ibora A
s(s—a s+
1-s)"
i (2n) '\/7 Hu G
Hn (x) = exz jxnn (e_xz)
Hermite Polynomial
a-s)" n
S"+(3’2) (2n + 1) !f 2n+l (\/—)
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ae™[I,(at)+ 1, (at)]

I.(x)=j"J, (jt)
J , Bessel function of first kind

o

\Js+avNs+b

1
e*g(mh)rlo (a -b t]
2

For k>0

k-(1/2) 4
t ——(a+b)t a—b
)T e (220
[a—bj OB

1

LYY -b -b
e 2" IOEQ t)+ll[a t]
2 2

\/s+2a—\/;

s+ 2a +\/E

1
;eimll (at)

(a—b)*
Ws+a+s+b)*

For k>0

1

F
x/;x/s+a(\/s+a +\/;)2” o
k>0

NEmye

1 J,(at)
Ns'+a’
1 1,(at) , Modified Bessel function of the

first kind zero order.

s —a
(s*+a* —s)

'J (at
e 7 B
s“+a
1 '\/7[ ( " jk(l/z)
—_— k>0 ol 5
W5 +a) r\za) e
Ws* +a® —s), (k>0) @Jk (at)
s —a® +5)" @t
- - , v>-1)
: \/; ¢ k—(1/2)
m,(k >0) %[zj Ii_py(at)
1 erf(\/;)
S\/m f( ) 2 I 7t2dt 1 f( )
erf(x) = —=—[e =1-erfc(x
e
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1 J,(at)
s+s’+a’ at
1 NJ , (at)
(s++/s?+a*)" a"t
1 )
\/s2+a2(s+\/sz+a2) a
1 Jy(ar)
\/s2+a2(s+\/s2+a2)N a”

2.4 Paradoxial Conditions for Using Generalized Differentiation
and Integration Expressions and Cautions

As with most mathematical expressions reasonable caution must be exercised. Let
us try to see that if fractional derivative of order 4 be obtained from fractional

integral of orderv, by replacing v with —u . This works with Euler’s expression

b

for x”, with b>-1, but can this be generalized to any functions. That is

DI f()= [ WD f(t)]v:—,u . For v>0, the fractional integration expression for

fO=t*, A>—-1is:

t
ODt—vt/?. — 1 j(t_u)v—luﬂdu — Mtﬂ+v
rev)s T(A+v+1)
By replacing v, with —¢ (1 >0) we get
i _ r(+ny .,
o T(A—pu+1)

which is correct result.
But using this changed sign in integral expression, we get.

which diverges (is absurd).
The conclusion is that Euler’s expression is meaningful for positive or negative
v (fractional differentiation and fractional integration); but the integral Riemann-
Liouvelli representation for fractional integration is meaningful only for v>0 .
Let us find the paradoxical condition, that is first we find integer n -th
derivative of a function f, namely D"f(t), n=1,2,...and then from here we

derive integral of f by replacing with negative one.
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Thatis D™ f () = [ f (u)du , this is incorrect.

0

1
Take for example f(¢t) =sint . Then D" f(t) =sin [t +5nﬂ] ,n=1273...

0 1
Replacing n=-1 yields D' sint = Isin udu = sin (t —575) =—cost .
0

But as per integer order calculus I sinudu =1-cost . This indicates paradox.
0

For another function, f(f)=1Int,D"Int = (— )" ' I'(n)t™, for n=1,2,3,..

Now letting n=~1, we get D' Int = Iln udu = I'(—1)t = oo , which is incorrect.
0

The paradox stems from the fact that we are computing ordinary derivatives of
integer order, and then attempting to derive a result based on replacing the order
of derivative by negative integer number. Integer order derivative is subset of
generalized differ-integration, thus what we should try is to derive expression for

fractional derivative D" f(¢) which is true for all v e R, then deduce integer order
expressions. In case of f(f) =sint, the D"sint=S,(-v,1) (obtained from Higher

Transcendental Miller-Ross expression).
t

Now if v=-1 , we have D'lf(t)=Jsinudu=S,(1,1)=1—cost, which is

correct result. Putting v =1, we get Dsint =S, (—1,1) = cost, again correct result.

For the case f(t)=Inz, D' Int =" [TA-w)] " [Int—y—wd-v)].

If we put v=—1 then D™'Int= jln udu = t[l"(Z)]f1 [lnt— Y- 1/1(2)] =t(nt-1)

is correct expression. Here the property of ‘psi’ function is used that is
i+ -y(z)=2"

Now letting v =1 in the expression obtained above for D" Inf, the RHS of this
becomes indeterminate. However, by using the property of ‘psi’ function and
writing z =1—v, and with, [(1-v)=(1-v)"'T'(v) we obtain DInt=¢" again
getting correct result.

Consider the function f(z) =¢', then

oo '—v

=
D¢ = — —— = E (-v,1), for arbitrary v .
;k ZTgoyen LD Y

Now if vis nonnegative integer say v = n , then



2.5 Non-exponential Relaxation Power Law and Memory Integrals 83

k—n []

_=et
zr(k ntl) =1

)

which is independent of n. Here if we replace n by —1, we get D'e' =¢',

which is not correct.
oo k+1

t
Thus if we replace v=—1,we get D¢’ =) ————=¢'—1,
P £ 2Tk

1
and is correct result, namely D¢’ = Ie“du =e —1.

2.5 Non-exponential Relaxation Power Law and Memory Integrals

Maxwell Debye relaxation process is standard process of reaction that is formulated as

der)
— 1),

for ¢ >0 and with initial condition ¢(0) = ¢, ,

The solution of this relaxation equation is @(t) = ¢Oe_% . In Integral formulation

(Integrating the above differential equation) we re-write the standard relaxation
law as

These equations from integer order representation can be generalized with
following replacement

1d'é(r) 1 dP¢(r)
—-— - —— .
T di’! 2 dar?

This leads to fractional integral equation as:

o(t)— ¢, = —% D) .

This is non-exponential relaxation process. The curve of which can be fitted by
Kohlrash-Williams-Watts (KWW) stretched exponential law as:

() = @, expl(—t/ 7)*] , with O< ar <1,

or via asymptotic power law (Nutting Power Law)
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#(t) = g ————, withO< n <1,
(1%)

and also via Mittag-Leffler or higher transcendental function types. This type of
generalized relaxation processes are Non-Debye or Non Exponential relaxation
processes. For sufficiently large experimental window, it is generally possible to
observe transition from KWW to the Nutting-behavior or vice-versa. Glockle and
Nonnenmacher in 1991 for the first time interpolates relaxation data by Mittag-
Leffler (ML) function,

oo=a(8) e {97

encompassing both KWW and Nutting-behavior. This is one special example of
asymptotic fractal. Often one encounters functional relation in frequency domains

of the form @ ?F(w). Such relations back-transformed to time (space) by
generalized differential theorem that gives fractional integral equation ODl'ﬁ f@

and the temporal (special) relaxation of which can be put as asymptotic fractal
expression of the form

wo-(4) Hal72).

where ¥ is incomplete Gamma function.

Non exponential relaxation implies memory, i.e. the underlying fundamental
relaxation process is Non-Markovian. Natural way to incorporate memory effect is
via fractional calculus, the involved convolution integral in time (space), where

the present state of the system has been running through at times ¢/ =0,1,2...t .
The memory integrals defined as:

dae) _
K(t—t")gt)dt' ,
= ku-re
encompassing all instances from ' =0 to ¢/ =, contributing to the situation at
t' =t . Following are interesting cases for memory kernel.

1) Markovian Case i.e. memory breaking down (system without memory):
The kernel in this case is K(r—1") = K,6(t —t’) , putting this kernel in the

memory integral one gets

d¢(t)

_—j K,o(t—1")o(t )dt' = -K (1) ,
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(i)

(iii)

@iv)

and the relaxation expression is exponential law of Maxwell-Debye type
(1) = ¢, exp(—=K,t) , with ¢(0) = ¢, for the corresponding homogeneous
differential equation that is:

de(t)
dt

+K,o0(t)=0

This relaxation process is like standard radioactive decay having one
decay constant, and decay process is having no memory. Well if say the
radioactive decay comprises of intermittent discharges with no average
decay constant, then the system identification is of different kind, and
there Fractional Differential Equation will play role to indicate degree of
intermittency in relaxation process. Similarly this simple law will change
if there are variety of paths for the relaxation (or decay).

Constant Memory Case, where kernel is K(¢) = K|,, independent of time,

leads to oscillatory solution as @(t) = ¢, cos(y/ K, ?) ; with ¢(0) = ¢, , for
the corresponding homogeneous differential equation that is:

d’¢(1)
dr*

+ K, () =0

Here the system remembers or holds its state (say energy); examples
include one perfect L C circuit holding forever the electromagnetic
energy, oscillating between pure electrical energy and pure magnetic
energy and a lossless ideal pendulum remembering its initial excitation
force, thatis f(¢) = d(z).

Slowly varying kernel as K(r)= K, 78(t), gives KWW or stretched
exponential law as:

P(t) = exp(—KOtl"/l— 7/)

If y=0, we have exponential relaxation, and memory kernel as delta
function (as in (i)). For above law taking the Kernel as
K(—-t")=K,(t")"6(t—1t"), gives non-linear homogeneous differential
equation as:

d .
Ecﬁ(t) + Kyt 79(t)=0

Suppose the kernel is of type K(t)=K ", with 0<g<2, then for

t >0, the Memory Integral is with RL fractional integral equation that
can be casted as:
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DO D000,

with 77 = K, I'(g—1) . Now in the above equation we apply,D;", i.e.
integrating both sides, we obtain ¢(t)—¢,(t)=—-7"7 D, ¢(t) ; that is
fractional integral equation. Now we apply fractional derivative operator
oD, to the both sides of fractional integral equation, with formula of
fractional derivative of a constant @, as @’ [T(1-¢)]", and obtain
fractional differential equation as:

gt"
I'd-q)

oD (1) — =—77¢(2)

Thus we have derived the above fractional integral and fractional differential
equations for a power-law memory kernel. All these concepts will be used in
system identification with disorder, in Chapter 10.

2.6 Boltzmann’s Superposition Principle

Another physical basis to come up with memory integrals is to start from
Boltzmann’s superposition principle, which formally incorporates memory via

causal convolution. Power law relaxation observation ¢(t) ~¢ * is wide spread in

natural systems, and the asymptotic decays can be expressed as several forms of
higher transcendental functions of Mittag-Leffler or related types. Consider an
arbitrary history of external perturbation () , and let us denote G(t) = ¢, (t) the

response of the system to step like external perturbation w/(f) = H(¢) ;( Heaviside
step function). Then causal convolution system response is:

e dy(t)
¢(r)_£de(z =

@(t) is through variable like current, stress and flow, () is across variable like
voltage, strain and pressure. In the above causal convolution the w(r) field starts

at—oo , at the distant past, and the above integral representation is of Weyl’s
notation. Whereas limiting (t) = ¢(r) =0 for <0 leads to Riemann-Liouvelli

formulation, in this case it is initial value problem. The above convolution
expression is popular among control system engineers. The G(¢) is the ‘impulse-

response’ for the control system block, where ¥’(¢) is the input, and ¢@(¢) is the
output. Obviously () is impulse function for (z) as step input expressed

above. In pure mathematics this G(¢#) is Green’s function; solution to
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homogeneous system of differential equation system. In mathematics after
evaluating Green’s function, its convolution with source function gives particular
solution to the system of non-homogeneous differential equation system.
Specifically let G(¢) obey a power law as:

G(t) = ¢ (t):L[Lj , and comparing this with the causal convolution
I'l-o\r

above, we find the response ¢@(¢) to arbitrary history y(¢) as:

o) = I dar’'(t—t’)y* d'//(, ) , which is fractional integral expression.
Thus the causal convolution for this specific power-law decay is.
d “! dy(t
o) =72 Zt( )_¢

Thus the system response ¢@(¢f) follows by fractional differentiation of external
perturbation (¢) . Such power law G(z) as taken here can be found in practical
systems of Electrical, Electronics, Mechanical Engineering and various other physical
system dynamic behaviors. If one chooses the constituent elements (spring, dashpot,
resistance, capacitance and inductances) to follow scaling law, one obtains the
expression like chosen G(t) -the basic idea leading to memory integral.

Let us exchange the roles of ¢(f) and () and re-write the above obtained

fractional differential equation, by applying D, “ to both the sides, to get:

wity=C't* :; @(t) , which can be further decomposed as:

A7 A0 _ C

Hn=Cc'r* =
v = ' dt T(d+a)

dot’)
dr

we can infer immediately from this expression that ‘impulse response’ G(¢) for a
step like perturbation of

() =H(r) is G(t) = V’S(t)_r(1+a)(f) '

2.7 Motivation to Use Higher Transcendental Functions to Solve
Fractional Differential Equations

If we have ordinary differential equation (consider homogeneous ODE), of order 7,
as [D"+a,D"" +..+a,D’ | y(t)= P(D)y(1) =0,
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where P(D)=D"+aD"" +..+a,D°. We try, a solution y(t)=exp(ct), and by
doing so we find that P(D)[expct] = P(c)expct , where P(x)=x"+ alx”'l +..+a,,
is the indicial polynomial of order n. In other words if cis a root of indicial
polynomial P(x)=0, then expct is solution of the ODE. This is so because
differentiations of exponential function return itself. If we apply fractional
differentiation to exponential function i.e. D" [e”] = E,(—u,c), we observe that the
exponential function changes to Higher Transcendental function, does not retain itself
on fractional differentiation. Therefore, expct will not be very useful candidate to try

to solve fractional differential equation (FDE). However, if we try to fractionally
differentiate Higher Transcendental Function (Miller-Ross) we observe that

D"E,(w,c) = E,(w—u,c), retaining its form. Perhaps, this could be a candidate for
solving FDE. Also from earlier section we take one more differentiating property of
Miller-Ross function as D“tE, (w,c) =tE,(w—u,c)+uE, (w—u+1lc), w>-2.
These two expressions are similar to De” = ce” and Dte® = cte” +e” . We also
bring the special value of Miller-Ross function as E,(0,c)=e¢” so that
D"E,(0,c) = E,(—u,c) . Thus we are tempted to try a function E,(kv,c) where k is
integer for FDE, (like ¢, ¢ an integer for ODE).

Consider a sample FDE [D+aD® +bD°]y(t)=0, which has indicial
polynomial as P(x)=x"+ax+b. This is FDE of order (2, 2) as described in
Chapter 1, with n=2 and ¢ =2, and operator as P(D"’)= D' +aD"’ +bD" . By
analogy of ODE let us try linear combination of E, (0,c), E,(=0.5,c).

That is w,(t) = AE,(0,c)+ E,(=0.5,c) as possible candidate solution. Simple
arithmetic by using the above mentioned properties of Miller-Ross function yields

ti%

0.5 — -
P(D*)y,(t) = (cA+ac +bA)E, (0.c) + (c + aA+b)E,(=0.5,c) + 05

Now letting A=A andc = A*, where A is arbitrary (may be complex number) gives

t%

0.5 — 2 - ?
POy @) = APDE 0,49+ PAE, (05,4 + L -

In particular if A is root of P(x) then P(A1)=0 and the above expression takes
the form:

e

1 Lo,
['(-0.5)

P(D™)y, (1) =
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Thus w,(¢) is still not the solution of this FDE (but perhaps a close one). Suppose
that « and S are two roots of P(x). Then with A=a, we wirite:
w, ()= aE,0,0°)+E (-0.5,a) .

If we define ,(t) = SE, (0,4’ )+E, (-0.5,/8), then proceeding as above we
have:

ti%

P(DO'S)%(Z)ZW-

Letting w(t) = y,(t) -y, (t)
= aE, (0,07)- BE,(0,8)+ E,(-0.5,&*)— E,(-0.5,8*)

Gives P(D*)y(1)=[D'+aD* +bD’ |y()=0. Thus if a#p the w(r) is
solution of FDE. With described properties of Miller-Ross function, the solution may
also be expressed as wi(t) = ae"z’erfc(—a\/; )— ﬂeﬁz’erfc(—ﬁ«/; ). From the solution
we observe that w(0)=a—8,D™" w(0)=0, D" W(0)=oc0 and Dy(0)=-oo.

For equal roots ¢ = £ similar analogy as in ODE that solution is combination of
e” and te”, makes us to take linear combination of E (0,&°),E (-0.5,¢7),
tE,(0,0), tE(-05,07), E,(05¢") and tE(0.5,¢), as possible logical

candidate for FDE when roots are equal. Doing elaborate calculations, the solution to
FDE when roots of the indicial polynomial are equal is obtained as:

w(t)=(1+2’1)E,(0,0°)+ aE, (0.5, )+ 2a(-0.5, %)

2ant
0.5

= (14 20°1)e” "erfc(—ant) +

2.8 Fractional Derivatives and Integrals of Important Functions
with Use of Higher Transcendental Functions

Here in this section number of examples of fractional integrals and derivatives are
tabulated. These are useful functions for physics and engineering. For simplicity
assume that all variables are real and that x is positive and x> 0. The fractional
order v is assumed to be arbitrary (positive, negative or zero) unless stated explicitly.
The constants a,c, A and u are assumed to be unrestricted unless otherwise
indicated. The section demonstrates the use of Higher Transcendental functions
I'(x), B,, ,F, E,, w(x), and others described in this chapter. The derivative

in the table is Riemann-Liouvelli type.



90

2 Functions Used in Fractional Calculus

Function f (x)

IFractional Derivative /Fractional Integral expression.

(x—a)*, x>c>aand
c=20

D'(x—ay P G a) (x—C)’”><2171(—/1,1,1—\;;—)6_6]

v>0

T(1-v) c—a
(x—a)*.x>c>a,c20 (x—a)** _x—c
V>0 D x-a' = T(v) B Avh. 2=,
(x-a)*.x>c=a20, CD:(x_ay:M(x_a)ﬂ—v
A>-1 : C(A—v+1)
X x>c=a=0,A>-1 v LA+ 4,
0 xx e
TA-v+1)
f(x)=1.x>c20 (‘D:(])z(x—c)—v
- I'd-v)
=1, x>c=0 -
fomtee L)
(1-v)
p— l -
(a=2a>x>e20 | b i@ (x—c)*”xzﬂ(‘ﬂ’l’l‘“x Cj
T(1-v) a—c
_ 2 A+v _
@-x%.a>x>c20, D" (a-x)" Ol i B (V,—[/1+V])~Z:x =

F( ) ¥ a-c

(a=x)". a>x

1/2( )—1/2 \/—+\/—
: e

(a—x)", a>x

1
ODllz(a—wa _ |4
Tt a-x

expax

oDle” =E (-v,a)

expax, a>0

D2 = a Ve erf (Vax)

R -1 ,
expax. 4> OD:tle‘”=wxﬂ’”1Fl(/l+l,/l—v+l;ax)
’ TF(A-v+1)
Xxexpax oDlxe™ = xE (-v,a)+VvE (1-v,a)
E (ta), u>-1 oDE (u,a)=E (1—v,a)

YE (W,a), A+u>-1

T(A+ p+Dx
C(u+DD(A+u—v+1)
X, F(A+u+1L1L, u+1, A+ u—v+1ax)

oD [xlEx(,u,a)J =

xE (,a), u>-2

oD![xE (1t,a)] = xE (1t—v,a)+VE (u—v+1,a)

cosax

oD)cosax=C (-v,a)

cosax, a>0

D/ cosax=\F[C(z)cosaﬁs(z)sinaﬂ» =
a

T
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2
COs ax

+ l C (-v,2a)

D' cos?ax=—"—
’ 2I'd—-v) 2

XCcosax

oD! [xcosax]=xC (-v,a)+vC (1-v,a)

Cx(ﬂ,a) s 1> -1

WDIC, (1) =C,(=v.a)

xC (U,a), u>-2

oDy [xCx(,u,a)] =xC (U-v,a)+vC (u—v+1l,a)

xi% COS‘/; OD: I:x_% COS\/;:| = \/;(2\/;)7”2’” J—l/Z—v (\/;)
xf% cosh«/; oD; [xim COSh\/;J = \/;(2)6”2 )7”24 Ly (\/;)
sin ax

oDysinax=S (-v,a)

sinax,a >0

— 2 2
ODX% sinaxz([C(z)sinax—S(z)COSm], = |2
a T

sin” ax ,D!sin®ax=aS (1-v,2a)
xsinax oD! [xsinax] = xS (—v,a) +vS (1-v,a)
S (.a). u>-2 DS (a)=S. (—-v,a)

xS (u,a), u>-3

oD [xS (u.a)] = xS (u—v,a)+vS (1t—v+1,a)

sin \/;

oD [sin ] = (26) 1, ()

sinh «/;

(D [sinn | = 2 (262) " 1, ()

Fnx, A>-1 v A _ A+ 4,
ODx[)c lnx]—mx [Inx+yA+)-p(A-v+1
Inx ) X
ODXlnx:r(l_v)[lnx—y/—l//(l—v)]
)y Kl h 1
x ?Inx 0sz[x 2lnx}zx/;lnzx
In x

D Inx= 2\/5(1114;5—2)

x* (lnx)z, A>-1

OD;[xﬁ(lnx)z}: T'(A+1) e [Inx+yA+D)-y(A-
F(A-v+]) +Dy(A+1)— Dy (A—v

2y (W), A1

D[22 o

L) A1

D LG |22 W
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2.9 Irregular Functions and Measure of Irregularity
(Roughness) with Box Dimension, Holder and Hurst’s
Exponents

In fractal geometry, (irregular geometry) the fractal dimension is a statistical
quantity that gives an indication of how completely a fractal appears to fill space,
as one zooms down to finer and finer scales. The term fractal was coined in 1975
by Mandelbrot, from the Latin ‘fractus’, meaning "broken" or "fractured”. A
fractal is a geometric shape which is self-similar and has fractional (fractal)
dimension. Fractals can be classified according to their self-similarity properties.
There is precise nature of connection between the dimensions of the curve (graph)
of fractal (uni-fractal or multi-fractal) curve and fractional derivative. Here concept of
local fractional derivative (LFD) at point will signify the nature of irregularity. The
LFD gives notion to study fractional differentiability properties of irregular functions.
Numerous experimental and theoretical results suggest the response function
diverge near ‘critical point’. For instance in phase transition points of thermodynamic
studies of material or at Curie point of studies for magnetism. Equivalently the
response function f(x) is found to vary as power law near critical point x,. More

precisely for almost all directions of approach to the critical point at x, one can find

1

that at lim(x — x,) the function is f(x)— f(x,) = |x— x0|l+75 with =1 as ‘state
exponent’ in thermodynamics. The irregularity of this graph at the critical point is the
idea of study and there exists relation to the measure of irregularity (or roughness) of
graph at a point to the Fractional Derivative of that function at that point.

There are many self-similar structures in nature and several ways to describe them.
A random walk in free space, or on a periodic lattice, a linear or branched polymer, is
just few examples. When considering the vast category of these self-similar
geometrical spaces it is tempting to regard them as basic spaces. Standard Euclidian
space has translational symmetry while self similar space has dilation symmetry. As a
consequence whereas Euclidian space is well characterized by one dimension d
integer number, self-similar space require the definition of (at least) three dimensions:
d , the dimension of the embedding Euclidian space, d, , the Hausdroff’s dimension

(of the irregular geometry and non-integer number), and the d_, the Spectral

dimensions giving the density of states of Spectral Graph (network) where the time
series (space series) asymptotically gives power law relaxation to an excitation. The

decay exponent for late times (¢**) for Green’s function, or relaxation modulus
function for solution of the system, gives indication of this spectral dimension. For

instance a viscoelastic system described by o(t) = cT(§ /K )a D”g(t), has
asymptotic relaxation modulus as G(t) = (CT /t”’)(é’ /K )a , has spectral dimension as

d, =2«. The phenomena occurring in fractal lattice has this kind of constitutive
equations, with fractional derivatives.
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When the phenomena occur in Euclidian lattice then all the dimensions are
same d =d, =d . Wide range of natural phenomena occur in space of non-
integer fractal Hausdroff’s dimension. However, it is of greater importance to seek
to discover how fundamental laws of nature are modified for fractal object. A
fractal is described by various metric properties, like Hausdroff’s dimension,
which measures the density of (sites of) the fractal embedded in the Euclidian
space. The physical phenomena occurring in fractal thus have length scale of non
Euclidian non integer value, and the governing equations do get modified as
fractional differential equations. Long-range dependent (LRD) time series (signal)
say {Y(k)}={Y(0),Y(),Y(2)........ Y(k)....} that has slowly decaying auto-
correlation function

o1 T2 o,
Ryy (1) = lim FL,Z Y(OY(t+1')dt

can also be described by a fractal dimension d, which is related to the Hurst
parameter H through d, =2— H .Here, the fractal dimension d, can be interpreted
as the number of dimensions the signal fills up. This Hurst index or (parameter H )
signifies the degree of long range dependence (LRD), and pattern persistence for the
time series {Y (t)} , and has relevance in subject Fractional Order Signal Processing.

This will be elaborated in Chapter 4 and 5 subsequently, and its estimate in
Chapter 10.

2.9.1 Measure of Roughness of Graph

Holder exponent or Box Dimensions of curve is related to maximum order of
fractional derivative (LFD) which exists at a point. The LFD is explained in Chapter
5. An irregular function, of one variable at a particular point is best characterized by
Holder exponent. For a function f(x) if there exists a polynomial P, of degree
n<h and a constant C such that |f(x) -P(x— x0)| < C|x— x0|h , the supremum of

all exponents h(x,) such that n <h(x,)<n+1 describes the ‘local’ regularity of
f(x) at x,.For h=1, the function satisfies Lipschiltz’s condition; and for 2 =0,

the function is simply bounded. The rapid changes in the time series are called
singularities of the signal and the singularity strength is measured by the local Holder
exponent h(x,) . Higher the value of Holder exponent /& more regular is the local

behavior. The irregular functions are characterized by Holder exponent. Some curves
(graphs) have a range of Holder exponents, and such graphs are called multi-fractal
graphs. While a curve having same Holder exponent is uni-fractal (fractal) graph. If a

function has same Holder exponent (h) at every point then the ‘box-dimension’ of
the graph is d, =1—h . This box-dimension expression is derived in following

sections. The Holder exponent is related to Hurst exponentas 7 = H —1.
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Say, we generate a one-dimensional Brownian motion or ‘white noise’ with

square root scaling law|Ay, | = (At, )% , then the Hurst exponent is
3 log|Ay‘.| 3 l
Clog(Ar) 27

with ‘box-dimension’ as, d, =2—-H = 32 .

The irregular functions are continuous everywhere but no-where differentiable
and classical example is sine or cosine Weierstrass Function defined as:

W, (x)=> A sin A'x,

k=1

with x € R (real number) and A >1. Here if 1< s <2, this curve is no-where
differentiable but continuous everywhere. This will be described in Chapter 5.
This function has box-dimensions s . The cosine Weierstrass Function is

fx)= ia" cos(b"ﬂnx) y
n=0

1
With O<a<1, b>0and ab>1+>7, with d, =—289_
2 logb+2

2.9.2 Generation of Irregular Graph

Now we generate a uni-fractal function a ‘fractal noise’ and non-Brownian motion
. . . H .
with Hurst exponent H . The scaling law is |Ay,.|=|At,.| , with generator as

(A1)" = (A,)" +(1=At, —Ar,)" =1. Generator starts at (0,0) and ends at (1,1).
The Y-axis denotes the distance traveled in this motion at i -th jump with X-Axis
denoting the time. The satisfying conditions for Af,and Ay, are:

At, +At,+At, =1 and Ay, +Ay,+Ay, =1. Here we impose uni-fractal scaling
|(Ayl.)| = (Ati)H and take into account that generator segment (motion

displacement) should alternatively go up, down, up and down so on, then the
relation for Y-axis becomes (Ar,)" —(Ar,)" +(At,)" =1.

From this relation we get (Atl)H —(Atz)H +(1—At1 —AtZ)H =1. Once we
specify Hurst exponent H and interval A¢, only one value of At, satisfies the
scaling condition. Moreover scaling requires 0 < H <1.
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Take H =0.25 and Az, =0.3 solve for Af, from

0.25 0.25 0.25

(03)7 —(At,) 7 +(1-03-Ar,) " =1,

to get Ar, =0.135608 .
From the equation Az, +At, +At, =1, we get

At, =1-At, —At, =1-0.3-0.135608 = 0.564392 .

Now we calculate the Ay, from the fractal scaling |Ayi| = (Ati)H , with up, down,

up, down rule and write.

0.25

Ay, =033 =0.740083 , Ay, =—(0.135608)"* =-0.606836 and

Ay, =(0.564392

)0,25

=0.86675 .

The turning points are:

(0,0)

(a,b) = (At,,Ay,) = (0.3,0.740083)

(c,d) = (At, + At,, Ay, + Ay, ) = (0.435608,0.133247)

Now At, has become new At with (0,0) shifted at (c,d). Proceed to get
further points as repeat of above steps, and continue.

b .

The plot of the above process is zigzag curve going regularly up and down
sequentially, and when large number of points are plotted and then the curve is scaled
down the graph looks like a plot of a highly irregular function. If a higher Hurst
exponent is taken say H = (.75 and the same steps are repeated to get same number
of points, the graph will look smoother than with the lower Hurst exponent.

Note though Holder exponent /4 and Hurst parameter H are related to fractal
dimensions but they are different. The /& gives measure of local irregularity
(character of local singularity) and scaling whereas H relates to spectral density
and then fractal time series and its auto-correlation properties, relating to Long or
Short Range Dependency. These will be elaborated in Chapter 4 and 5.

2.9.3 Determination of Box-Dimension of an Irregular Graph

Given an irregular shape curve or graph, what we do is cover with boxes and find
how the number of boxes N(r) changes with the size of the box r. Say for simple
1-dimmensional line-segment we expect N(r)=1/r. It is 1/r instead of r
because as the square boxes get smaller more will be needed to cover it. For a 2-
dimmensional unit square we expect N(r)=(l/ r)?, and for radius the number of
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boxes will lead to a power law N(r)=K(1/ r)d . The box dimension (with this

method) is defined as:

_ log N(r)

= , with N(r) > e and r >0
log(1/r)

Let us write a procedure; of determining the box-dimension of a graph irregular
graph (as generated in earlier section with Hurst exponent H is given). First take
a section of graph and scale (map) the X-axis onto 0 to 1.00. Call this as function
y = f(x) (refer Figure 2.1). Then divide the X-axis (mapped onto 0-1.00) into
r equal intervals. Above each interval make a column of width r. In this situation
of scaling condition Ay, = (Ax,)" , means in each of these columns of width r (as
constructed) the graph (or normalized graph y = f(x)) passes through a height of
about r” . So the number of boxes (square boxes of each edges of size r) needed
to cover the part of graph in that particular column is about (Height of graph) +
(Height of box)= r" /r=7r"".

Jf(x)

. r
intervals |

'7 r
Fig. 2.1 Determination of the box dimensions (fractal dimension) of irregular curve

The height and width of the box is r. The number of columns in the X-axis of
unit length is 1/7. Therefore the number of boxes required of size rneeded to

cover the entire graph y= f(x) is N(r) :(rH"l)X(%) = 7" Thus the box-

dimension is:
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_logr”"?
Clog(1/r)

B

Actually a note may be taken that box-dimension is actually box counting
dimension; since we count the boxes. For graph or curve to be of fractal self
similar nature this figure should be greater than one (d, >1).

Geometrically one can arrive at same fractal dimension d,, by ‘Mandelbrot-
Richardson’ method, or ‘Divider Step Method’. In this method the length of graph
is measured by a scale, moved along the graph. When scale is reduced the more
new features of the graph (irregularity) are observed and again length is
determined. The length of ‘divider’ kept on decreasing and length is determined.
The slope of log-log plot of total-length and length of divider step gives the idea
of fractal dimension. The box counting method or this divider step method gives
the same fractal dimension d,. This d, is Hausdroff’s dimension of fractal graph

d, . The fractal dimension is physically described as how many new segments of

an object are found as object is observed at finer resolution. For instance if N
new pieces are revealed when the scale is reduced by factor F then
d, =log N /log F . An example of self-similar fractal is say take a line segment to

start with; then you divide the segment into three equal parts and take out the
middle portion and call it second stage. From this second stage you perform the
above operation the two segments to get four segments, call it the third stage.
Keep repeating this to get next stages one observes that each stage can be scaled
(dilated) and can be overlapped to previous stage. This way we get self-similar
pattern. Above divided line segment has fractal dimension as

d, =—log N(r)/log(1/r), with N(r)=2"and(1/r)=(1/3)", for nstages. Thus
d, =—log2/log(1/3)=0.631<1, which is less than Euclidian dimension in the

case of line segment is 1. We talked of self-similar fractals, where the dilation
symmetry is uniform. The generalization to self-similar fractal is self-affine
fractal, where scaling by different amounts in X and Y directions is required. A
structure is called self similar if the structure is invariant under the isotropic scale
transformation that is, enlarging uniformly in every direction. The self-affine
fractal is invariant under anisotropic transformation that is, rescaling is required
with different scaling in different directions.

2.9.4 Difference in Persistent Anti Persistent Noise and Motion
Jrom Power law of Power Spectral Density

Fractional Gaussian Noise is defined by ‘power-spectral’ density of the form
S(f)e< f7#, for a signal or random variable say position which scales as

X(t)=c"X(ct).H is called Hurst exponent and f=2H -1, valid for uni-

fractal series. With H =1 the time series {X(#)} is ‘pink’ noise with power
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spectral density as S(f)=(1/ f). This type of 1/ f noise is important since it is
kind of threshold between persistent stable noise where 0.5< H <1, with
0< S <1 and non stationary noise §>1.

A white noise (random noise) is characterized by f=0 and H =0.5. The noise

characterized by 0< H <0.5 is called anti-persistent, and characterized by
0.5< H <1 is called persistent, whereas a random walk or Brownian motion (BM) is

characterized by power spectral density S(f)= f thatis, #= 2. Its Fourier Inverse

is X*>(t)=t giving indication of Mean Squared Displacement scales proportional to

time. In the similar way as for persistent and anti-persistent noise the walks may be
classified as a persistent walk if the spectral density index or the fluctuation is given by
1< <2 and anti-persistent walk given by 2< f<3. We call these walks for

fluctuating characteristic exponent 1< <3 because these walks may be obtained by

‘integrating’ the fractal noise defined by 0 < H <1.

Well the random walk in a continuous time can be expressed as
[dX (t)/ dt]= &t) ; where &(¢) is a stochastic quantity. If &£(r) is a white-noise, as
we generated the same in previous section, with H =0.5, then the walk

is X(t)= L; &(7)d 7. The generation of Brownian motion is thus as described now.

Take a initial position X(0) at #, add the stochastic quantity &(7,) (a white noise
in time is a,0(t—t) to X (0)). This will give X(#,). Continuing it with several
time intervals, this gives a time series as a ‘white-noise’ train. Integrate this to get
Brownian motion. Now if the noise is 1/ f or a fractal noise the same steps will

generate train of pulses of fractal noise and integration of that curve will give
Fractional Brownian Motion.

2.10 Concluding Comments

In this chapter the basis functions that are important in the study of the fractional
order systems is introduced. Mostly the fundamental form is the Mittag-Leffler
function can be stated as generalized exponential function. As the exponential
function play basis role in integer order calculus, so does Mittag-Leffler function has
role in the fractional calculus. Other compacted forms of the, variants of Mittag-
Leffler variety is also listed, which find several applications of solution of fractional
differential equations. All of these functions are of power-series expansions and fits
variety of power law following processes. In conclusion the readers will be put to
think about following reality. In circuit theory experiment we have made a low pass
filter, with lumped resistance and lumped capacitor. The step response to this should
have a pure exponential reaction, and mostly the recorders will show the similar
reaction. The question is are we observing a pure exponential curve uniquely
determined by unique time constant the product of lumped resistance and lumped
capacitor used. We tend to believe that the observation is pure exponential and ode



2.10 Concluding Comments 99

the aberration to non-linearity, instrument error, leakages, distributed effects and
various others like parametric drifts of components. The aberration to exponential
curve, if fitted by power series function of Mittag-Leffler type then naturally we ask a
question about the descriptor equation which classically is integer order differential
equation. The Mittag-Leffler type function is solution of fractional differential
equation, thus if the basic circuit descriptor were of fractional order differential
equation then we explain the reality, closely. However no capacitor is pure capacitor,
no resistance is pure resistance and no system can have lumped characteristic, and the
distributed parametric spread is reality. The same thoughts can be extended to various
other relaxation processes of the nature about diffusion, reactor Kinetics,
electrochemistry and several others. The variants of Mittag-Leffler functions
introduced here are developed in last four decade; several others may be developed in
future to explain the physical processes of nature. The irregularity can be quantified
by an irregularity exponent and we have seen the fractal dimension. The relation
between the fractional derivatives of local character where the irregular function is
not conventionally differentiable plays a role in characterizing various physical
processes especially at the phase change. A regular irregularity is normal Brownian
motion with fractal dimension 1.5, well a motion with memory can be regarded as
Fractional Brownian Motion then, where the ‘random’ jumps remembers past and
makes next jump accordingly! The relaxation (to stimulus) of natural phenomena
well are not happening ‘strongly’ but has memory associated with it, giving ‘weak’
relaxation with long tailed responses; memory lingers; unlike conventional relaxation
without memory. Well the nature is having disorder and thus the basic equations of
integer order differential equations get changed to fractional differential equations
(FDE); well is the order of FDE represent the background disorder, where the
physical process is taking place? Here also we have observed that FDE can be solved
in similar manner with same difficulty as Integer Order Differential Equations, and
there lies these ‘special functions’ which are generalizations of the functions of
ordinary calculus.






Chapter 3
Observation of Fractional Calculus in Physical
System Description

3.1 Introduction

Fractional calculus allows a more compact representation and problem solution for
some spatially distributed systems. Spatially distributed system representation allows
a better understanding of the fractional calculus. The idea of fractional integrals and
derivatives has been known since the development of regular calculus. Although not
well known to most engineers, prominent mathematicians as well as scientists of the
operational calculus have considered the fractional calculus. Unfortunately many of
the results in the fractional calculus are given in language of advanced analysis and
are not readily accessible to the general engineering and science community. Many
systems are known to display fractional order dynamics. Probably the first physical
system to be widely recognized as one demonstrating fractional behavior is the semi-
infinite lossy (RC) transmission line. The current into the line is equal to the
half-derivative of the applied voltage. That is impedance is

€

Js

many studied this system, Heaviside (1871) considered it extensively using the
operational calculus. He states that, “there is universe of mathematics lying in
between the complete differentiations and integrations, and that fractional operators
push themselves forward sometimes, and are just as real as others.” Another
equivalent system is diffusion of heat into semi-infinite solid. Here temperature
looking in from the boundary is equal to the half integral of the heat rate there. Other
systems that are known to display fractional order dynamics are viscoelasticity,
colored noise, electrode-electrolyte polarization, dielectric polarization, boundary
layer effects in ducts and electromagnetic waves. Because many of these systems
depend upon specific material and chemical properties, it is expected that wide range
of fractional order behaviors are possible using different materials. The classical

V(s)= I1(s)
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Bode’s integral is introduced and discussed, which is a stepping stone for realization
of fractional order element, giving constant phase for a band of (selected) frequency.
This Bode’s integral is a useful technique in plotting the gain and phase plots for
system identification and controls, in frequency domain analysis. Fick’s law is
discussed and its modification by considering relaxation times (Catteneo’s law) is
discussed here; with derivation of its memory kernel and generalizing the same to
have fractional diffusion equation. Also, concept of non-integer numbers
in the generalized Laplacian operator is considered to be a possibility of defining
“fractional geometrical dimensions’. The fractional order behavior for semi-infinite
system and its truncated version are discussed and developed in this chapter, also
synthesizing the half-order fractional element and its relation to ‘continued fraction
approximation’ is developed, along with dynamics of chain network and its fractional
order behavior.

3.2 Temperature Heat Flux Relationship for Heat Flowing in
Semi-infinite Conductor

The thermocouple consists of two pair of dissimilar metals with a common
junction point. Because the wires are long and insulated they will be treated as “semi-
infinite” heat conductors. The Figure 3.1 represents one such wire of thermocouple
pair. The thick line in Figure 3.1 represents the semi-infinite heat conductor, the
thermocouple wire measuring the temperature at x =0 the furnace wall, called as

wa (1), which dynamically varies with the time. The initial temperature is denoted

by T},

T’:wf (t)
x=0 X

THERMOCOUPLE

DIRECTION OF
HEAT FLOW

Fig. 3.1 Heat flow in semi-infinite wire thermocouple

The problem of heat conduction in the thermocouple wire is obviously
one-dimensional. The following derivation shows how fractional calculus appears
in the problem, of relating the conduction heat flux through semi-infinite
thermocouple wire to the body temperature at the origin.
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Cpa_T:kﬁ
ot o’
(t>0,&—0<x<0)
T0,x)=T,
T(1,0)=T,,, (1)
lim 7T'(t,x)| < oo

X——o0

Where:
t: is time[s], x is the spatial direction in the direction of heat flow [m], ¢ is the
specific heat or heat capacity [J kg'K'], p is density [kg m”], T(t,x) is the
temperature [K], and & is coefficient of heat conduction [W m’]K']].

Let u(t,x) =T(t,x)—T . Substituting this, in above set we get equations as:

L
P dt ox2’
(t>0,&—0<x<0)
u(0,x)=0
u(t,0) =T, () —T;
lim u(t,x)| < oo
X——o0

Taking Laplace transforms for the above equation gives:

9%U (s,x)

ox?

cp.sU(s,x)=k

2
FUEX) _ePS 15 1y =0
ox k

The bounded solution for x tends to — oo be

U(s,x)=U(s,0) exp(x, /%] ,

differentiating this we find

au(s,x) =U(s,0) fﬂ exp(x fﬂJ
dx k k

From these two expressions we get the following by putting x =0 and taking the
inverse Laplace of sOSF (s) —d"? f(t), i.e. semi-integration, we obtain semi
differential equation in time variable:
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L4 ys.0)= %U(S,O)

s dx

d™"? ou(t,0) _

de o
u(t,0) _ [cp d"*
ox - k dtl/2

cp
——u(t,0
ku( )

u(t,0)

Returning from u(z,x) to T(z,x) we get
9T (1,0) da'?
kT = ﬂcpk dl«T(TSmf{t} _TO) .

The term kaiT(t,O)zQ(t), be termed as heat flux, flowing through the
X

thermocouple wire at the interface of the furnace wall and point of contact (the
origin). Therefore the heat flux expression is

d1/2 k 172 k
o= \/Cpk dtT(Tvmf (I)_TO) = _kdtT(Tvmf(t)_TO)z ﬁ aDt]/ZTh(t)
cp

The normal integer order diffusion equation contained half (fractional) derivative that
was demonstrated in Chapter 1, the similar half derivative appeared in this case too.

3.3 Single Thermocouple Junction Temperature in Measurement
of Heat Flux

From the derivation as in above section we can write a general heat flow equation
relating the heat-flux conducted through a semi-infinite conductor of heat to the
temperature at the origin as time varying constitutive relation:

The semi-derivative is shown for initial time point a. When initial forcing
conditions (states) are zero, the operator then is
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1/2 _
ODt =

here «is thermal diffusivity; 7, is the body temperature, at the point of contact of
thermocouple to the furnace wall.

knar 5 Oi()

T, >
Qi (t) oo ’ QQ(t)

Fig. 3.2 Thermocouple junction for temperature (heat flux) measurement

The following equations define the time domain behavior.
Input heat flux to the thermocouple from steam temperature to the tip of the
thermocouple junction Q; = hA(T, (1)—T,(2)) . At the tip of the thermocouple this

input heat flux flows into two thermocouple wires as shown in Figure 3.2. Thus
dT,
Q=G (N=Q () =me—".

Converting this expression to integral form we obtain the thermocouple node
temperature is related two heats fluxes as,

1
T,(t)=— D, (Q;() -0, (1)~ 0, (1)) .
mc

The two semi-infinite heat conductors have constitutive equations in semi-
differential form as derived for Figure 3.1, as

Q)= DT, (1), and Q,(r) = DT, (1).

ﬁl JOZ“

Where hA, is product of convective heat transfer coefficient and surface area, and
mc is product of the mass and specific heat. The constitutive equation is obtained
by substituting values of Q's, as:

(T t)— Tb(t))—— DT, (1) - DT, (t)=m

Iz ¢

b(f)
dar

@
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after taking Laplace Transforms of the constitutive equations we have the
following expression:

k k
(mcs+—1s”2 22 +hAJTb (s) = hAT, (s)

NRAN

The transfer function is as follows:

)
T,(s) _ 1 B [mc hd
7jg(s) mc 1 ( k k \ 12 S+b\/;+C
—|s+—| F=+—F"=|s"+1
hA hA o a,
( )
b 1!k k, | hA

- | L2 =
“we\ Yo ) e

The value of fractional calculus is clearly demonstrated in this analysis.
Conventional approaches require the solution of two simultaneous partial
differential equations with ordinary integer order differential equation. The Bode
plots show two distinct asymptotes one of slope —10 db/decade (corresponds to

semi-pole s'? behavior) and the next one as —20 db/decade at higher frequency.
The diagram is shown in Figure 3.3 with (mc/hA)=0.005, and

1| Kk k,
—| ——=+—=|=50.
hA[\/“l V& ]
One more observation may be drawn from this analysis. In order to estimate heat-
flux in any thermal system, classical method of utilizing two thermocouples, can
be replaced by one thermocouple and from the temperature values obtained as

function of time instantaneous semi-differential equation as indicated above may
be solved to estimate flowing heat-flux.to estimate flowing heat-flux.

0 |
Y E— LTS —
db -100f--------- . ————————————— . —————————
-150f--------- I ————————————— I ———————————
107 1loO 1 0’ 10"
Frequency (rad/s)

Fig. 3.3 Frequency response amplitude frequency Bode plot
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Observing the transfer function of this system, 7;,(s)/ T, (s), obtained earlier, it

appears as per integer order calculus theory that is a first order system. The first
order system responses to a step input is a damped output, with out any oscillation
and overshoot. The presence of fractional order terms makes somewhat
anomalous, argument (which is detailed in Chapter 10). Though the system
appears to be of first order yet the presence of the half order term, in denominator,
may give a system response, to a step input as oscillatory with overshoot.
Therefore definition of the system order for fractional order system is different,
than that in integer order calculus.

The time evolution of 7,(f) can be obtained for Heaviside step

input, 7, (r) = H(¢) thus T, (s) = (1/s) put into the obtained transfer function and with
help of partial fraction and R -function; £{R_,(a,0,)}=(s"")/(s* —a) as:
(1 1)

_ﬂ ﬁz_ﬂl_ﬂz_ﬂ] . __2 l 2 __é_l 2 _
T,(s)=— Vi sih T,(); B = 2+2\/b 4C f=—7 2\/b 4c

hA
7;7 O)=—"F— |:R(1/2),7| (_:Bl ,0,1)— R(I/Z),—I (_ﬂz ,0, Z)]

me(f, =)

The output, 7, (¢) to a ramp input T, (t)=t, thus Tg ($)=(1/s% similarly is:

I,(t) = R(l/2),—2(_ﬁl’0’ t)_Ru/z),-z (_ﬁ2’07t):|

L[
mc(ﬂz _181)

3.4 Heat Transfer

System identification is the part of control practice, in which the parameters that
enter into mathematical model of the system are determined. This is especially
important in thermal system with convection, because of presence of heat transfer
coefficient, which is never really known with great exactitude, and may vary with
time due to physical or chemical changes at the heat transfer surface. There are
also other parameters like the thermal capacity of the conductive body, its surface
area, and its thermal diffusivity that have to be determined.

Rather than find each of the parameters separately it is more practical to estimate
non-dimensional expression that best fits the observed data. In this heat transfer
example, consider the cooling (or heating) of a one-dimensional plane wall of
thickness L, with spatial uniform initial temperature 7;. There is convective heat

transfer coefficient 4 from one wall to fluid at temperature 7, . The exact solution

with partial differential equation is as follows with the boundary and initial conditions:
The temperature field is 7(x,t), where X the coordinate is measured from the

wall and 7 is the time. The transient heat conduction equation in the wall is given by:
@ _ 9*T (x,1)
ot ox?

b
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Where « is thermal diffusivity.
The initial and boundary conditions are:
oT (x,1)
ox

=0at x=0

k———=+h(T{x,t}-T,)=0,at x=L

oT (x,1)
ox

T(x,t)=T,,at t=0

Where k is the thermal conductivity of wall material. With change of variable to
make dimensionless equation we get the following transformed unit less variables as:

X ta
g = z ) T= E
and unit less temperature as
T(x,t)-T
o TCD-T.
T,-T.
we obtain dimensionless equation as:
26 _ 3%
ot 3£’

00 00
With —=0,at {=0 and —+B,#8=0at £=1,and §=1 for 7=0.
o& J o& ¢

. hL . .
Where the ‘size-factor’ B, =—, is called Biot’s-number.

Solution to this dimensionless equation, which is exact representation of heat
transfer, is:

0(x,7) = icn exp(—ﬂnzr)cos(/inx) ,
n=1

where
_ 4sinj,
" 24, +sin(24,)
and A, are positive roots of transcendental expression A, tan A, = B, .
The dimensionless mean temperature is

1
o) = [0, m1dé
0
The exact solution is obtained above, by considering various Biot’s number

(0.1-10). However the first way to approximate this heat transfer phenomena is by
having spatial average of the temperature i.e.
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L
-
T() = Z‘([T(x, 1)dx

be taken as dependent variable. In terms of this average temperature the heat
balance equation is

40 (75 )0,
dt pc

where p 1is the density and c is specific heat of the wall material. The convective
heat transfer initial and boundary conditions are:

oT oT
—=0,at x=0,and k—+h(T-T,_,)=0,at x=1
ox X
have been used to derive the above average expression as approximation. The
equation 7 =T, at t =0 gives T(0)=1. Using dimensionless variables as done for
exact solution case one obtains:
e -
—+B,6=0,
dt
with 6(0)=1. Now numerical experiments points toward an interesting observation
that the solution with B; =0.1, the exact solution and this approximation match
closely, where as for B; =10, the deviations are large.

An improvement to above approximation is to write a fractional order
differential equation as:

d?6
dri

+pBié=O,

with 5(0) =1.Here gand pbe varied to minimize

Tmax

E= J. e(r)’dr,
0

where e(7) is difference between the exact solution and approximate solution

of (7). Tmax 19 the maximum value of 7 to which integration is carried out.
Here the effect of B; is to be discussed. The fractional order ¢ =1 and the

multiplier of the Biot’s number p —1,as B, = 0.
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This example works well with dynamic system modeling where measurements
enable simultaneous time-dependent system identification as well as provide an
error signal for feed back controls. In the present heat transfer example, for the
wall with simple geometry, a lumped parameter energy balance in which
temperature of the system is assumed to be spatially uniform is commonly used to
model transient conductive systems exposed to convective heat fluxes at their
boundaries. It is simple to fit experimental data and the integer order (in this case
first order) differential equation that is easy to solve. For larger size (Biot’s
number) there is difference between actual temperature field and the spatial
average used in lumped model. This necessitates the solution of the partial
differential equations for the transient heat conducting in the body which is made
difficult by shape, heterogeneity, or the unknown nature of the convective heat
transfer coefficient at the boundaries.

This argument is true for any realistic process with transport phenomena. Here
a practical method to describe the system with fractional order differential
equation aims at reality in system identification and control, as real systems are
distributed phenomena.

3.5 Driving Point Impedance of Semi-infinite Lossy Transmission
Line

Assuming a lossy RC line the boundary value problem can be defined in terms of
the current or voltage variables. Since a semi-infinite line is considered, the
measurable inputs or outputs are @ x =0, at the left while right end x = is at
finite value. In terms of the voltage variable the equations can be written as:

M = _i(_x’ t)R
ox

di(x,1) —_¢ ov(x,t)
ox ot

R, C are resistance and capacitance per unit length.

Differentiating first with respect to x and then substituting second in the first
one we get

2 .
oV _ _Rﬁz Rca_"’
ox* o0x ot

choosing 1/RC as o we get the problem formulation as:

w(x,t) 9*v(x,1)
a0 ae
lav(x,t)
R ox

(0.0) = v, (£),v(e0,1) = 0.0(x,0)

Given with i(x,t) =—
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In this formulation (v) is the voltage, (i) is the current, (v;) and is a time-dependent
input variable. Atx = oo, the condition is of short circuit. A classical solution
using iterated Laplace Transform is used to solve this problem.

it —> —— - — R
() ] [
x:o """ — >
X =00
x N c —1

Fig. 3.4 Semi-infinite lossy transmission line

Taking Laplace transform with respect to time and using s as temporal Laplace
variable gives:

2
sV (x,s)—v(x,0) :aw,
dx
with V(0,5) =V, (s),V (e0,5) = 0,1(x,s) = _14dVi(x,s) .
R dx

Then taking the Laplace transform with respect to spatial position x, and using p
as the ‘spatial’ Laplace variable gives:

1 . o,
év(pas)_;‘/(p,())zp V(P,S)—pV(O,s)—[ V( S):|

dx

Substituting

{dV(O, s)} _v
dx ’

this equation can be manipulated to give V(p,s) as:

[pz —i}V(p,s) :_lv(p,o)+pV(O,s)+V*(O,s),
o o

or

V(p,s)= |:—$V(p,0)+ pV(0, s)+V*(O,s)}

2
p -
o
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The first term of the transform, here, of the initial spatial distribution V(p,0) is

problem-dependent. After rearrangement and partial fraction the above expression
can be expressed as:

Vip.s)=

b - V0 || — [PV 0.9+V 0.9)]
A

Here the first term represents the effect of any initial spatial voltage distribution,
while the second term represents the voltage and current present at x =0 end of
the line. The first term is now inverse-Laplace-transformed with respect to the
variable p using convolution, and the second is inverse-Laplace transformed using
standard transform pairs.

Vix.s)= j(;‘Le“H)\g {—lv(/l, m}m —j ! ef(H)Jg [—lv(ﬂ, O)}d/1+
) \/? o 0, [s o

o o

V(0, S)COSh(x\/EJ-F V'©.5) smh( iJ
o \/7 o

Equivalently:

Vix,s)= Jx‘ ! eﬂ\ge%\/g [—lv(/l, 0)}({/1—
25 \F o
o

[ fe”J; [——v(ﬂ 0)}1/“

g

(4
V(0,s) {eﬁ L ;}r V' (0,5) {eﬁ ;}
S

2
2

R

(24

Collecting the like exponentials gives the following:
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Vixs)=4—|v(o, )+V Os__1 j.e_i\gv(/i,O)d/?. +
E
o
LA PRACD . Xe”&v(,i 0)dA

R

It should be recognized that the coefficients multiplying the two exponential
functions are unknowns. Although the integral and either V(0,s) or V*(0,s) are

given in the problem statement, the other condition (ViorV, respectively) at x=0 is
determined as a response to these two given terms. Imposing the boundary condition
at x =oo, allows the determination of a relationship between these three terms at
x =0, and thus allows the impedance and initial condition response of the system.

It is required to evaluate the above equation in the limit x — co . In this limit
second term in the above equation go to zero due to exponential behavior,
however the integral inside the bracket will diverge. That is

lim[ex\/gJ ;IeM\gV(ﬂ,O)d/l =0.00
s
(04

X—o0
20
o

We are thus left with indeterminate form and this can be solved by L’Hopital’s
rule as follows (after rearrangement):

20(\/;
lim
X—>eo +x\/%

The L’Hopital rule says that this ratio has the same value as the ratio of the
derivatives (with respect to x) of the numerator and denominator. Differentiating
the denominator is easy, but differentiating the numerator with respect to x
requires Leibniz’s rule. Performing the differentiation gives:

j \fv(/l 0)dA

j.eﬂxgv(/i, 0)dA

0

1

d
dx
200

NPy

lim

T
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Combining the leading constants, and applying the Leibniz’s rule to the numerator
gives:

It can now be seen that the exponential terms cancel, which leaves the result

fim—v(x,0) = 220
xoe D g 2s

The problem statement however requires that the boundary condition v(ee,?) =0

be satisfied for all time. Thus it is shown that the first term of the main equation
equals zero for x — co .
From above limit derivations:

s

- .
V(e s)=4—| V(0. s)+V ©.5) ! [e
2 s r—)oe 5%
- a -
Vo o

Dropping the limit notation we have

ﬁ

v(4,0)dA |=0

X g s
V(0,5)+ Y @) _ je li W(A,00=0.
Remembering that the current anywhere in the line is related to the voltage, then at
x=0

1(0,5) = —

1.dv(0,5) _ V'(0,5)
R dx R

and solving for voltage in terms of source current gives:

V0,5 =08, 1 I/J;v(/z, 0)dA
S S 0
- a R
V o u o

In evaluating the integral on the right it is now recognized that this term is
equivalent to a Laplace transform integral with
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/s
s—=>qg=,—.
o

Thus the Laplace transform tables can simplify the evaluation of this term as
X iy i
[e ‘/;v(/l,O)dﬂ:

follows:
1 1
— [V@0)] &
I \F[ 0l [
o, |— o, |—
o 14

The notation here on the right hand side of this equation is used to indicate the
evaluation procedure. First the initial spatial distribution v(x,0) is Laplace

transformed with respect to the spatial Laplace variable p to give V(p,0) The
integral on the left side of the above equation here is then easily calculated by
replacing spatial variable p with
\F
q=y—-
o

RIOs) 1
el

Notice that this contains driving point impedance function Z(s), which is

The voltage equation thus becomes

V(0,s) = V(P,O)

obtained by setting the initial condition, terms to zero.

Z(s) = V(0,s) :i
1(0,s) s
o
oras o =1/RC, the impedance is
V(@0,s) _ R 1

=105 Ve i

Note that in the impedance expression of Z(s) there are two parts, the forced
response due to /(0,s) and the initial condition response due to the initial voltage
distribution in the lossy line. The final expression of voltage anywhere in the line as
function of the applied voltage at the terminal V,(s) and the initial condition on the
line, as:
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Vs =5 {[V(p,o)]p f_je-ﬂﬁv(g,o)dJ}
N o 0
205\/7
o
e Vool g .
S |2 (s)- [e Vv, 00d2
s S %
o o

Furthermore the current at any point in the line can be determined directly from
the above equation as

+1

=

ldV(x,s)

I(x,s)=— I

By applying inverse Laplace transforms, for the driving point impedance
expression the voltage-current behavior (with zero initial condition) is obtained as:

1 d"v@)
(t)_ R\/— dtl/z

More compactly the voltage-current relation with the initial condition expressed as:

-1/2 -
v(t)= Rﬁ%+ 4,1,

1 (1 & )
o)=L —=[V(p,0)] _ F =E‘L , j e A\/;v(/tO)dﬂJ
a\/? ‘ oo
(24
or
) 1 dllz
i) = =g d;ﬁ’h@o
172
6,(6)=— 1 d7¢0

R\/7 dtl/Z

3.5.1 Practical Application of the Semi-infinite Line in Circuits
3.5.1.1 Semi-integrator Circuit

The circuit shown in the Figure 3.5 performs the function of semi-integration of the
input voltage v,(¢) . The half order element (semi-infinite lossy line) is based on one
dimensional diffusion equation
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v 9%y

5_0(8)62 ’

which is depicted by a ladder of discrete resistance, and capacitance as shown in
Figure 3.4 and its connection is shown in Figure 3.5 in an operational amplifier
circuit. The terminal characteristic or the driving point impedance as obtained is
described as

W) = e %+ 4(0)

or

_ 1 d"v()
i(1) =mw+¢z(0

>
Ly
_R_ _
. —> ﬁ
Vz li VU

Fig. 3.5 Semi-Integrator

Here v(z) and i(¢) are the voltage and current respectively, at the terminal element,

r is the resistance per unit length and « is the product of r and c (the capacitance per
unit length of the line). The initial condition functions are determined by the initial
state of charge and voltage or current that exists on the infinite array of elements. For
operational amplifier negative feed back configuration:
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v,#)-0=1 ()R
—]/2 ( )
0—vy(1) = r\/_ lfz +¢,(t) = ra D", (1)
p()=i ; (1)

Solving for v, (t)

v (1) = -ra D" {%vi (t)}
i’\/—

D—I/2 ( )

Vo(t) =

Note the symbolism change from small case differential operator to uppercase one,

where the initialization function got included. This will be taken in detail while

elaborate explanation of the initialization of fractional differintegrals in Chapter 6.
This is the basis of semi-integrator computing element. The equivalent

(uninitialized) impedance form may also be calculated as Z, = ~elsZ =R.

The transfer function (uninitialized) form is thus is

we __ra

v,(s) ~ Rs”?

3.5.1.2 Semi-Differentiator Circuit

iy >

- .
R
+

Fig. 3.6. Semi-differentiator
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For the circuit in Figure 3.6 the negative feedback configuration gives:

L pam-0)

o

0—v,(1)=Ri, (1)
L()=1i,(t)

i(1)=

R

ra ¢

This formation with the leading coefficients specialized to one, is the basis of
semi-differential computing element. Figure 3.7 gives a practical circuit for semi-
integration with operational amplifiers.

v,(t)=—Ri, (t)=—

D", (1)

R =22KO
C=047uF
- D B

1 oP-07 [—+

Fig. 3.7 Practical circuit for semi-integrator

The Figure 3.7 circuit is to realize the fractional order PID analog control
system. In this circuit the offset adjustment parts are not explicitly shown. The
semi integral control will have transfer function as

1

Ri
Vo) _Z, N'cs _K
S

Vi) z R s
By replacing § with jo one gets the relation as

Vo(jw)ziefjnm
Vo) Vo
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This circuit behaves as constant phase element of angle —45°, meaning to a

sinusoidal input the circuit will give a constant phase lag to the output by 45°. By
using values of the impedances the transfer function constant

[ 22x10°
0.47x10° _g ¢

2x10°

and the transfer function is

V, (J W) — 980 e
V.(jo)

The practical results are tabulated below in Table 3.1, where almost a constant
phase is demonstrated (around —55"). The circuit is excited by sinusoidal voltage

and the phase lag was recorded along with the peak-peak amplitude.

Table 3.1 Practical Results from semi-integrator circuit measurement

Input Input Phase v, V, Volt Go Vo | K= G | 20log(G)
frequency | frequency | Angle Volt Y dB
(Hz) f (radian) @ | (degree) '

50 314 -50.4 3.8 2.0 0.5263 9.32 -5.57
100 628 -45.0 3.8 1.5 0.3947 19.89 -8.07
150 942 -56.25 3.8 1.2 0.3158 |9.69 -10.01
200 1257 -55.40 3.8 1.00 0.2632 1933 -11.59
250 1571 -60.00 3.8 0.80 0.2105 |8.19 -13.53
400 2513 -41.50 3.8 0.75 0.1974 19.89 -14.09
450 2827 -49.10 3.8 0.70 0.1842 [9.79 -14.69
600 3770 -51.40 3.8 0.65 0.1710 | 10.49 -15.34
700 4398 -52.94 3.8 0.60 0.1578 | 10.46 -16.03
750 4712 -56.25 3.8 0.58 0.1526 |10.47 -16.32
900 5655 -69.23 3.8 0.56 0.1473 | 11.07 -16.63
950 5969 -60.00 3.8 0.54 0.1421 10.9 -16.95

3.5.2 Application of Fractional Integral and Fractional Differentiator
Circuit in Control System

Analog or digital realization can give a control system design for fractional order
control system. Figure 3.8 gives block diagram representation of a classical
integer order system (DC-Motor) being controlled by a fractional order feedback
controller.



3.5 Driving Point Impedance of Semi-infinite Lossy Transmission Line 121

+ OUTPUT @
SET & Gls)=— K >
Js(Ts+1)
His) =K, Kzsa+1 <

Fig. 3.8 Block diagram of fractional order control system

System transfer function of DC motor is

GO = T

J is payload (inertia). Phase margin of the controlled system is
o = arg|G( Jo)H ( ja))| + 77, the controller characteristics is

K s+1
H(s)=K,—2"~

SDI

Here chose K, =T Note that H(s) is composed of a differentiator of fractional
order (1—¢«) and an integral controller of order ¢. This gives constant phase margin
as:

O, =arg|G(jw)H (jw)|+ 7

m

KK/J e T 1
=arg| ——— |[tr=arg| (jo t+r=-(+a)-+rn=—(n-rncx
g{(ja))”“} e[ G0y J+z=—(+ )+ 7= (x-700)

The close loop transfer function is

_ G(jw)H(jo) KK, /J
T 1+G(jmH(jo) (s""+KK,/1J)’

The step input response will be:

s(s"+KK, 1) J ‘ J
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This is “iso-damping” meaning, that the overshoot is same for various payloads
(inertia), to have this type of control system is robust and efficient. Figure 3.9
gives the concept of isodamping.

1.0

OUTPUT

TIME

>

Fig. 3.9 Isodamping in fractional order controlled system.

This feature is of remarkable in field of control science indicating that a system
need not be of fractional order to have a fractional order controller. An integer
order system gets a robust and efficient feed back control if fractional calculus
applied in the field of control science. This concept is dealt in detail in Chapter 9.

3.5.3 Bode’s Integrals

The transfer function is a frequency domain representation and is convenient to be
described as

G(s) =|G(s)| e,

in magnitude and phase angle ( ZG(s) = arg G(s) ) in complex frequency domain.
For plotting the Bode’s magnitude and phase diagrams, log magnitude and angle
versus log of frequency, we put s = jw, where the angular frequency (radians/s) is

o . Thus we have InG(jw) = 1n|G(j a))|+ j4G(jw) . The derivative of this log of
transfer function that is

dInG(jw) __1_dG(jw) _dn|G(j)| . dsG(je)
dw G(jw) dw dw i
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is important in control systems design. This derivative of transfer function has two
parts, derivative of magnitude and derivative of phase angle, called Bode’s
integrals.

The feature of iso-damping described in Figure 3.9 requires shaping of the
Bode’s phase curve, to have constant phase over desired band of frequencies
around gain cross over points. The method uses classical Bode’s integral formulas,
to shape the phase curves. The relation between the phase and amplitudes of a
stable minimum phase system has been derived by Bode. The result is based on
Cauchy’s residue theorem. The first integral is derivative of amplitude. The
minimum phase transfer function G(jw) and the phase of system ZG(jw) at any

@, is defined as Bode’s first integral formula:
1len|G(ja))|1 Ju|

£G(jw,) =— ncoth—du , where u=In—.
0
T du 2 ,

—oo

]

Since In coth? decreases rapidly as @ deviates from @,, the integral mostly

depends on

dIn|G(jo)|
du ’

that is slope of Bode magnitude plot near @,. This @, could be even gain cross
over frequency @, .We assume that slope of Bode’s plot is almost constant in the

neighborhood of @, , and then ZG(jw,) is approximated as:

Lt~ A[AMIOGON) ol 1[ oGN] 2 _x[dmiGio)
=T du - 2 7 du W 2 2 du u

This property is often used in loop shaping of control system. Here measured
phase of a system at @), is used to determine approximately the slope of Bode’s

magnitude plot.

dIn|G(jo)| cw dIn|G(jo)|
du Y 0 dw

2
} =—Z2G(jw,)
.

0

s, (@) ={

0

The derivative of phase is the second formula of Bode’s integral. The logarithm of
stable system amplitude, at frequency @, , given by Bode is:

In|G(j@,)|= ln|kg|—%+fwlncoth%du,
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k, is the static gain of system at @=0.Assume (£G(j@,)/®) is linear in the

neighborhood of @, , and then the above integral is approximated as:

d(£G(jo)! w 2
ln|G(ja)0)|z1n|kg _%{%} V4

k|-

ol 1 [d:G(jw)}  Z6(w))
@y

In|G(jw,)| = In
| G °)| 2 Lwo dow o, J

This gives slope of phase as

dZG(jw)
dw

sp(a)o)za)o[ } zAG(ja)O)+%[ln ~1n|G(je,)]

0

ké’

These are useful formulations for shaping the phase curve to get desired response,
and are is further demonstrated in Chapter 9.

3.6 Semi Infinite Lossless Transmission Line

Above discussions in earlier sections elaborates on semi-differentiation and semi-
integration obtained for driving point impedance of semi-infinite lossy line. A loss
less transmission line constitutes of L and C distributed through out its length. In
the Figure 3.4 the element L will replace R. The line considered here is the semi-
infinite lossless line whose impedance is constant or an operator of zero order. The
problem is written as:

*v(x,1) _ 9%v(x,1)
o  LC ox’

v(0,1) = v, (1), v(e0,1) = 0,v(x,0) &V '(x,0),
is wave equation.
Given with

0i(x,1) ov(x,t)  ov(x,t) 0i(x,1)
=- =L
ox ¢ ot & ox ot

)

where v is the voltage i is the current v, (¢) is time-dependent input variable, L is

inductance per unit length and C is capacitance per unit length. A classical
solution to this problem is obtained through iterated Laplace transforms as done
for semi-infinite lossy line in section 3.5. The main results are given below:

V(0 1 1
V(0,5) = %+E[V(n0)h-m +ﬁ[" PO,z
V' (0.5)= dv(0,s) &V'= dv(x,0)

dt
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This contains transfer function of driving point (not impedance) as

VOs) 1
V(0,s) LCs

and in time domain

00 == [ T 4.0

¢,(¢) is time dependent initial condition. The transfer function consists of two

parts, the forced response due to V' (0,s) and the initial condition response due to

the initial voltage distribution in the loss less line. Using current expression as
given the driving point impedance is obtained as follows:

L L [1(0,0 1 1
V(,s)= EI(O,S)—\/E[ (S )]+E[V(p,0)]psm +ﬁ[v'(p’0)]p:m/ﬁ

Notice that the voltage is composed of two parts, the forced response due to
1(0,s) , and the initial condition response due to the initial voltage distribution in

the loss less line. Considering only the first term it can be seen that the impedance
looking into this line is thus:

V(0,s)  |[L

Z8)=To0s e

which is simply a constant. Mathematically the impedance expressed in time
domain as

v(0,1) = éi(o,t) +¢,(1),

has a time dependent initial condition response due to initial voltage and current
distribution and can be obtained by Laplace inverse of the last three terms of
equation showing V(0,s),1(0,s) relationship i.e.

1(0, O 1
V(0,5)= 1(0 $)- \f L[100], TV POl + F — V(.0

Thus it can be seen that a simple constant gain operator (zero-order operator) can
also have time-varying initial condition terms. Figure 3.10 gives the diagram of a
loss less semi-infinite transmission line (a zero-order element). Though the order
of operation is zero i.e. it returns the input function (variable) unaltered (except
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gain or attenuation) yet in the theory of generalized calculus the initial distributed
charges and voltage stored will be returned to the output. This initial function is
time varying into future. The initial conditions on the distributed L and C, along
the infinite line that gives rise to initialization functions (of time). Note that this
particular element (of zero-order) does not call for differintegrations but the initial
conditions ¢ associated with this distributed characteristics is very important to

generalized theory of initialized (fractional) calculus. Operational amplifier circuit
realized with zero-order distributed element will give practical understanding for
generalized (initialized) calculus, is dealt in detail in Chapter 6 and 7.

l 1 1 l
] L N e NN

i(t)

O P | PR | PR

Fig. 3.10 Semi-infinite loss less transmission line

In the Figure 3.6, the input element is a lumped resistor R and the feed back
element is a lumped capacitor C. Then this circuit configuration gives lumped

integrator circuit. The input voltage v,(¢) to the circuit, let be switched on at some
time a, before that time f = a the voltage is zero, and we start the circuit process
(of integration) at time #=c >a . This implies that the capacitor is pre-charged
with g(c) Coulombs, from time a to ¢ with initial voltage v, (c). This constant

is thus initial condition for this lumped element integrator circuit.
The describing equations for this configuration are as follows:

v,()-0=iR

o-mn:%j if(t)dH—%IL (t)dt = — j (t)dt +

t=a

‘I(C)_—j (t)dt +[0—v, (c)]

|
:ECD’ llf(t).

The D' is integer order ‘one’ integration process starting from time f=c

c t
which includes the initialization, process that is charging of the capacitor C from
time ¢t =a to t =c represented as:

¢ 1
v ()= [idi= 9=,
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Therefore, the total process is, un-initialized integration starting from time f = ¢
that is:

t
1. _ |-
A= jl_fdt
plus initialization integration process from d to C that is:
1. .
A= J-tfdt =y (1)

These equations yield the final result by putting i, (1) =i, (¢) , as:

1 1
vg(t):—E.[vl.(t)dt+vo(c):—R—CFD[ V. (t)

With w(t) =—RCv, (¢) . This is classical integer order calculus, with initialization

as constant.
In the circuit of Figure 3.5 now we replace the input element with semi-infinite
loss less (LC) transmission line, a zero order element, and the feed back element

with lumped capacitor C,, . The transmission line terminal equation is re-written as:

i) = %v(r)+¢(r)

with @(¢) as initial charge distribution on the distributed element.
The defining equations of this circuit are:

i(t)= \/%[Vi(t)—O]Jr(’)(t)

1 -
0—v, (1) = < j i, (dt+[-v, ()]

as done for the lumped integrator case above.
i(t)=i, ()

Therefore solving for v, (¢) we obtain:

1 [c]: 1 1 [c| .,
vu(t)—{C—f\/;h‘vvi(t)dt—C—f[l‘[l¢(t)dt+vo(c)——[C—f\/;]‘Dl 0)

=c
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L L
w(t) = \E j #1)dt +C, \Evo ()

Here the initialization function is not a constant but a function of time.

This is also expression is similar to classical integer order integrator with
lumped parameters as obtained earlier. Here the integrator is realized with
distributed element. The important difference in the values of initialization
function. For a distributed element integrator, the effect of past history is
contained, not only in a constant v, (c), which is charge on the capacitor C £ but

where,

also carried in the remainder of the w/(¢) function, which accounts for the

distributed charge along the semi-infinite line. It is also observed here that the zero
order input element since is a wave equation

*v(x,1) _ 1 *v(x,1)
o  LC ox’

s

will simply propagate any perturbations in v,(t) along the semi-infinite line, never

returning, thus never seen again. The only effect being proportional variations in
the i, (¢). This behavior is true for terminal charging. However for side charging

(arbitrary charging with voltages on the distributed line) an additional time
function may return to the circuit output, which is dependent on initial voltage
distribution on the line.

The circuit of Figure 3.6 when configured with input element as lumped
capacitor C and the feedback element as lumped resistance R behaves as integer
order differentiator. The constituent equations are:

v,.(z)—0=a£l(z)d1+ j i (t)dt_—jz (t)dt+q(c) ! !ii(t)d1+vi(c)=é[Q"'ii(t)
0-v,(1)= iR
()= if (1)
This gives:

v, (1) = —RC[ (v, (-, (c))} =—RC,D}v,()==RC[ . d}v,()+ v ()]
The initialization term

d
y( =" (e)
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is taken normally as zero. However presence of initial charge in the input
capacitor gives an impulse output at the start of differentiation process at t =c .

Modifying the circuit of Figure 3.6 with input element as capacitor C; and the

feedback element with distributed LC zero-order element gives the integer order
differentiator transfer character, with the concept of initialization function and
generalized calculus. The defining equations are:

v. (1) - 0_—jz(t)dt+v(c) Rl 'i (1)

t i

For the distributed feedback zero order elements the expression in the circuit is:

0-v,(1) = gif (0)+ (1) = \%if (t)+\/%w(t)

Putting i,(t) =i, () , yields the final result as:

L[ . d L|d L
v (t)=— C[Cl.dt(v,.(t)—v,.(c))+y/(t)}——c\/;{dv(t)+ (:)} \ELD,W)

The generalized differentiation requires an initialization function. However for
terminal charging case for integer order differentiation this initialization is zero
but for side charged transmission line, an additional time function will be returned
to the circuit output.

A simple gain (memory) less zero order operators is realized by configuring the
circuit of Figure 3.6 with R, as lumped resistor at input leg, and R, as lumped

resistor at the feedback. The transfer characteristics will be then:

R, Rf R, ,
v, (1) = ——v (t)=——L Dv.(1)=- [Ed,‘)v, O+ p(®)] . with () =0

I I

Clearly this circuit has no memory.

Zero order circuit may me realized by employing semi infinite distributed loss
less transmission lines at input leg and one lumped resistor R at feedback, of
circuit of Figure 3.6.

The input leg equation with LC line is:

N (O _ 1€ oruin_
zim—\fL [v,(t)— 0]+ ¢,(t) ﬁ Dy, (t)-0]

The feedback leg equation is:

0-v,(t) = Ri, (1)
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and i (1) =i, (1) gives:

. C c
v, (1)=—Ri, (1) = —R\E D, (1) = —R\E { A+, (f)}

where ¥, (t) = \/%(bi €3]

This zero order operation in general returns the input function v,(t) (with

amplification or attenuation), but also provides the extra time function (associated
with the memorized charges on the distributed element). This zero order circuit has
memory.

3.7 Partial Differential Equations and Operational Calculus

In earlier discussions what we have seen elaborate detailed derivation of partial
differential equations (PDE) leading to half derivative and thus fractional
differential equations. The early theory was developed by Oliver Heaviside (1871)
for these ‘semi-infinite’ systems-described by partial differential equations-one
dimensional diffusion equation is given as:

o u  ,du
o=
ox” ot
with parameters,
c
a’ =%; a’=RC

for semi-infinite heat conductor and for semi-infinite lossy transmission lines as
described in previous sections of this chapter. The equation is standard Fick’s
diffusion equation in one dimension with diffusing quantity as: u(x,?), variable of

position and time. The initial condition is: u(x,0)=0,x>0, and the boundary
condition is: u(0,7) =u, .
Let the operator SE% ‘0 (choice by O. Heaviside to solve Differential

equations). Putting this operator in the PDE we obtain differential equation in
position variable only as:

The roots of the above linear differential equation are: m = +arfs , giving standard
solution as:



3.7 Partial Differential Equations and Operational Calculus 131

u(x,s)= Aexp(—a\/gx) + Bexp(+a\/;x)

Putting the initial condition we get: x — oo,u(x,0)=0,B=0, and putting the
boundary condition we get: x—0,u(0,f)=u,=A; giving solution as:

u(x,s)=u, exp(—a\/;x) .We expand this exponential solution as power series to get:

u(x,s) =u, +u,

i(—aﬁf)" Z( ax) (s>2

n=l1

Segregating odd and even terms and with re-arrangement we get:

2m+1 2n
m( / 0) + z (ax) 0

)=, - Y <emt’

m= 0(2 +1)'

Use the operator(as above) and use half (time) derivative of u, as a constant as

ug /<7t , and recognizing the fact that » -th integer derivative of constant u, is
zero then thereby putting the values of identities as:

1 ) u . 7 [
4" —)séuoz & .d"u, —> s"u, =0 ,withs" > d" /dt" neZ*

° N

we obtain the solution:

1
2m+1 m oo 2m+1 F(_ —+ 1) 717"’
R 0w i S AR
Vi @m+ 1) di 7rm:o(2m+1)31“(—%_m+1)

@ T

u(x,t) =Uu, — Z “ (2m+1)! [ ) tm+%
2

Using the property of Gamma function as

[4]"mNx
rem+}9=—7557—,

we simplify the solution as:

2m+1

= (=D" ax
) =y~ o0
om0 T o 1)
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Writing
(ax)2 1 2 .
=2 [ y"dy
Qm+1)2*"t 2 0
and using

- _]‘ " 2\m 2
> E0 ) = exp-).

m=0

we get exact solution as:

2u e ax
u(x,t) =u, _Tﬂo' ‘([ exp(—y*)dy = u, {1— erf [2—\/;]}

This is work of Heaviside and his Operational Calculus on PDE defining diffusion.

3.8 Fick’s Diffusion Discussion

In all the above sections we have derived the expressions for fractional %2 order or
integer order differential equations, relating ‘through variables’ with ‘across
variables’; by use of Fick’s law of diffusion. Here we elaborate few salient
observations regarding classical Fick’s law, and then in the next section we try to
modify the same.

For C(x,t) the diffusion quantity into media and J(x,t) denoting the flux of the

diffusing quantity, we relate first a continuity equation, (also called Fick’s second
law) as:

d d
56‘()6,1‘) ——a./(x,l‘),

followed by constitutive equation, (also called Fick’s first law-similar to Fourier’s
Heat conduction law) as:

J(x,t)= —]D)iC(x,t) .
0x

Combining these two equations we obtain the Fick’s Diffusion Equation as:

2

) )
EC(X,I) = DB?C(x,t)



3.8 Fick’s Diffusion Discussion 133

This is the equation we have often used in the previous sections of this chapter.
The Fourier Laplace Transforms are used to analyze the partial differential
equations, which are noted as:

Ck,s)= S{E{C(x,t);t - s} X = k}
The Fourier transformed diffusion equation using

3{02.C(x0) = ()* Clk.1) = ~k>C k1)

is %C(k,z) =—Dk*C(k,1)

The individual modes (wave numbers k ) decays or relaxes as
C(k,t) = exp(-Dk*r) .
The Laplace Transformed of this is
1
Clk,s)=——=C(k) .
s+ Dk

From this one can calculate mean squared displacement (MSD) as:

(ac)=r" [lim {—(d2 /dkz)C(k,s)l]

k—0

For this C(k,s), with initial condition as C(x,0) = d(x) , Cy(k) =1 the following
steps demonstrates how to get MSD

d? (2111)}
lim| ——C(x,1) |=| — |,
kli%{ v )} s>

the subsequent inverse Laplace gives
(a?)= ! (2Ds72) = 2Dyt

Well, the normal Brownian motion also has the same MSD, as linearly growing,

that is:
<Ax2> ~1.

This Fick’s diffusion is valid in continuous time random walk (CTRW) approach
where the diffusing species (particles, walker) in random Brownian motion, has finite
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average wait time (or no wait time) as well as finite jump lengths with well defined
variance or standard deviation that is, wait time statistics give finite average wait time
and jump length statistics give well defined finite MSD (variance and standard
deviation). However, if any of these wait time and or jump length statistics are having
diverging (not finite) average and or standard deviation we will have anomalous
diffusion. These cases either lead to sub-diffusion or super-diffusion phenomena
described by fractional diffusion equations. These issues will be elaborated in next
chapters.
The Fick’s diffusion equation

d 0?
EC(X,I) = DgC(x,l) ,

when put in integral form is expressed as:

t
Clut) =8+ ]D)I AC(x, 1)t
0

Where A =0?/0x?, Laplacian operator. This integral is very reminiscent of the
integral equation of CTRW. In CTRW one imagines a random walker that starts at
x=0 and at time ¢ =0, and proceeds by successive jumps. The probability density
for a time interval of length ¢ between two consecutive jumps is ‘wait-time’ denoted
by w(t) and the probability density of displacement by a vector x, in a single jump

is denoted by A(x) ; then the integral equation of CTRW reads:

FOut) =840+ I w(t—t") I Ax—x) f (', 1)dedr
0

—oo

where y(¢) is the probability that the walker survives at the origin for a time of
length ¢ . Here, the walker is assumed to be prepared in its initial position, from which
it develops according to w() . The survival probability y(¢) is related to ‘wait-time’
density by

() =1- j w(t')dt’
0

The formal similarity between the probability evolution equation f(x,#) and the
integral representation of Fick’s diffusion suggests there exists a relation between
them. If one normalizes the observation C(x,t) to unity at C(0,0)=1 then, they are
the same C(x,f)= f(x,t). Substituting the y(¢), survival probability into the
CTRW expression, we obtain:
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fun=8, 1—J' w(t")dt’ +J' Wit —t") j A= x') (1) dx'dt’
0 0

—oo

Flnn— I wit —t')j Ax—x)f (o 1)d'dt’ = 8| 1 —J' w(t')dt’
0 0

—oco

For the above expression the double integral in the LHS is Fourier-Laplace
convolution, which when transformed returns multiplicative terms.

Taking Laplace-Fourier of the above expression, with S{Jxo} =1, E{l} =5t

we get:

Flk,s)[1—w(s) (k)] = - 28)
S S

which gives

1—w(s)

Flks)= Clhs) = ra T

This expression will be used in Chapter 4.
For initial delta function excitation C(x,0)= d(x) and for natural semi-infinite

boundary conditions C (|x|%oo,t):0, the solution is obtained as Gaussian

solution, namely:

1 (2
Jamm: P\ " amr)

C(x,t)=

This solution (or distribution function) states that for a very small time ¢ — 0%,
that is just after the delta function was placed at the origin for excitation, a finite
amount of diffusing quantity is available far from origin! That is, that there exists
‘infinite velocity’ of propagation for the diffusing element in the media!

The Diffusion equation can be written in vector form by use of Laplacian
operator as:

2 c(R)=DViC(Xa).

For isotropic case this can be written as:

%C(r,t) =Dr'™? %rl_d %C(r,t)
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With d representing integer order Euclidian dimensions, say for one-dimension
case d =1 the diffusion equation is

d 9?
EC(r,t)—]D)?C(r,t):O,

for spherical three-dimensional case (d = 3 ) the diffusion equation is

b) 19[,0 29 0’
$C(r,t)ZHDr—Zg{rZ$C(r,t)}=D7$C(r,t)+Da7C(r,t)

For two dimensional cases d =2 (Cylinder Geometry) the diffusion equation is:

B) 1[0 9 19 9’
EC(V,I)ZD:[a—ra—C(r,t)ilZ]I));EC(V,I)'F]D)a?C(}’J)

r r

In terms of parameter say geometry g , we may re-write the same as:

9 2 20D
EC(T,Z‘)—DB?C(F,I)—Tg(:(F,I) =0

The above three cases will be recovered for planer one dimensional with g =0,
for spherical three dimensional with g =1, and with g as %2 we get two

dimensional cylindrical case.

In simple way let us ask a question. Whether Euclidian geometrical parameters
what we have considered should always be positive integers of dimensional values
1, 2, 37 Well can the geometrical parameters in the Laplacian operator be of only
0, 1, and % for the integer order geometry? The answer to this is very well yes;
these dimensional number d , and g can be arbitrary real numbers.

Let us give physical reasoning to our hypothesis that fractional Euclidian
dimensions or fractional geometrical parameters may be possible in reality. Consider
the diffusing species (charges, temperature, particles, solution concentration etc.)
travel in a media with lot of heterogeneous microscopic obstacles or attractors. The
diffusing species may get to see smeared out media in presence of these
inhomogeneous obstacles, and may thus diffuse at faster rate, or it may so happen that
the obstacles are traps (singularities) and the diffusing species fall into these and do
take longer time to diffuse through. This reasoning thus opens up the possibility that
the dimension numbers can be of fraction or even geometric number that can be
arbitrary opening up possibility of having fractional order differential diffusion
equation for Fick’s equation. Note that in previous sections what we have derived as
12 order differential equations is for all semi-infinite diffusing media, without any
heterogeneous traps or obstacles. The anomalous case was discussed in chapter 1
with anomalous coefficient d,, , which was one way to describe anomalous case.



3.9 Cattaneo Diffusion 137

3.9 Cattaneo Diffusion

The diffusing flux is allowed some relaxation time 7 in this formulation (1948). This
is in order to give ‘finite velocity’ to the diffusing element. What we had observed in
Fick’s diffusion is that the velocity of the species assumed to be infinite at the start
time of diffusing process. The flux equation (Fick’s first law) gets modified as:

J(x,t)+ Tij(x,t) = —DiC(x,t) ,
ot ox

writing this with the continuity equation

%C(x,t) z—aixj(x,t),

we obtain the Catteneo Equation as:

2 2
%C(x,t) + 7887 C(x,t)= D;?C(x,t)

This equation is a hyperbolic equation, compared to Fick’s equation which is a
parabolic equation. This Catteneo equation is a ‘damped wave equation’ also called

as Telegrapher’s equation. Here the propagation velocity is v = JD/ 7 and is finite.

In a media with memory, the diffusing flux J(x,r) is related to the previous
history of diffusing species (density, concentration, temperature etc.) C(x,t) through
relaxation function (memory kernel) as:

T(e) = '[K(t t)ac(“)

This is similar to Boltzmann’s superposition law, and Memory Integrals. Put this
convolution expression in Catteneo’s equation, that is

J(x,t)+ riJ(x,t) = —]D)iC(x,t),
ot ox

to obtain

JK(t E)C(xt) IK(’ E)C(xt) ]D)_C(x Y

(1 + r%] { K(t—t')a—iC(x,t’)dt’ _ Da—iC(x,t)
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Applying Leibniz’s rule for differentiation of an Integral i.e.
D[ D" f]=D"[Df]+ f(0)

we get:

t

TK(O)iC(x,O)+_WTiK(t )+ K-t )} J C(x,n)dt’ =D— J C(x,1)
ox . d ox

0
We can take from above 7K(0)=D and z’a—K )+ K()=0; that is done by
t

equalizing the like terms of LHS and RHS. Above sets give solution for memory

kernel as:
K@) = (@] exp(—ij
T T

This is relaxation function or Memory Kernel of Catteneo diffusion.
The objective now is to embed by similar computation a generalize Catteneo
equation with power-law type memory kernel, like:

Dy 5!
¥ (1+7 %%

_ Dy _[L]“
K(t)_TaEaJ[ . ]

in Mittag-Leffler functional form in time domain.
This new (power-law) Kernel gives rise to:

K(s)=—,-

in Laplace domain, or

aal 82 aafl 2
87C(X,I)ZD P= oy o )

—C (x,1)+ T” —C(x,1).
A Fractional Differential Equation for diffusion, with power law Kernel for long
time decay as K(t) ~t %, (0< a<1). The generalized Catteneo equation, for flux
relaxation of Mittag-Leffler type is thus:

oM 80’ 1o

J(x, “—J(x,t)=-D —C
(x,)+7 0 (x,1) 8“ . (x,1).

Few generalizations to anomalous diffusion are considered in next section.
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3.10 Anomalous Diffusion

The anomalous diffusion situation can arise if the two equations that is continuity and
constitutive equations in Fick’s law do not hold at the same time. Either one or the
other or both ought to be generalized. First we generalize the continuity equation as:

E?t—aC(x,t)=—%J(x,t) ,witha <1

This means that the system is in a situation where the number densities of
diffusing species are not conserved. The constitutive equation of Fick’s law
remains the same. This generalization gives generalized diffusion equation as:

o 2

d d
—C(x,t) =D——=C(x,t
g RN =R Z €D

In the second case we consider that the only equation that differs from ordinary
diffusion is the constitutive equation, that is

lI-a
J iC(x,t) .

J(x,t)=-D
(x,1) 57 o

This constitutive equation is derived from stochastic scheme (continuous time
random walk CTRW) in macroscopic limit. In a random walk the diffusing species
(particle, walker) jumps and waits at the lattice position and that waiting times are
drawn from a ‘long-tailed’ power-law distribution. This implies that the waiting times
of the diffusing species have no finite average or mean and variance; whereas the
jump length variance is kept finite. These issues will be discussed in the following
chapters. The effect is that some particles (walker) of diffusing species get stuck for a
very long time giving slow diffusion termed as sub-diffusive process. Using this flux
expression we obtain:

1—a( 2

0 )
_ =D-—] —
5, Clxn) e Lax2 C(x,1) J

giving rise to, same as discussed above, that is:
a 2

d d
—C(x,t) =D—C(x,t
o (x,1) 0 (x,1)

A third case of generalization is considered as:

0“9

J(x,t) =-D a[a71 gC(XJ‘) s
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with <1 while continuity equation remains the same. This generalization of
constitutive equation with fractional integral is interpreted as memory integral
giving rise to non-local transport theory, establishing a relationship of the flux
J(x,t) to the previous histories of gradient of concentration C(x,¢), with power-

law memory kernel. Combining this with the continuity equation we get

9C(x,1) 9% 92C(x,1)
=D
ot % ox?

After rearrangement of fractional derivatives we have:

2-a aZ
C(x,t)= ]D)—ZC()C,Z)
ox

t2—0{

The above equation is fractional diffuse-wave equation.
A forth case is taken where the diffusion equation is described, with spatial
fractional derivative as:

d ot
EC(X,I) = ]D)#ax—ﬂC(X,l)

With 1< u < 2. Here the waiting time statistic is assumed to have finite average

wait times but the variance of the jump lengths are diverging (infinite). This jump
length distribution is drawn from long tailed statistical distribution; giving that
particle (walker) of diffusing species will be executing unrestricted ‘long’ jumps.
This will be discussed in the next chapter. Note, in this case usual units of

diffusion constant will not be valid and will be taken as cm“s™".

3.11 Truncation of Semi-Infinite System to a Finite System

In this chapter what is observed is that semi-infinite lossy systems give a terminal
relation with half order. The examples we have studied are from semi-infinite heat
conducting system and semi-infinite lossy transmission line. The terminal relations
obtained in detail shows this half derivative (half integral) behavior between a
‘through variable’ like current (heat-flux) and ‘across variable’ like voltage
(temperature). In electrical engineering terms we call this terminal relation as

-1
impedance Z(jw)=(jo) A Electrochemical impedance is widely used to

investigate the interfacial bulk properties of materials and measure the relevant
physico-chemical parameters. This impedance in electrochemical studies is called
Warburg impedance which is of half order.

In all the cases of semi-infinite system Fick’s diffusion law is applied and the
terminal behavior appeared as ‘half-ordered derivative/ integral’. This Fick’s diffusion
when restricted to ‘finite’ system, that is drive point at x =0 and the system is
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terminated by boundary at x =L the situation is different. Then the terminal relation
may have ‘different fractional order’. Let us call characteristic frequency of a truncated
semi-infinite system as: @, = D/1? , where D is ‘diffusion-constant’ from Fick’s

equation and L is the finite dimension (not extending to infinity).
The observation is that if the frequency of excitation at the origin is large, that is
@ >> @, , then system will behave as semi-infinite system returning the half order

operator. At low frequency (compared to characteristic frequency of the system)
w << @, and the terminal impedance behavior depends on whether the diffusing

species are reflected or extracted at the far end at x =L . The reason for this is that
@, 1is the frequency corresponding to transit time for a particle (excitation) injected

at origin x =0 to cover distance x =L . For very high frequency (greater than the
characteristic frequency) the particles will not see any boundary at x =L and system
will behave as semi-infinite system.

Consider a system of Figure 3.4 but truncated at length x = L . If there is excitation

of voltage at x = O call it V that will create change in charge density at origin. Let the
number density of charges be represented by C(x,t) . Therefore at origin the linear
variation of charge density vis-a-vis voltage change will be approximately,
V= (dV /dcC )é . The tide denotes the changes. If J(x,1) is the flux of number of
charges flowing per unit time per unit area, then current which is conducting is:
I(x,1)=gAJ(x,t). Here g is the charge that crosses the area A . Therefore,
conduction current at x = 0 corresponds entirely to the flux changes of the diffusing
charges that is, I 0,1) = qu (0,t), again the tide denotes the small changing

quantities.
The first set of boundary conditions are at x =0

V(0,1) = (j—‘é) C(0,t)at x=0and 1(0,¢)=aAJ(0,t)at x=0

At x=L there can be two types of boundary conditions they are: (1) Reflecting
boundary, where at the boundary the flux of diffusing species goes to zero and (2)
Absorbing boundary; meaning that the diffusing species value at boundary is zero.
That is:

9C(x,1) _

0
0x

at x=L indicating reflecting boundary condition, whereas C(x,r)=0 at x=L

indicates absorbing boundary condition. One may extend the thought of having a
mixed boundary condition at x =L with

o
a—C(x,t)=Oat x=LwithO<a<l.
ox%
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The fractional derivative index =0 gives pure absorbing boundary condition,
while a=1 gives a pure reflecting boundary condition. In between values gives a
mix of reflecting and absorbing boundary definitions.

The Fick’s diffusion equation for small fluctuation amplitudes of sinusoidal
concentration may be written in Laplace domain as:

9% ~ 1 -
yC(x,s)zﬁC(x,s) R

D
with 4> = — indicating that A(s) is frequency dependent.
s

This diffusion equation has spatial solution as
C(x,5) = A cosh=+ A, sinh = .
A A
For absorbing boundary condition at x =L we have
L L
A cosh—+ A, sinh—=0.
A A
This gives relation as
L
A =—A, tanh—
The flux is
dC(x,s) DA x DA, X

f(x,s)=—]D) ———sinh———=cosh—
ox A A A A

At x=0 given i(O, s) = qu(O, s) , from above we get:

- I
—@A2 =C(0,s) =ﬂ.
A gA
From above derivations we obtain:
CO,s) A L

= = tanh —.
1(0,s) gAD A

Using this on V(0,s) = (dV /dC)C(0,s) we get:
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Z(0,s)=

dc

V(0,s) (dV/dC) L L (dvj(z) L
= T tanh —

= Atanh—=——
1(0,s) gADD A qAD A

Introducing a new parameter having unit of resistance called diffusion resistance as:

R = L[d_"j
qAD\ dc

we get terminal impedance of truncated transmission lossy line as:
L
Z(s)=R (i] tanh —,
L A

using the definition of characteristic frequency of this truncated system as defined
]

earlier w, =D/1* we have A= L(a)d / s)é , we obtain the terminal impedance

at x=0 as: Z(s)=R(w, /s)""* tanh [(s/a)d )1/2]

To analyze this impedance standard graphical technique is employed, where
one plots the ‘normalized’ impedance plot on a complex plane. Putting s = jw the

normalized impedance is

Zy(@)=(Z(jo)IR) = (@, / jo)" tanh[(ja)/a)d)llz},

which has magnitude and phase angle. The plot of |Z N (a))| and L[Z N(a))] for

values of different @ in radians/second gives the impedance plot. Here in this case
one finds that as the value of w>> @, the terminal impedance is limiting toward

Zy(w) ~ ( ] a))”2 ; showing semi-infinite behavior. At lower frequencies the behavior
is different from half-order element.

Same steps can be repeated to get terminal impedance at x =0 for a reflecting
boundary at x=L as Z(s)=R(w, / 5)? coth [(s/a)d)m] Here too impedance-

plots show half-order behavior for higher frequencies.

This discussion will be further carried over in explaining electro-chemical and
Warburg impedances in Chapter 9; and how truncation of the semi-infinite system
with these boundary conditions can give the structure with ‘constant-phase-
element’ (CPE) which behaves as fractional order (other than half order) system.

3.12 Approximating the Half Order by Self Similar Structure and
Its Relation to Continued Fraction Expansion

Figure 3.11 a stage-1 shows a simple capacitor element, for which the terminal
voltage and current representation is
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4
L4,

1¢.
e(r>=5{z<g’>d§: o

with initial condition given as
i(t<0)=0=e(r<0).

Extending this to make the circuit for stage-2 of Figure 3.11, the circuit equation is
obtained by writing the nodal equations as following:

e ey e(t)—g(0)
ih(1)= R, 1) =iy (1) = C, i i) = R
simplifying this we get:
di(t) de(t)

(R, +R)i(t)+ R,RC, =2

=e(t)+R C s
dt ® 0 dr

with static initial condition as i(0) = 0 =e(0) . Taking Laplace of the stage-2 we
get, the following:

I(s)[R, + R, + R,R,C,51— R,R,C,i(0) = E(s)[1+ R,C,s]— R,C,e(0)

E(s) R, +R +RRCs

s

I(s)  1+RC,s
simplifying this we obtain:
L
E(s) 1+ Rlci
RIGs) . 1
ROCO

For the stage-3 circuit of Figure 3.11, we have:

L de)
, (1) =i (1) =C, i

e(t)—e (1)

2

i(t) =

On this we obtain Laplace Transformation and after simplification we obtain

1

EGs) . RC

RI(s) A
C.E (s)
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From the stage-2 circuit we have

1
E (s) 1t RC,
RIII(S) S+L
R,Cy

We now use some substitution as

w,=(7)" =(R,C) "0, =(RC) ™", w,=(RC) ", 0, =(R,C)"

to get
E .
) _py 3
Rzl(s) s+ w2
1+&
S+ @,

Like this we can continue for circuit of stage-n of Figure 3.11 and write, by

putting @,; =(R,C,) s @,,,, = (R,,,C,)", to get:
E(s) _ @y, -1+ Wy O3 Oy 3 Oy O By
R I(s) s+ ,,_, s+ 1+ s+ 1+ s+ 1
1+ w2n—3
a)]
S+...
s+,
E(s) 1+ Oy Oy @y, 3 w, & @,
R I(s) s+ 1+ s+ I+s+ 1
o;
Put v, =— to get
S
E(s) Van-1 Van-2 Vau-3 Y MV
RI(s) 1+ 1+ 1+ 777777 1+1+ 1
For the case
C,=C=C, = =C,_, =C
and
1
R =R =R, =.ccccee... =R _,=R;R :ER
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with,

2
then v, , =——=2v, we get:
2n—1 RCS g

2E(s)_1+2v v Vv

RI(s) 1+1+1+ 1+1

From the theory of continued fractions as can be inductively derived, we have the
following expression:

Vo vy Nav+1 \/4v+1_l

i+ {/—4v+ 1}2"”_ 2 2

v4v+1+1

Combining the above with the expression of stage-n, circuit obtained as 2n and
numeratorial v’s, and then dividing by 2 , we obtain:

E(s) \F /4v+ [Wav+1+17"" —[Jav+1 17"
I(s) [\/4v+1+1]2"”+[m s

This is the final result interrelating the transforms of e(¢) and i()

The right hand side of the above expression when graphically plotted, for
values of v on the X-axis; for various values of n, gives a choice of number of
stages. For large values of 7, the plot of function

fv)= Av+1| [Va4v+1+1P"" - [\/m _ 1
[\/4V+1+1]2n+1 +[\/m_1]2n+l >

gives value close to unity, over wide ranges of v values. In fact if n is in excess
of 10, the function f(v) lies within 2% of unity,

Ew) [Cs
1(s)

1
provided that 6 <v < gnZ . Recalling the definition of v, this implies
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R 1 1
E(s)=,|—I(s), for 6RC <=<—n*RC
Cs s 6

Inverting this we obtain, approximately the following semi-integration
relationship

e(t) = \/g{dr%i(t)}, for 6RC<t< éanc

Therefore, the Figure 3.11 (stage-n) circuit performs as semi-integration. The lower
time limit for this operation to be holding is about six time RC time constant of the
single stage, which are repeated n-times. This can be made small by selecting smaller
values of the resistors and capacitors. The upper time limit depends on the number of
stages and can be made large, for accuracy. One more observation is that transformed
voltage current can be approximated by ‘continued fraction expansion’ for
approximating fractional integration/differentiation (in transformed domain).

— .
o — T i - i(— 1
e(t) C e(? 1 C, eo(ti R,
|
Stage-1 Stage-2

— 10— o
[ i) —'R, [ R, I
e(r) G ||la® G e, (1) Ry Stages

} } |

P i Jul
f(t) R, C ’ G Ry

Stage-n

Fig. 3.11 Continued fraction expansion (CFE) with semi-infinite RC Transmission Line,
and approximation to ‘half-order’ system

3.13 Dynamics of Chain Network

Consider a Gaussian chain, comprising of N beads connected by spring to form a
linear chain. The chain configuration is represented by a set of vectors {F,I(t)} where
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{7” (t)} = {xn ®),y,).z, (t)} that is the position vector of the n th bead at time ¢, and
n=0,1,2,..(N—1). This model is for study of polymer, as represented by this
Gaussian chain, comprising of N monomers connected by harmonic springs. Macro

molecular systems in many cases show visco-elastic which contains the feature of
ideal solid (elastic) and ideal liquid (viscosity), and this chain dynamics is one of those

cases. The potential energy U ({7” (t)}) has to account for the elastic contributions and

the influence of the external force F(r), let this force act on the bead n=0.
Therefore:

N-1

Sno-7.,0] -Fon @)

n=1

u({ro}) =

N | X

K =3T /b’ is the (entropic) spring constant, where T is the temperature in units of
Boltzmann’s constant (k, ) and b is the mean distance between neighboring beads in

absence of any external force. The chain network dynamics is dictated by N coupled
Langevin equations. Neglecting the hydrodynamic interaction between the beads we
have coupled equations as:

d{r,n}  Uu{r 0}
L

n

¢ is the friction constant and f, (n,t)is the random thermal noise force, which
emulates the nth beads interaction (collision) with environment. The noise is
Gaussian white noise with zero mean ( f(n, t)) =0and delta correlated that is,

expressed as
(f,(n0f, (1)) =20T8,8,.(1~1),

where i, j denotes the components of the force vector that is i, j = x, y, z . Taking
the variable n to be continuous that is considering the chain as elastic string and
taking the force acting on X-direction as I_J(t) = {F (1,0, O} , it follows from the
potential energy balance equation and applying Langevin equations, the three x, y, z

components are obtained as follows (derived later just below, this set of following
diffusion equations):

ox *x
I at" =K an; +0,,F(t)+ f.(n,t)
2
gay,, _ g9 ()

ot on’
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0z, 9z,
o TRt

The above are one dimensional diffusion equation, whose Green’s function or

modulus is Gaussian and its width increases with time (proportionately with Jt ).
At the end of chain network the boundary condition is called Rouse boundary
condition given as:

0l 0 95,0
on on on

=0

n=0,N n=0,N n=0,N

For the above derivation consider x-component and the equation of potential
energy thus is

U({x,0}) = gi[xn 0 —x,_, O] =F)x, (1),

now we do, partial differentiation with respect to X, as required by the Langevin

equation to get 0U(x, ())/dx,, for n=0,1,2..N . We get

U (x,) K 9 .1 K 9 ) )
T_?n:]a—xn[(xn—xn_l) J—?a—x” ...+(xn—xn_,) +(xn+]—xn) +:|

= g[z(xn —x,)—2(x,,, —x,)] =—K|[x

n+l

=2x, +x,_, ]

We write double derivative of a function as

f(z)(x):1imf(x+2h)—2f(x+h)+f(x)
h—0 W :

Here if we let n=h and recognizing that n=1, we may thus cast the
oU(x, (1)) / 0x, as

oU(x,(1))/ 0x, =—Kd’x,(t)/ on’

and this is used in above set of one dimensional equations for chain dynamics.
The J,,F () indicates the use of external force acting on the bead n=0 only

acting in X-direction; as J,, =1, for n=0 and J,, =0 for n#0.
Since y,z components are force independent we restrict our self to x component.

Converting the x component one dimension diffusion equation obtained above by
Fourier transformation we get:
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ax(p.t) _ p* RS 1
" Tn x(p0)+ gF(r>+ gcox(p,t)

This is obtained by writing x,(¢) as x(p,t), as Fourier transformed to p (Fourier
spatial frequency) coordinates, by replacing d/dn by —ip where i= J-1. Here,
p=0,1,2,....... is (space) Fourier variable. Here 7, denotes the Rouse time and is

expressed as 7, = (b’N*/37°T . Physically, this Rouse time indicates longest
internal relaxation time of the harmonic chain. ¢ _(p,f) denotes the Fourier
transform of the thermal noise that is,

o .(p,t)= %.([ dn cos[pTim]fx (n,1)

The time series solution x, (t) of displacement can be expressed in p coordinates
as Fourier series that is,

x(t)—x(Ot)+22x(pt)cos(p;) p=0,1,2,..

p=1

denotes Fourier frequency ( p ) coordinates and

x(p,t) = %J- dncos [pTim)x" ).
0

The Green’s function solution for the homogeneous equation

2
Pt P hty=0
ot T,

is x(p,l‘)=exp(—p2t/TR), assuming x(p,0)=1 as the initial value. With this
Green’s function and its convolution with the external forcing functions

S (l)_z¢ (p, t)+N_§’F(t)

one can get particular solution, which is exactly done in following discussion.

Assume that chain is at thermal equilibrium at #=0, and a constant force is
switched on at time t=0, so F ()= F H(t), with H(¢) as Heaviside’s unit step
function. The P coordinate differential-equation thus has solution for this step
excitation as:
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x(p,t)_—jdup (p.nyexp(-p* -1/ 1, +N§J.dt exp(=p*(t=1)/ 1)

The X-component of the trajectory of centre of mass (CM) is given by the 0th
Fourier-frequency (p) component that is,

1 N
X(0,1) = ¥y (0 = [ dnLx, @)1
0

Putting p = 0 in above solution we have (xCM (t)) = F,t/ N{ that is, the chain drifts

as a whole with constant velocity given as, v, (t) = F, / N assuming the average

contribution of the thermal noise acting on the chain is zero (that is the first term in
the above convolution integral). This also implies that friction constant of overall
chain is N¢ that is, sum of friction constants of individual beads.

Now let us consider partial motion of few conglomerates of beads that is,
motion of tagged bead say n = 0. Putting this » =0 in Fourier series

3, (1) = 20,0+ 23 x( p,t)cos(mej :

p=l

we obtain x, (1) = x(0,1)+ 2> x(p,1).
p=1
In this expression putting the solution x(p,t), obtained for step Forcing
function we get:

X,(1) = Zjd; exp(—=p*(t=1)1 1)

N_é/ Né/pl()

The above expression has a term corresponding to p =0, which is the first term,
and that corresponds to motion of the tagged bead n =0, with the centre of mass
of the system that is x., (). The tagged bead will follow this only when time is
large (say ¢>>17,). The second term in above expression is the fluctuation
component (with non-zero Fourier spatial frequency); will be the motion of the
tagged bead at small times 7 << 7,. We thus neglect the first term in the above
obtained expression to find average displacement at small times, for ¢ << 7, .

l

)_co(t)=£ijdl'exp(—p2(t—t’)/TR) 2F

NEL L J.[dxexp( X)
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where p’(t—t’)/ 7, = x . Simplifying the above, with approximating the sum over

p with integral gives the following approximate expression

fo([): i {1 expl -2 I\J - 2F, 7, j dp (l—exp(—;p t/7,))

p
The approximation used is Z f( )= I f(,u)d,u and for a decreasing

function we can write the sum over p appr0x1mately as:

|| roas<y) raor<[" | fds.

Using the change of variable as p’t/7, =y, and taking the lower limit of
integration to zero, yields the following approximate expression.

X,(1) =

2iry [ g, 10 exp(y)) ZFWJDOdy }
y

N e R - N¢

The bracketed integration expression has a value approximately as 1.76,

(evaluated numerically) which can be approximated to NOE along with
expression of 7, taken from definition of Rouse time we get the average

displacement of the tagged bead n =0, for small times, t << 7,, , as:

2bF, 1
%, (1) = (x, (1) =~ (1) = ——=—2 (1)

37T \/_ \/é'_K

In the long time regime ¢ >> 7, one finds the second term of the equation in the

order 7,/t smaller than the first term thus one has for ¢>>7,,
(xo (t)) = F,t/ N¢, which is CM’s motion that is collectively the beads move as a

chain.
Consider the obtained relation for ‘tagged’ bead’s motion that is,

(x,(0)=2F,0)" INm\J{K

as obtained above, for a step input of ‘force’. Recognize that semi-integration of
constant F; is d[_%[FO] =2F; (t)% /7 . Using this we get semi integral equation,
relating the displacement of a tagged bead in linear chain network and arbitrary
force F(t) as:
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J4
x, ()=
’ r dt

This is a nice way to express chain dynamics as fractional differential equation.

17(t)

For a very long chain N that is very large, Rouse time obeys 7, = N°, one can

describe the linear chain network dynamics as half order integral equation. This
can be further expressed, in terms of causal convolution and in terms of
Boltzmann’s superposition law as:

-1dF(t")
dt’

1 a4 [dF(t)} 1
(K 4 J;?r(3/2)

This explanation of tagged bead moving collectively and the relation with time is

X, () = j dt’(t—

proportional to Ji s also explained by ‘scaling’ argument. When the force is
applied at time ¢ =0, the number g(¢) of the beads (indicating group of beads)
which move collectively with the tagged one n =0 increase with time. This number
follows the Rouse ‘relaxation’ time associated with g numbers of beads (of sub-
chain) thatis 7, = {b’g” /T , from this we get g(r) = JT (t)% /by , describing the
short time behavior (# << 7, ). Whereas for longer times, ¢ >> 7, ; g(t) = N thatis
the whole chain moves collectively. The mobility of set of g beads decreases with
time as, ((t)= (é’ g (t))_] .The average velocity in X-direction (vx> of the tagged

bead is given by velocity of set of beads moving together with it, and the average
displacement corresponding to blob (group) of beads can be estimated from
corresponding blob (group) of g(t) number of collective beads that

is (x, () = (v, )t = (Cg) Fyt
For t << 7, ,(xo(t)>EbF0(t)% /\/ﬁ and for large times ¢>> 7, the chain

drifts as a whole with (x, (1) = (N¢)" Fy, that is (xq, (1)) -

Well for large N, say N — oo, the short time explanation holds. The case is
then like semi-infinite chain of beads connected by spring, and a force acts on

the first bead, gives displacement relation as, (x()(t)>EbF0(t)%/«/§T or

x, ()= (CK)™"”? D,_%F (t). Well semi differintegration is again a natural
terminal relation for this system which is semi-infinite!

3.14 Dynamics of Charged Chain Network in Electric Field

Continuing the previous sections discussion let us try and modify the chain network,
where the chain comprises of beads (molecules), but all beads are charged. Consider
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a case where all beads (molecules) are charged with set {g,} Coulombs,
n=0,1,2,..N and the charge distribution is ‘uncorrelated’ that is, bead to bead
charge interaction is weak and correlation is averaged as (qnqm>= q°6,, . This

nm *

=1,for n=m else 6, =0 for n# m. This is also termed as weak

nm

implies that O

coupling limit, where interaction between the bead charges is neglected. In this
scenario the average total charge is calculated as:

2 N 2 . . . .
<le> = o4 » this comes from self-correlation, as cross correlation is zero. If
n=|

all charges are same as ¢, of same sign then <Qfﬁ>= g>(N+1), for large N, we

can write Q= q\/ﬁ = q(N)%.

tot =
For a strong interaction of charges between the beads that is cross correlation
between the charges of beads too is present along with (obvious) self-correlation,

N N . .
then <Qj}t> = anozmzoqnqm , will give <Q3)t> =q¢*(N+1)* = ¢*(N)*, for same
sign charges on the beads that are g. We can generalize the system of charges
depending on correlation between the beads as:

<Q2 >=q2N27, when y=1/2, represents (weak interaction) uncorrelated

charges, and when y =1, represents strong correlation (strong-interaction) of all the
bead charges. Well the case also exits if ¥ =0, meaning that beads have strong

interaction and correlation, with arrangement of alternating positive and negative
charge distribution. So in general, 0 < ¥ <1 for a random distribution of charges on

bead, of N bead network, connected with ‘spring constant’ K , having equivalent

average total charge as <Q2 >= g’N*” . While y>1/2 tells positively correlated

system of charges, ¥ <1/2 represents negatively correlated system of charges, and
y =1/2, represents uncorrelated system of charges.

Let this system of charges on bead network be subjected to an electric field
E(7) . Then the energy equation of previous section becomes:

_ K N-1 _ _ _ N-1 _

U({moh) =2 ZR0-7,0] -E0 X q750
n=1 n=1

Consider the electric field switching on at time zero, having constant magnitude in

X-direction as E(f) = {E, 0,0} , then by the developed arguments as in preceding

section we get the X-direction equation (the other two Y and Z direction equations
are same) as

2
g“% - K%+ 4, E0)+ f.(n,1)
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Let us develop the equation of average motion in X-direction, by scaling arguments
as described in the previous section, for time ¢ << 7, . Consider a single bead; the
excess charge Q of the collectively moving set of beads (group) g(¢#) grows as
<Q2> =q (g(t))zy. The explanation is same as we developed the generalized total
correlated charges, to have average charge on the N beads, where the mobility
decreases with time as i = (é’ g (z‘))f1 . The average velocity of the tagged bead in X-

direction v, equals the velocity of the collectively moving set around it, hence

2y-2

7 (g0) =1’ (Q°)E =’ E* (3)) 7.

where, g(t) = JT (t)% / b\/Z ,(is discussed in previous section), for << 7, and
gt)y=Nfort>>r1,.

The average displacement X,(f)of single bead follows from group
displacement of neighbors that is;

X0 =0 =B (g(0)7 T 2,
by putting g(t) = \/T(t)% /b\/z , for t << 7, , one finds

bzfzyquz .

X, () = M7,

= é4+y7ﬂ—y
We see that average displacement scales as power law
(1+7)
X, () ~t % ;

from this observation we can write fractional differential equation as done for
previous section, relating arbitrary electric field to average tagged displacement as:

blf}’q d*(H}’)E(I)

xX(t) =— - -
éﬂ 7%T(l 7% dt I+y)

For uncorrelated charge distribution ¥ =1/2, the average square displacement is

— _bcfE2 %
x (t)_—g’%T%t R

giving, average displacement scaling as
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s
b qE %

power law. This uncorrelated charge distribution system will have corresponding
differential equation as:

big dE®M)

*(1) =
TS

For large times f>>7,, the chain as a whole drifts as (x,(1))=(N¢)™ Fyt
derived from previous section. For uncorrelated system of charges we can write
F,=(0,,)E=qEJN , gives (x,()) = (¢E/{N )t .

Well, this section gives the fractional order relation other than semi-

differintegral equation; which was common for all discussed semi-infinite systems
so far. This sub-diffusive phenomenon for chain with charges (uncorrelated) is due

to the fact that all the beads of N threaded chain acts to the external electric field.
The situation is different from semi-infinite systems where only at one end the
excitation acts, the other end is at infinity. However, the above discussion leads to
generalized fractional differential equation system.

3.15 Concluding Comments

The practical examples in this chapter demonstrated the reality of the existence of
fractional order differentiation and integrations, in natural description of systems.
Interesting observations obtained from analysis of semi-infinite systems; heat flow
and current flow in lossy lines and for linear chained network dynamics indicate
the existence of semi-differintegration operations needed to describe transfer
characteristics. Also in realization of the transfer characteristics is possible by
circuit synthesis and to have control system with robustness measure, independent
of the gain. The ‘ifs and buts’ regarding the definition of the order of the system
for fractional differential equation is an open issue and cannot be directly related
to integer order theory definitions. For example a first order system having say
highest order of differentiation as unity may show (anomalous response) under
damped response to the step input excitation. Now the system looking as first
order system but with fractional order differentiation too, will behave as though
having some resonance, (anomalously). This behavior speaks that though the
system may look classically first order yet due to fractional order terms presence
the behavior changes, so does the definition of the order. In this chapter the
examples points to the fact that distributed parameters and connectivity as in chain
network do point towards fractional order system description and in reality the
parameters are indeed distributed, also fractional (half) order differintegration is
natural with all the classical theories of physics.



Chapter 4
Concept of Fractional Divergence and
Fractional Curl

4.1 Introduction

Fractional kinetic equations of the diffusion are useful approach for the description of
transport dynamics in complex systems, which are governed by anomalous diffusion
and non-exponential relaxation patterns. The anomalous diffusion can be modeled by
fractional differential equation in time as well as space. For the spatial part use of
fractional divergence modifies the anomalous diffusion expression, in the modified
Fick’s law. Application of this fractional divergence is bought out in Nuclear reactor
neutron flux definition. When anomalous diffusion is observed in time scale, the
modification suggests use of Fractional kinetic equations. The evolution of Fractional
Difference Equation, with reference to Fractional Brownian motion and the
anomalous diffusion is also discussed in this chapter. Fractional curl operators will
play perhaps role in electromagnetic theory and Maxwell equations. Here example in
Electromagnetic is taken to have a feel how the fractional curl operator can map E
and H fields in between the dual solutions of Maxwell equation.

4.2 Concept of Fractional Divergence for Particle Flux

Because of relative simplicity and widespread use, the basis of local theory is
discussed first. The local theory makes use of ADE (advection diffusion equation) as:

aa—fzw(—vcmwc) @.1)

where C is the solute concentration and I and v are local dispersion and velocity
tensors respectively. The ADE is based on classical definition of divergence
of a vector field. The divergence is defined as the ratio of total flux through a
closed surface to the volume enclosed by the surface when the volume shrinks
towards zero.
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. .1
deshm—{J-mm 4.2)
v-oy S

Where J is flux vector, V is an arbitrary volume enclosed by surface S, and n

is unit vector normal to the surface.
The (4.1) becomes

2
9w 9D _p 0"
or ox ox’

for 1D case with constant v, the advection drift velocity. For initial concentration
C(x,0) =d(x) we get ‘Galilei shifted Gaussian distribution’ as

1 (x—vi)?
——eXp| ——— |,
NarDt 4z

C(x,t)=

for natural boundary condition C (|x| —> oo, t) =0.

While the advection velocity is zero, the case is Fick’s law and its Gaussian
solution to the sharp initial condition (Chapter 3).

This is valid only if the flux is indeed a ‘point’ vector quantity relative to the
scale of observation, (for example heat flow in homogeneous material). Then the
limit exists and the operator reduces the familiar dot product with gradient vector

[0/0x,0/dy,d/0z]. Solute dispersion is counter example since it is primarily due

to the velocity fluctuations that arise only as an observation space grows larger,
invalidating the limit. The solute flux is due to combined effects of mean velocity
(advection) and velocity fluctuation (dispersion). The dispersive fluxes for a given
volume are typically averaged in some fashion (volumetric, statistical) and
approximated by Fick’s first law. Since velocity itself is a variable function of
space, as control volume shrinks (as divergence requires), the velocity fluctuations
and the dispersive flux disappear. Therefore true divergence of the macroscopic
solute flux cannot contain a macroscopic dispersive term.

Because of the limit in (4.2), the classical Gauss divergence theorem discounts
macro dispersion until a point vector can approximate the dispersive flux. These
calls for separation of scales: The scale of the transport process must be much
larger than some finite volume at which the ratio in (4.2) becomes seemingly
constant. For these things to happen, the dispersive flux must not increase as
volume passes some largest size. This representative elementary volume (REV)
for dispersion is point at which the deviations in the velocity field are negligible.
The divergence is associated with a non-zero volume and is given by the first
derivative of total surface flux to volume (Figure 4.2) rather than the limit of the
derivative at zero volume. The dispersion coefficient does not grow (scale), if the
ratio of the surface flux to volume is constant over some range of volume (Figure
4.1 and stepped solid lines of Figure 4.2b making piece wise constant slope
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of Figure 4.2a). Therefore at some larger scale of observation (non-zero), the ratio
of the total surface flux to volume is constant over large range of arbitrary
volumes and relatively constant first derivative (the de facto divergence) allows
assignment of dispersion coefficient. Both volume averaging and ensemble
averaging concepts are based on this idea of separation (or distinction) of scale.

At the field scale at least two problems occur that make it difficult to rely on
the REV method. First, even if there is a distinct hierarchy, the act of
measurement involves a volume integration, which impacts the dispersion
coefficient. Second, there is a long-standing and growing body of evidence that
real solute materials have evolving heterogeneity. If that is the case then there will
be no separation of scales and the Figure 4.2b dashed line will represent the flux,
as continuous one instead of stepped one.

An integer order divergence theorem forces a scaling parameter, since ratio of
flux to volume is scale dependent. Rather than use a step function approximation
(Figure 4.2b), of the growth of dispersive flux with scale, which forces D
to take on increasing values, one might try to describe the evolving dashed line
(Figure 4.2b). Non-local including convolutional theories does this by integrating
cumulative effects of dispersion over any length scale and or time scale. A subset
of these uses the mathematical tools of fractional calculus, which are non local
operators for fractal functions.

4.3 Fractional Kinetic Equation

The fundamental laws of physics are written as equations for the time evolution of a
quantity X (t) with dX(¢)/dt =—AX , where this could be Maxwell’s equation,

Schrodinger’s equation or could be Newton’s law of motion or Geodesic equations.
The mathematical solution for the linear operator A is X (1) = X (0)exp{-At};

putting 7 = A™! the standard exponential relaxation (Maxwell-Debye) law is:
X (@)= X(0)exp{-1/7}. 4.3)

Complex systems and investigations of their structural and dynamical properties
have established on the physics agenda. These structures with variations are
characterized through

a) A large diversity of elementary units.
b) Strong interactions between the units.
¢) A non-predictable or anomalous evolution in course of time.

Complex systems and their study play a dominant role in exact and life sciences,
embracing a richness of systems such as glasses, liquid crystals, polymers,
proteins, biopolymers, or even eco systems. In general the temporal evolution of,
and within, such systems deviates from the corresponding standard laws. With the
development of higher resolution experiments, these deviations have become more
prominent.
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One can have stretched exponential behavior as:
X (1) = X(0) exp{—(t/r)“} (4.4)
With 0 < <1, or one can visualize the asymptotic power law as:
X(O)=X0)(1+¢/7)", with n>0 4.5)

Similarly the diffusion process in various complex systems usually no longer follow
Gaussian statistics, and thus Fick’s second law fails to describe the related transport
behavior (Anomaly of Fick’s diffusion law is discussed in Chapter 3, with Catteneo’s
diffusion and Fractional Diffusion Equation’s evolution). Especially one observes
deviations from the linear dependence of mean squared displacement. The mean
squared displacement is given by

2

(A, (t)>2 =(x;()-x,0)

where the x;(z)—x;(0) is the vector distance traveled by a molecule; particle; flux
(walker) over some time interval of length 7 its magnitude is averaged over many
such intervals 7. If no other walker is encountered then the distance traveled would
be proportional to the time interval that is, <x> o< vt , where v is walker velocity. In

this case (without hindrance) the mean squared displacement would increase as

2 .
> o< 2. In the presence of hindrance or we may say dense

square of time that is, <Ax |

phases the > behavior holds only for very short time (# — 0) of the order of
collision time. Beyond this time motion is better described as ‘random-walk’ for
which mean squared displacement is proportional to time (6). Mean Squared
Displacement is thus

N

() =( (5, 0-x,0)
=0
<x* (1) >= Kt (4.6)

This is characteristic of Brownian motion (BM), and such a direct consequence of
central limit theorem and the Markovian nature of the underlying stochastic process.
A point is mentioned here regarding the graph of this classical Brownian motion

where |Ax(t)| =~ \J(Ar) is characteristic scaling; as demonstrated in Chapter 2 box-

dimensions of dgz =3/2, and Hurst exponent as H =1/2. Instead anomalous

diffusion is found in a wide diversity of systems, its hallmark being non-linear growth
of the mean squared displacement in course of time, following power law:
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<x’(t)>= K, 1! 4.7)

This is ubiquitous to a diverse number of systems. There exists variety of other
patterns such as logarithmic time dependence etc. The anomalous diffusion behavior
manifests in Eq. (4.7) is intimately connected with break down of the central limit
theorem, caused by either broad long tailed distributions or long-range correlations.
These broad spatial jumps or waiting times’ distributions lead to non-Gaussian and
possibly non-Markovian time evolution way of diffusion, manifesting into non-local
temporal phenomena. Note that the unit of diffusion coefficient in (4.7) is having unit

[K,] =cm’s™, according to anomalous diffusion exponent ¢ . This exponent if
0< g <1 defines sub-diffusive transport, and defines super-diffusive phenomena for
l<g<?2.For g=1 the transport phenomena is normal integer order and Fickian.

The sub diffusive regime includes transport of charged carriers in amorphous
semiconductor, nuclear magnetic resonance (NMR) diffusometry in percolative and
porous systems, Rouse (chain) dynamics in polymers systems, transport in fractal
geometries, and dynamics of beads in polymeric networks. The super diffusion
systems are rotating flows, turbulent diffusion, transport in heterogeneous rocks,
Quantum optics, single molecule spectroscopy, transport in turbulent plasma, and
bacterial motions.
Standard integer order kinetic equation when integrated gives:

X (6)- X, = —c.[ X(t) =—co D' X (1) 4.8)
0

oD, ' is the standard Riemann-Liouville integral operator. The number density of
the species i, X; = X;(¢) is a function of time and X,(t =0)= X, is the number
density of species i at time ¢ =0. If we drop the index iin (4.8) and replace ¢ by

¢?, then solution of the generalized fractional order diffusion equation:
Xt)—-Xqg=—c",D;1X () (4.9)
is:
S (D (e

X=X,y ————~-— (4.10)
"4 T(kg+1)

can be written as compact form by use of Mittag-Leffler function as:
X ()= X E, (=ct7) 4.11)

The rate of growth of mean squared displacement depends on how often the walker
suffers collision. At higher density it will take longer time to diffuse a given distance.
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The limiting slope of mean squared displacement considered for time intervals
sufficiently long for it to be in linear region is related to diffusing constant D)
(appearing in Fick’s law) and in (4.1). The relation is Einstein diffusion relation
and is:

fim i<Ax ; (r)>2 — 24D,

t—oo dt
where d is dimension of space (1, 2, 3) Euclidian or Topological dimension, in
normal Fick’s diffusion. This relation of MSD and diffusion constant is derived
for Fick’s diffusion in Chapter 3, by use of Fourier-Laplace transformation. This

number could be fractional too indicating anomalous diffusion in fractal landscape
with heterogeneity.

4.4 Discrete Difference and Continuum Limit and Differential
Operator in Random Walk Context

4.4.1 Integer Order Discrete Difference and Continuum Limit and
Differential Operator

Let the random variable X (¢) denote position of walker at times ¢ , which increments

to a new position as the time changes in steps of 7 .Taylor expansion of walker’s
position at time ¢ +7 is given as:

X(t+7) =X )+ DX (1) +;sz0) +...+%D”X(t)+... =[e™1X (1)
where D is derivative operator. We can define an up-shift operator as:
E . =E (X{t})=X@+7)
Comparing this up-shift operator with the above mentioned Taylor expansion we get
EXt)={e"} X1

The symbolic equivalence between up-shift operator and derivative operator is
E, =¢™ , and we write a new relation as: E, = 1-A_, =¢™; where we define right

difference operator as: A_) =1-E, =1- e"? , which is expanded as following:

A

2
o =1-E =1-¢™ :1—[1+1D+ (D) +j =—-1D
2
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In a way we have defined a derivative operator as following expression:

. A(—)
lim| — |=-D
70 T

It is clear that D is ‘time-derivative’ operator and when applied to continuous
functions of time yields:

A_X(t
d X(t)=- ]imL()
dt 70
As done above, similarly we can define down-shift operator as E 'XH=X@t-1)
and then from corresponding Taylor’s series expansion of X (#—7) we obtain
y=e, with A, =1-E'=1-¢", as

left-difference operator and the following expression for derivative as:

: A(+) _
lim| — |=D
70 T

The derivative operators obtained by left-difference operator and right-difference
operator are equivalent mathematical expression of derivative. To be on safe side
we express the derivative operator considering the average (of left and right
difference) and express in symmetric form as:

symbolic representation as E : =1-A,

A, —A
limo S0 _p_d
=0 27 dt

4.4.2 Fractional Order Discrete Difference and Continuum Limit
and Fractional Differential Operator

Generalizing the limit of finite difference
4
- -7D "
A, =1-E'=(l1-¢ ):(1—(5 5 )
we obtain
4
AL =(-EH)” :(l—e dfj :

So that we can write for left-sided and right-sided fractional derivative as
following generalizations:
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4\
l-e
. AL . d®
11m—X(t)=11m—X(t)— —X(1)
70 z'a 70 z'

L4
l—e *

A7 ( J dY
lim ”X(z)—hm—X(t)z(——j X (1)
¢ dt

70 T

0!

Al
H)X(t) = hrr(} ;>0
T T

Consider the right sided fractional difference between X () and X(t—7) for

arbitrary 7 that is, A” X (1) = (1— E; : )a X (). For integer ¢ and using binomial

k-0

. . . —1\% (o k y—k .
expansion of this we obtain (I—ET ) :Z(kj(_l) E." . If we consider the

E.' = L alag-operator then same can be expressed as

(-1 :Zk 0( j( L.

For positive & >0 (non-integer) we generalize as

a) o! _ I'la+1)
k) kla-k)! Tk+DI(a+1-k)

o
since (k]=0 for k> o, the binomial series can be extended to infinity (as

generalization), and is written as:

A% X (1) = i(i’)(—l)k X (t—kt)
k=0

which rather depends on the values of function in vicinity of local time instant ¢
that is, this fractional difference depends on entire history.
In terms of lag-operator we have

(l_L)[ZZZk 0[ )( Ly

We have obtained a fractional differencing operator which is defined as an infinite
binomial series expansion of power series of the ordinary back shift operator. This
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gives Autoregressive Fractional Integral Moving Average (ARFIMA); a work horse
in Fractional Order Signal Processing. ARFIMA will be also discussed in Chapter 5

4.4.3 Fourier Representation of Fractional Difference and
Derivative

Fourier series representation of a function that is periodic over an interval 27 is
W=+o0

X =Y X(@e

W=—c0

and the Fourier coefficients are defined by
1 2 )
3[X(0)]=X(w)=— j X (e “dt
27y,

Applying this definition to the following obtained definitions of fractional
difference and fractional derivatives

A" X(1)= g(ij(—l)k X (t—k7)

DY X (1) =lim—C

We get:

2r

[ e Az X (0t
0

3[ X(t)} =1lim

=0 Q71T

a . D' 0 -ko)
S[D(_)X(I)lerlir&T—Z[kj > [e Z X (@)e ™

k=0 0 o'=

When the integral over time yields delta function so that integral is zero if @# @’ and

oo

L o _1\k —iwkt
[ ¢ X(t)}-hmz_ Z(k]( D e ™ X (@),

k=0

when @= . This expression can now be expressed as binomial expansion and
following can be written:

[ X(t)] _hmL 1—e " )"’ X (o)

=0 T
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More generally for right and left fractional derivative we get:
3[DL X ] —hm— 1-¢")" X ()

Fior

In the limit 7 — 0 we expand the exponential (e™“") so that the linear terms
cancel and we obtain exact result for Fourier representation of Fractional
Derivatives as:

3[ DX (1) ] = (#iw)" X (@)

Thus we see that effect of fractional derivative operating on function is to multiply

the Fourier amplitude of that function by (iw)a or with its complex conjugate.
Therefore we obtain useful identity as:
W=+oo

DIX(1)= ) (fiw) X (w)e”,

W=—c0

where it is clear that for non-integer ¢ fractional derivative operators are non-
local in time (space); as against locality in integer order counterparts.

4.4.4 Stochastic Fractional Difference Equations

Random time series are traditionally modeled in the physical science using simple
random walks. If fj is a random variable intended to represent a step taken at

discrete time j then the random walk variable that denotes the total distance
travelled in time ¢ = N7 or after N such steps is

X(t)szj.

Alternatively, X (1) - X (t—7)=¢,, .
We simplify notation by setting 7=1 and define the down-shift operator for
unit interval without subscripts; so we can re-write the right-side difference using

discrete indices for arbitrary step j as: (1-E )X ;= §j . This is discrete analog of
Brownian motion (BM), which is physicists guide to world of stochastic process.
Therefore (1-E")*X ;= ff_i , with o as non-integer is discrete analog of

Fractional Brownian motion (FBM). We solve this case by inverting this basic
expression as:

X, =(1-£")"¢,
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o

- 24
Using the expansion (1-E;') " = Z( L j(—l)k E;*, with 7=1, and

k=0

—o) (k+a-1) (k+a-1)!
k) U k) kla-D!

as generalization of Binomial coefficients we obtain:

_Skta-D! L, S kra-D)!
X _,; k(e —1)! £, % k!(a—l)!ﬁf*"’

and simplifying with use of Gamma function (that is to extend this to non-integer
values) we obtain:

& Tk+a)
X = kz(; Tk +1) (1) !éf‘k

We wish to obtain the asymptotic expression for

& Tk+a)
x= ; T(k +1)(a—1)!§’*k ’

using Stirling’s approximations of Gamma functions ratio as:

r .
(z+2) zzaiﬁ, |arg(z+0()|<7f and z — o, we obtain:
I'(z+ /)
oo ka—l
X_zz_g__k,as k>> a3k — oo
" Se@-n’

Indicating the strength of contributions to X ; decrease asymptotically with increasing

time lag (& ) as inverse power-law as longas O <o <1.
Spectrum can be obtained for the above expansion

Xj - iwé—‘ - i@(k)é-'jik ,

= kle-)7 &

by use of discrete Fourier Transform, and averaging the square of modulus of the
Fourier amplitude over ensemble of realizations of random fluctuations driving the

fractional difference equation X, =6,&, , where 3(6,)=6, .

That is, discrete convolution of two fluctuations is the product of their Fourier
coefficients. Spectrum (specifically power spectrum) is defined as
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s@ = (%[ ).

average over ensemble of realizations of & fluctuations. Assuming random
fluctuations have a white noise spectrum of unit strength and delta correlated in

A |2
6 | , where

[}

time (&, =1), we get S(w)=

(k +a— 1) —iko _ (1_ o i
Z k '(0.’ 1) | - (1 e ) i
gives

o, =(1-e™) " = 5.

Rearranging this and using trigonometric identities, as in following steps we get:

S(w):(l_e—iw)—za _(l_%j_ :( iim) j
e’ -1

2a
m)/2 la)/2 110/26—110/2 \J

200

euwlz e1w/2 2a
N (@ _ o - {21' sin(w/ z)}
2i

2a
{ iw/2 1w/2 ﬂwlz]

iaw

e
 [2sin(@/ )]

The modulus of the spectrum is thus:

|S(“’)|=;mz L
[2sin(w/2)]" @

for low frequencies w — 0.
Above is the power-spectrum of Fractional Difference Process driven by white-
noise. Therefore we have obtained inverse power-law (scale-invariant fractal)

S(w) = (w)>* as w— 0, for the right-sided fractional difference process driven by
white noise. We also observe for infinite series representation of right-sided fractional
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difference process the statistics X, are the same as that of & , since
X, = (I-E"HY*“¢& ; 1s linear equation relating the two. Thus, since statistics of & , are
Gaussian so too are of X ;- However, whereas spectrum of & is flat that is,

characteristics of white noise; the X spectrum is inverse power law characteristic of
fractional stochastic process, a ‘fractal noise’.

Let us find the auto correlation of the time series generated by the above
discussed stochastic ‘fractional difference process’; from the obtained power

spectrum. The R,, (k) represents auto correlation as R, (k)=<X X j+k>; the

() represents the averaging over a time period. Therefore,
1 2r
Ry (k)= (X_/.xﬁk) - j dwS(w)cos(kw)
0

which is inverse cosine Fourier Transform of power spectrum. This is inverse of
‘Wiener-Khintchine’ theorem which states that power spectrum of noise is the
Fourier Transform of the auto-correlation function of noise. In above integral we

write, ¢ =w/2 and S(w)=[2sin(w/2)]>", to get

1 2

j d(sin §) > cos(2kg) .

= 20-1
271y

From the (standard) table of integral series and products, and using definition of
Beta function as

B(p.9)=T(p)I'(@)/T(p+q);
and cos(kxr) = (—1+j0)" = (=1)* we write the integral as

/2

. a 2% 7w cos(krr) 2% (- T(1- )
: 2kep) = =
! dPGsing) = cos@h) = T kel k) T4k —e) Tk —a)

In above use generalization of Binomial coefficient as in Chapter 2 that is,

—a\_ T(-&) _(-D'T(@+k)
k) kT(1-a-k) k'T(@)

from this we write

Ird-ol'(e)

r(l—a—k)=m,

and substitute this in above integral to get



170 4 Concept of Fractional Divergence and Fractional Curl

! dg(sin¢) ™ cos(2kg) = Tl+k-o)T(a)

In this (-1)* =1 is used.
Put this in R,, (k) to get

T'(a+k)

Ry (k) =220 ——————
I'd+k—-ao)l'(x)

For asymptotic explanation use Stirling’s approximation of ratio of Gamma
function as

Tk+a)/T(k+B)=~k*”,

and write R, (k)z(Zz“"”/I“(a))|k|2a71. So as the lag increases the auto
correlation of the power series obtained by the fractional stochastic difference

decays as power law as R, (7)< 77" .

4.4.5 Random Walker with Memory Concept of Persistence and
Anti-persistence Walk with Long Memory and Short Term
Memory

The theory of influence of long time memory on stochastic phenomena is what is
described in earlier chapters where the MSD is non-linear, <X (t)2> o * with,

H #0.5. The model of these phenomena is relying heavily on the work-horse of
statistical physics, the random walk model. In continuum for a simple random
walk can be written in a stochastic differential equation

d
EX (=&

where £(¢) is a stochastic quantity. In above discussion we have made use of
&(r) as white noise, driving the, stochastic ‘fractional difference equation’;
generating power spectrum as ‘fractal noise’ or fractional noise as
S(f)e< (1/ f**). The time series as generated by this process on integration will

give a motion ‘with memory’.
Fractional Gaussian Noise is defined by ‘power-spectral’ density of the form

S(f)ee f_ﬁ , for a signal or random variable say position which scales as
X()=cX(ct).H, is called Hurst exponent and f=2H -1, f=2«a and

valid for uni-fractal series. With H =1 the time series {X(¢)} is ‘pink’ noise with
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power spectral density as S(f)=(l/f). This type of 1/ f noise is important

since it is kind of threshold between persistent stable noise where 0.5< H <1,
with 0 < £ <1 and non stationary noise £ >1.

A white noise (random noise) is characterized by ¢ =0,8=0 and H =0.5.
The noise characterized by 0 < H < 0.5 is called anti-persistent, and characterized
by 0.5< H <1 is called persistent.

Whereas a random walk or Brownian Motion (BM) is characterized by power

spectral density S(f)=f 2 that is, =1 and B =2. Its Fourier Inverse is

X*(n)=1 giving indication of Mean Squared Displacement scales proportional to
time. In the similar way as for persistent and anti-persistent noise the walks may be
classified as a persistent walk if the spectral density index or the fluctuation is given
by 1< £ <2 and anti-persistent walk given by 2 < £ <3. We call these walks for
fluctuating characteristic exponent 1< £ <3, because these walks may be obtained
by ‘integrating’ the fractal noise defined by 0 < H <1.

Here we discuss the step taken by random walk process (with memory). That will
give concept of ‘persistent’ and ‘anti persistent’ walks. From the analytical results
discussed in previous section where spectrum was derived for process defined by
right-sided fractional difference stochastic equation; is analogous to ‘fractional
Brownian Motion’, but not the same. The process generates 1/ > fractal-noise’.
Note for @ =1 the spectral density is of Brownian motion, and for & =0 the process
is white-noise. Both processes are random processes ‘without memory’; but one
signifies motion while other signifies noise. Integrating noise (white noise or fractal
noise), we get the motion Brownian or Fractional Brownian Motion (with or without
memory respectively).

The analogy is complete if we set & = H —(1/2), so that the spectrum equation is:

S(w) =1/ (@) =1/ (&™) ="V,

The H parameter is called Hurst index, signifies the degree of ‘long-range
dependency’ (LRD) of process. Where 0 < H <1 and -0.5<a <0.5.

When, o =0 the spectrum is of white noise, (here H =+0.5). When, & =+0.5
the spectrum is of S(w) = (1/ w) , the process is discrete 1/ f noise, (here H =1).

Using the Fourier pair, for a power function that is, ‘ 3 { t“} =T(+a)w“" and

£3{t*} =—(ar+ D7 /2, for a function f(r)=r,t>0 and f(1)=0,for t<0, the
inverse Fourier is 37{|S(w)|} =3 {&@ *" "} =R, (r)=7*""*. This is derived in
previous section. Where, R,, (f)= (X X (O)> with () is average over time
interval, gives the auto-correlation function of the process X (¢) .This R,, (¢) should

not be confused with Mean Squared Displacement (MSD). For ‘white-noise’, o =0
the auto-correlation decays with time that is, for H =1/2, the R, (7)< 7', and

has |S(a))| =1, that is frequency independent.
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In the language of random walks, the above inverse power law

(S(a)) ~ a)—Za — a)—(2H—1))

and, for 0.5<H <1 or 0<a<0.5 implies random walker has tendency to
continue in direction where he/she is going. This means that there is ‘persistence’
to the process, given a step in a particular direction that step is ‘remembered’ and
likelihood that next step is also in same direction is greater than reversing the
direction. The process is having long tail, lingering memory. For example in this
range of Hurst exponent, consider a power-spectrum set for processes as,

(S() = {0, &>, ", 0", 0™} .
This set will have corresponding auto-correlation function R, (7) as
{RXX (D)} = {»z-’l , 707 , 05 , 7702 ’ 70 5

This range of Hurst exponent (0.5< H <1) is most useful range, for LRD
processes, spanning from one extreme Brownian case or white-noise process (that
is without memory) to other end pure 1/ f noise process. Note that the auto

correlation function is decaying ‘slowly’ with time, signifying that in this range of
Hurst exponent, the process is LRD with lingering long tailed memory.

Analogy for 0<H <0.5 or —-0.5<a <0 implies that random walker prefers
to change his/her mind after each step. This is ‘anti-persistence’ walk that is, in a
process a given step in a particular direction is ‘remembered’ and likelihood that
next step being in the same direction is less than that of reversing the step. This is
‘short time memory’ and process decays monotonically and hyperbolically to

zero. Consider, for example set of processes in this range of Hurst exponent

(0< H <0.5) let the power-spectrum set be, {S(w)}={a",0"”, 0" ,0"”,0'}.

These processes will have corresponding auto correlation R, (7), as
{RXX (T)} — {2.71’2.71.25 72.71,5 ’,z.fl,75 ,2.72 } ,

indicating these processes decay very fast hyperbolically to zero, case of ‘short
ranged processes’. The exponent H is Hurst’s exponent gives nature of “fractal’ time
series defining anomalous diffusion, with memory or sub diffusion less than normal
diffusion rate. At H =1/2 the rate of diffusion is Fick’s diffusion that is walker,
walks without memory.

4.5 Nuclear Reactor Neutron Flux Description

The neutron balance description in Nuclear Reactor is defined by Transport-Theory.
The basic transport equations are then approximated by several coupled differential
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equations. One of the simplified approximation of the reactor representation is given
to engineers is the neutron diffusion equation sets in multi energy group or single
energy group, In all these diffusion equations the leakage term has Fick’s law of
diffusion, where the neutron flux is assumed to be a point quantity. For larger reactor
representation several of these diffusion equations are formed and modeled by region
to region coupling coefficients. Engineering science then proceeds on these
approximates to obtain reactor transfer function model and then various control
system analysis are done. For complex systems the integer models of the reactor
may not suffice and thus a fractional order model for obtaining flux profile or
kinetics may describe the complex reality better. The argument is similar to as
described for heat transfer model of Chapter 3, where distributed and complex
parametric spreads and size factor gets described better by fractional transient heat
transfer equation. The point kinetic coupled differential equation is listed as:

i%ﬂx,t) =DV o(x,0)+ (yzf -z, )¢(x,t) +AC(x,1)

&

%C(x, 1) = ,B}/ngb(x,t) —AC(x,1)

The parameters are:

v, : Neutron velocity
¢ : Neutron flux.

C : Density of precursors
ID: Neutron diffusion coefficient

¥ : Average number of neutrons produced per fission

X, : Macroscopic fission cross-section

X, : Macroscopic absorption cross-section

A : Radioactive decay constant

p: Delayed neutron fraction that is, fraction of the fission neutrons that are
delayed

This is classical integer order expression, the solution to this with boundary and
initial conditions give the neutron flux profile inside the reactor and the temporal
growth of neutron population.

4.6 Classical Constitutive Neutron Diffusion Equation

In classical sense, the constitutive equation assumes point neutron flux, with v as the
average speed of the neutrons passing through area with # neutrons per unit volume
as neutron density. The vector quantity representing the neutron flux is J. Following
will elucidate the classical statements.
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J = nv
o = nv
J = -DV g

Consider a closed volume; the loss of neutrons from the closed surface is given as
surface integral of neutron current. J dS . The loss occurring in the volume by
absorption is given by absorption cross-section and then taking volume integral of,
2, ¢dV . This total loss, when equated to the source term gives classical

constitutive neutron diffusion equation, as depicted below.

[7eds+[z,gav =[sav
N \%4 \4

The above integral form when converted to volume integral look as below:

J(VOJ +2,60-5)dV =0 or VeJ+ZX ¢—S =0 for equilibrium
Vv

Using the expression of J =-DV¢ we obtain the following
-DV*p+X, ¢-S=0

In the steady state the RHS of above constitutive equation is zero and if there is
time changing flux, then that is put in the RHS as

on 1dg
DVp-3 ¢p+8S=—=——"
$-2,9 o vdt

4.6.1 Discussion on Classical Constitutive Equations

The classical neutron diffusion constitutive equation as described is based on
classical divergence of the divergence of a vector field. The divergence is defined
as ratio of total flux through a closed surface to the volume enclosed by the
surface, when volume shrinks towards zero.

divJ = lim— [7eds
vy ’
Where J is the flux vector, V is an arbitrary volume enclosed by surface S. The dot
product of vector J with the surface dS is obvious this is valid only if the flux is
indeed a “point” quantity relative to the scale of observation. Neutron diffusion is
counter example since primarily due to velocity fluctuations (even at constant
energy/temperature) that arise only as observation space grows larger, invalidating
the limit. Also the neutrons are no longer in homogeneous medium. The dispersive
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fluxes for a given volume are typically averaged in some fashion (volumetric,
statistical) and are approximated by Fick’s first law as we have obtained in deriving

the classical constitutive equation for neutron diffusion. J= -DVg. As the control

volume shrinks to zero, the velocity fluctuations and the dispersive flux disappear.
Therefore in a true sense the classical divergence theorem discounts the real effects of
macroscopic in-homogeneity and the fluctuations associated with neutron diffusion in
a reactor.

Because of the limit in the divergence definition, the classical Gauss divergence
theorem discounts the effect of large volume until the dipersive; flux can be
approximated by a point quantity.

4.6.2 Graphical Explanation

Refer Figure 4.1. In the Figure 4.1(a) it is shown that surface flux with respect to
volume of the observation space is of constant slope line. The Figure 4.1(b) plots
the ratio of the surface flux with respect to the control volume (first derivative of
Figure 4.1a).

A A
[sds |-k L [sas | =&
N V s
K
0 > >
VOLUME (7) VOLUME (V)
(a) Surface flux (b) Ratio of surface flux & V

Fig. 4.1 Classical definition of divergence of flux vector.

The Figure 4.1 show, in simplistic manner if the surface flux of neutrons with
average constant velocity grows in linear fashion with respect to the volume of the
observation space then in this case the ratio of the surface flux to the control volume
remains fixed. In this particular (ideal) case making the control volume shrink to zero
will yield ideal definition of the divergence of the vector flux (neutron current
density). This simplistic picture neglects the effect of inhomogeneous medium and
macroscopic dispersion, fluctuating velocity effects and effects due to neighborhood,
neutron currents.

Figure 4.2 is extension of Figure 4.1 showing the macroscopic effects of surface
flux manifestaion as the control volume is enlarged. The observation space when
enlarged as shown in Figure 4.2(b) captures dspersive effect of neutrons as magnified
by stair case type of ratio of surface flux to the volume figure. The effect can be seen
as surface flux gets manifested as some power of observation space (volume).
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Figure 4.2(b) is the first derivative of the Figure 4.2(a) and shows that at quasi large
observation space (control volume) one gets seemingly constant ratio of surface flux
to volume, therefore yielding a non-local divergence of the nuetron flux vector. This
definition of non-local divergence is what contradicts classical divergence where
control volume is made to shrink to zero.Therefore, the larger observation space does
captures the reality of associated with neutron diffusion process.

A A
j J.dS 1
— |J.4as
0 0 :
VOLUME (V) VOLUME (7)
(a) ®)

Fig. 4.2 Showing effect of dipersive flux and neutron velocity fluctuation with macroscopic
scale of observation extension.

4.6.3 About Surface Flux Curvature

Refer Figure 4.2(a). The curvature is concave is nature as the observation space
(control volume) is made bigger. Contention could have been that why the curvature
is taken as concave instead of convex. Here some practical reasoning will elucidate
the nature of curve shown in Figure 4.2. For a very small observation space area the
surface flux is product neutron current and that area. As the area is made larger the
neighbouring neutrons does effect the neutron current in the wider area of
measurement. This gives the larger value of the neutron current for newer area
considered. This increment in the neutron current is what gets integrated in the
surface integral giving the concave shape of the Figure 4.2(a).

This is elaborated in the Figure 4.3. Let the observation surface area for
measurement of neutron surface flux be divided into squares as shown. Assume
that each centre of the square is having one neutron. If all the neutrons are at rest
with out any velocity fluctutaions then there will not be any finite probabilty that it
may jump across to the next adjacent boxes. However the case is not so, as there
always is finite probabilty of having neutrons designated for a particular box
finding into adjacent box. However if the area of observation is very small as
depicted by smaller circles inside each box the fluctutaion effect of neutron
velocity will not be observed. Therefore with the smaller circles in the observation
space measures a smaller neutron current (solely due to presence of its own
neutron in the squrae box). However, the observation area is made into larger
circles as shown in the Figure 4.3. Here we see that with enlarged area the effect
of neutrons in the adjacent square will enhance the neutron current compared to
the first smaller area.Also this bigger circle will catch the effect of velocity



4.6 Classical Constitutive Neutron Diffusion Equation 177

fluctuations, and therefore will show larger magnitude of neutron current. This
simplistic explanation is justified for the observation that the shape of the surface
flux with respect to the observation space (Figure 4.2) is concave and not convex.

4.6.4 Statistical and Geometrical Explanation for Non-local
Divergence

The Figure 4.3 divides the space into grids. The fluctuations in velocity causing the
violation of classical limit of volume shrinkage towards zero, for classical divergence
also elucidated by the fact that at a particular space the neutrons will have spatial long
tailed distributions. The effect of this long tailed statistical probability distribution
will thus gets enhanced by the use of non-local divergence and this reality effect will
thus be shown with avoidance of volume shrinkage to zero. Also in reality the
coupling between various zones in the reactor take place. The non-local divergence
with the principle of non-zero volume therefore is the apt tool for constitutive
equation for neutron diffusion equation for reactor description.
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Fig. 4.3 Showing the effect of growing observation space modifying the neutron current

Refer the classical neutron diffusion equation and Figure 4.2. The surface flux

is '[J .dS then the ratio of the surface flux to the volume is taken to consider the
N

leakage through surface term as V.J, at volume shrinking towards zero. Then

with Fick’s law we get the leakage of neutrons through a closed surface as

V.(-DV ¢) = —DV>¢. This term in one dimension case is
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¢
dx*

Examining the above and relating this to Figure 4.2, one may say that divergence is
slope of the surface flux (Figure 4.2a). This curvature if has square law variation in
the shape then the double derivative will be constant and we have the entire curvature
captured in that constant. If the curvature of the surface flux (Figure 4.2a) is not

having = x* variation, but has say = x'° variation then double derivative will not
capture the information about the curvature in a constant.

4.6.5 Point Kinetic Equation in Heterogeneous Background

Consider Figure 4.3, the reactor matrix is heterogeneous. This comprises of lumped
fuel central circle, encircled by moderator and the matrix gets repeated. Consider
collisions of neutrons in this heterogeneous reactor with characteristic length scales of
migration of neutrons, where fuel material is dispersed in lumps within the moderator
m and fuel f, with all the neutrons with same speed v and assuming the angular

flux is only linearly anisotropic. Then the conservation equation for the neutron
collision and reactor process as well as initial internal boundary conditions are.

10 -
;§¢I+V.Jl+zal¢[ =S,

and

10 -
a—J +3V¢, +Zm

with initial condition as

&,(r,0)=¢,,(r). The subscript / is allowed to play the role of m moderator and

f fuel. The inner boundary condition at the mf interface,
-n,, *D, Vg, =-n, D Vg,

and @, =¢,. Here 1 is unit vector normal at the interface which is directed from
moderator toward fuel. The cross-sections are >, =>,—>, and 2 => -1, 2,

where [, is average cosine angle and >.,, >, and X are total, scattering and

trl
transport cross-sections, respectively, for region [. The ¢(r, t),f (r,t) 2(r,t) and
S(r,t) variables are space and time dependent, generally. Typical consideration is to

neglect, time derivative in neutron current equation, i.e. v'aJ , /o, if the time

variation rate of neutron current density is much slower than the collision frequency,
thatis v, .
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Meaning that,

— -1 -

.| @7, 190 <<vz,.

For thermal light water reactors the vY,, =107 s™", the above simplifies to Fickian

case with J, =D,V where diffusion constant is

D =03 Zm)il = 3[211 —H, zsl ]71

is also a function of space and time.

In the above discussion we assumed firstly that; absorption is much less likely than
scattering. This is valid for the moderating and structural materials but not for fuel and
control rods. Secondly, a linear spatial variation of the neutron distribution is assumed.

This satisfied a few mean free paths away from the boundary, for large
homogeneous medium with uniform source distribution. Thirdly, isotropic scattering
is assumed, this is satisfied for scattering from heavy atomic mass nuclei.

However, the Fickian assumptions exhibit highly anomalous diffusion phenomena
due to highly heterogeneous configuration, especially in the presence of strong
neutron absorbers, in the form of fuel control rods, shut off rods and chemical shims
present in the coolant or poisons in moderator. The dynamics of these absorbers
radically change the local energy generation, giving new method of description of
point kinetics, with non-Fickian approximations. One type of modification is to
include relaxation times and rewrite the neutron current equation as given by
Catteneo (1948) dealt in Chapter 3.

For times scales in which flux varies rapidly, the condition

|Ja,|_l (07,19 << vy,

is not satisfied; then we modify the neutron current equation as:

where

1 3D
—L, when 1<<7,.

Tl = =
v Z“trl v

Putting this Catteneo’s diffusion in
10 -
;5@ +Ve +2,04 =5,

and rearranging we obtain.
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7 99 as,
aT"’IJ{ Z"'+r_,ja_tl v,,V’6 _—[5 ZM%HV?

The propagation phase velocity of ‘neutron wave’ is

v =2 VD, /7,

When time scales of |.71|(8.7, /9t) << vy, is satisfied then J, =-D,Vg Fick’s

case is recovered with above obtained equation simplified as
19
——¢+2,4=VeDVyg.
v ot

(without source term).

For a neutron as diffusion species, if there is non-linear scaling of mean squared
displacement <r2 (t)> =1, where ¢>1 implies super diffusion, and 0<¢g<]1
representing sub diffusion we can generalize the Catteneo diffusion of neutrons as,
fractional model of neutron balance; only for moderator region m as:

1 aq+l¢
L
atqH m Z“am

¢ 1 a¢ +Zam ¢m ]D)mvz¢m ’

and the current equation as

A
Taq m__m¢m

Suitable interface conditions are then

917 01J
q mo o= — 4 /
7! FvE +1,, D Vg, =1/ w0

+0, D, Vo,,

where J, . ]m andJ, =1, ® J ;- When ‘fractional relaxation time’ 7, — 0,

=n, if
with ¢ — 1, normal Fickian equations are recovered. The conservation of

"aqj’” n DV —"qu n D,V
T Y +n, D, ¢m_rf Y +i, 0D, ¢f

equation is valid as

19 4 45, 6,=VeD, V0,
v ot



4.6 Classical Constitutive Neutron Diffusion Equation 181

represents balance to be met categorically. But the current law is modified as with
fractional relaxation times. The time relaxation may stem from possible
‘obstacles’ and ‘traps’ that delay the neutrons to move, and thus introduce
‘memory’ effect into the motion without affecting the neutron conservation.

However, the consideration of high heterogeneity may not be sufficient
condition for Fractional Order Generalization. So far we have assumed average
constant velocity of drift of neutrons that is, thermal speed. However, there are
neutrons from 10MeV to less than 0.01MeV of energy and the cross-section is
velocity (energy) dependent. In that case the detailed group treatment is required.
Heterogeneity effect of a reactor system with fast neutrons is less sensitive than
heterogeneity effect with thermal neutrons due to mean free path of neutrons,
varying in fuel as well as moderator (for thermal reactors).

4.6.6 Revisiting the Realm of Brownian Motion

Refer Figure 4.3 and consider it to be homogeneous lattice with lattice constant Ax .
A typical Brownian walk invented by Perrin considers a walker (particle neutron)
jumps at each time step ¢ =0,At,2At,..nAt,... to a randomly selected direction,
thereby covering the distance Ax , the lattice constant. In discrete time steps of span
At the walker (particle-neutron) is assumed to jump to one of its nearest neighbor
sites. Such process can be modeled by a master equation:

1 1
Nj(t-i-At) :EN'H (t)+§Nj+l ®

In the above equation, the index denotes the position on the underlying one-
dimensional lattice. The equation defines the probability distribution function (PDF),
or concentration/ number of neutron particles at position j at time f+Af in

dependence of population of neutron of the two adjacent sites j+1 at time ¢. The

constants %2 expresses that jump direction are isotropic; meaning that there is equal
probability of jumping toward, forward or backward direction. In continuum limit
At — 0 and Ax — 0, the Taylor expansion in time and space give:

N (t+Af)=N (z)+AtaNf +R ([At]z)
/ S ot :

~ N (Ax) 9N ;
N0 = NCo ) AT 242 ?+R2([Ax])

Using these two expressions and putting into master equation, recognizing the
notations N(x,7) = N, (¢) ; neglecting the remainders R, and R, , leads to Fick’s

diffusion equation:

2
WD _p 0
ot X
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where D is diffusion constant with units cm?s™ and defined in the limits as:

sz
D= lim ( ),

Ax—0,At—0 2At

the same as obtained in Chapter 3. The solution N(x,¢) for sharp initial condition

is called propagator and is Gaussian in shape. The Fourier-Laplace transform of
this Fick’s equation is,

N(k.s)= No(o)[s+Dk> ]

as demonstrated in Chapter 3.

The diffusion equation is one of the most fundamental equations in physics and
engineering. This is direct consequence of ‘central limit theorem’. Under the
condition that the first two moments of N(x,#) or the probability distribution
function (pdf), describing the appropriately normalized distance covered in a jump
event and the variance, x = zixi and < Ax® >, as well as a mean time span At

between any two individual jump event exists, and is finite. The CLT assures that the
random walk process is characterized by a mean velocity v = x / At , and diffusion a
constant D as defined above. Furthermore, for long times i.e. after a large enough
number of steps, the N(x,t) or the pdf of being at a certain position x at time ¢, is

governed by above diffusion equation, and is given by Gaussian shape.

4.6.7 The Continuous Time Random Walk (CTRW) Model

In discussion of previous section, the particle neutrons jumps at equal lattice
spacing, and spends zero time (or a constant time) there that is, each step jump has
equal length (the lattice distance) and nil waiting time at the lattice. We may also
have situation that neutron particles can jump different site lengths and can even
wait for some time at those lattice positions. Assume that the neutrons are
disciplined and they move by not spending infinitely long times at sites and they
do not jump infinite (long) lattice lengths still the Fick’s law will be applicable.
Meaning if the waiting times are having finite average and the jump lengths are
having finite variance from a mean jump length, then too the governing law will
be Fick’s diffusion. This will be demonstrated in this section.

The CTRW model is based on the idea that the lengths of a given jump, as well as
the waiting time elapsing between two successive jumps are drawn from a joint pdf
w(x,t) which is called ‘jump pdf’. This pdf is composed of two parts the ‘jump

length pdf® A(x) and ‘waiting time pdf’ w(¢) . The simple situation is that these pdf

are decoupled that is, jump length and waiting times are independent random variable;
then w(x,7r)=A(x)w(t). These pdf have corresponding Laplace and Fourier

Transforms as, w(s), A(k) and w(k,s). Different types of CTRW processes can be
categorized as average waiting time between jumps as
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T = [ty
0
and jump length variance
ol = J dx(x)A(x) ,

being finite or diverging, respectively.
The integral

7 =1- I drw()
0

represents the cumulative probability that a neutron number density (pdf) when
created at time # =0 say N(x,0)= N,(x) initially will not wait from time " =0 to
t"=t.Let Ny(k) be the Fourier Transformed initial condition, and N(k,s) denotes

Fourier-Laplace Transformed of the pdf the neutron number density at position x and
attime? thatis, N(x,t) . The Laplace transformed y(¢) is

2(s)= 1—w(s) .
s

At the position X and time ¢ there will constitution of neutron number density that is
purely stationary at that position minus the fraction of neutron number density that
will have probability of jumping from these location and time with jump probability

w(x,1).
Thus the consolidated number density that will be present at position x and at time
t is N(k,s)—w(k,s)N(k,s) . The Fourier-Laplace transformed parameters are used,

since in this k and s domain the multiplication explanation is easier, else we have to
explain via convolution-integrals. This consolidated number density obtained is result
of the initial neutron number density (pdf) which has manifested as result of ‘no wait’
from initial time to present time " =1, that is given as y(s)N, (k) and equating the
two we have

N(k,s)=y(k,s)N(k,s) = y(s)Ny (k)
giving:

1=w(s) No(k)

NS = s
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This expression was obtained by CTRW expression in Chapter 3.
Consider N,(k)=1 that is, Fourier Transformed of unit delta-function J(x) as
initial neutron number density. Consider the w(r) =7 exp(—t/7), a Poisson’s

process for the wait-time pdf. Thus average wait time between each successive
jump is finite that is, 7 = 7. Consider together with wait-time pdf, an independent
jump length pdf as Gaussian i.e.

Ax) = (4m0*) 2 exp(-x* 1 467)

leading to finite variance as 20>. The jump pdf is decoupled that is,
w(k,s) = A(k)w(s). The corresponding Laplace and Fourier transformed asymptotic
expansions, for wait-time and jump length pdf are: w(s)~1—sT+R1(z'2) and

Ak) ~1-02k> + R, (k*) ; with higher order remainder terms.

In fact any pdf with finite average and finite variance leads to this same result,
to lowest orders; and therefore, the above expansions are asymptotic
representations for late (long) time limits. Putting these we have:

1-w(s) No(k)  1—(1-s7) 1

= = , with
1-y(k,s) s 1-(1-s0)1-0k?)  s+Dk?

N(k,s)=

2
o

D=—.
T

We have got a Fourier-Laplace expression for finite average wait-time and finite
variance of jump-length as sN (k,s)+]D),k2N (k,s)=1 re-writing this as
[sN(k,s)—1]+Dk*N(k,s)=0 and using L{ON(x,1)/ 0t} = sN(x,s)— Ny (x) and
S{BZN(x,t)/axz} =—k*N(k,t) with N,(k)=1=3{5(x)} we recover the Fick’s
diffusion equation

ON(x,t) 0’

=D —N(x,1).
o 132 &)

Note the diffusion constants ) and ), are same. The subscript is used to

distinguish this constant with the constants of diffusion appearing in fractional
diffusion equation (in next sections).

4.7 Diffusion with Long Rests

Consider the situation where the characteristic waiting time 7 = that is, diverges;

but the jump-length variance o < oo, finite. This diverging average is character of a
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pdf of power-law, long-tailed type distribution. Let the waiting-time pdf be
w(t) ~ (t / z’)lm , for 0 < ar < 1. The corresponding Laplace asymptote of this power-
law “fractal’ waiting-time pdf is w(s) ~1—(s7)*. Let the jump-length pdf be
Gaussian as done in previous section giving finite variance of jump length as:
Ak) ~ 1-02k> . Putting these in the expression for N(k,s) we get:

1-w(s) No(k) _ 1-{1—(s0)%} N, (k) _ [Noth)/s]

N(k,s) = = = )
(k9 1-y(k,s) s 1-[1-(s0)*[1-0%k*] 1+ D,s k>

where D, =¢” /7% with dimensions of cm?s™.
Employing
,c{ OD,_"f(x,t)} =5 F(x,5), ¢=0

one gets, fractional integral equation

82
N(x,t)—Ny(x)= ,D;*D, a—zN(x,t)
X

Differentiating (the above) both sides once w.r.t. time we have

9 N(x.1)= DD & N
E (-xs[)_() i aax_z ()C,t) 5

a fractional differential equation of diffusion. Fractionally differentiating by order
o the fractional integral equation derived above we get alternate form as:

o t—a 82
ODt N(x’t)_r(]—_o()No(X) = DagN(x,t)

This integrodifferential nature of Riemann-Liouvelli fractional operator ,D;™* with

a-l1

integral kernel K(f) o<t ensures the non-Markovian nature of this ‘sub-diffusive’

process defined above. The calculation of MSD from the relation
<Ax2> =tlim,_o{~(d®/ dk*)N(k,5)},
gives MSD as

<Ax2> =[2D,, /T + )" .
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For =1 we get MSD for integer order Fick’s law diffusion

<Ax2> =2D,t
(Chapter 3). Note that the fractional index « appears naturally in this MSD
calculation. We have termed as sub-diffusion, as the spread, quantified by MSD
appears slower as compared to ideal Fick’s case, or Brownian motion. Note that in

the fractional diffusion equation obtained above, the single modes (k) decays in
accordance to Mittag-Leffler pattern, that is, with

N(k,t) = E,(-Dk*%)

the asymptotic power-law behaviour
2.« -
N(k,t)~(Dak t F(l—a)) .

This typical Mittag-Leffler behavior of the mode relaxation replaces the
exponential decay

N (k,t) = exp(=D,k*r)

occurring for normal diffusion (Chapter 3).
From the expression obtained

Ny(k,s)/s
N(k’s):[o—_azj’
1+D,s %k

for Ny(k)=1 as initial condition, one can first Fourier invert to get:
1 2 24
N(x,s)=§s2 exp(—|x|séj.

Then expand the exponential term in its Taylor series, and Laplace invert term-by-
term, to get power series solution. The solution to such diffusion equations is
examined in Chapter 11.

4.8 Diffusion with Long Jumps

The opposite case from the above process is that characteristic waiting times T < oo

is finite but the jump-length variance o> =oo diverges. We can have Poisson’s
process from which waiting-times are drawn, and a Levy distribution for jump length
pdf. The Fourier representation of Levy distribution is
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Ak) = exp(—c* [k[*) ~ 1- o k|
For 1< <2, corresponding to the asymptotic behavior as
Ax) ~ o* |x|_]_” for |x| >0.

The wait-time asymptote approximation is w(s) ~ 1—s7 . Putting these two values,

we obtain, for N,(k) =1, the following Fourier-Laplace relation.

1-w(s) No(k) _1-(1-s7) Ny (k) _ 1
s 1-y(ks) S 1=(-sA-c* k) s+D, [k}

N(k,s)=

Using
3{ Dt =k £ k),
the modified definition from, usual definition that is,
s{_.pt o) = rk),
that is, by suppressing the imaginary unit we get:

ad

5 Nk =D _D“N(x,0)]

Al

Here the generalized diffusion constant is
D,=0"/7

with unit of cm”s™. The Laplace inverse of N(k,s) gives

No(k.t)=exp(-D,, [k ).

This situation of ‘long-jumps’ is Markovian process in time, with no ‘temporal’
memory. Refer Chapter 2 for memory integrals. However, one may argue that due to
fractional operators appearing in space variable, the process shall be perhaps called
non-Markovian in space; having spatial memory kernel. This process remembers its
spatial past! Space-time is linked and is different sides of the same coin!

Due to the asymptotic property of this pdf for long jumps

Ax) ~ o* |x|717# ,
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having infinite variance, very long jumps may occur with significant probability than
exponentially decaying pdf like formerly employed ‘Gaussian’ jump-length pdf. The
scale invariance nature of pdf as used for the jump-length leads to clustering nature of
the neutron distribution spatially, i.e. local motion is occasionally interrupted by long
sojourns, on all length scales that is, one finds clusters of local motion within clusters.
Here one can assign a fractal dimension d, = ¢ with 1< g <2, and can analyze the

system with normal integer order Fick’s law. The asymptotic solution to the spatial
fractional diffusion equation for the long jumps case is

Dt .
N(x,t)~Ty, with u <2
X

Due to this the MSD diverges that is, (Ax>2 = oo . Clearly we can have argument that

massive particle as neutron cannot jump infinitely far. For such massive particles
finite velocity of propagation exists making instantaneous long jumps impossible. But
in reality we have nuclear reactors where the dimensions are large especially for high
power reactors. The neutrons do have ‘coupling’ between spatially distributed ‘point’
reactors. These power reactors are having dimensions much larger than the average
diffusion lengths of neutron and are called coupled core reactors. The spatial
heterogeneity in small scales do manifest as fractal dimensions in space which makes
the anomalous transport of neutrons contrary to belief that it can only reside and
‘walk’ as local Brownian motion. Long-jumps can therefore take place for these
‘massive’ neutrons in a ‘fractal’ heterogeneous spatial backdrop.

In the derivation of both the sub-diffusive case and diffusion with long-jumps the
diffusion limit (k,s) — (0,0) was drawn. Equivalently, the diffusion limit

corresponds to choosing (0,7) = (0,0) with D, =0*/7% a constant or

D = o* /T a constant, which matches the limit

D, =1limy, 0 a0 (AX)* / (2A1)

drawn in the Brownian case. In the sense these Fractional Diffusion Equations
obtained are valid in the diffusion limit 7>> 7.

The above generalization methods makes us to think a random walk characterized
by broad tailed pdf for both waiting-times and jump-lengths with infinite average

wait-time 7 and infinite jump-length variance ¢ has constitutive relation as:
d -
a—N(x,t) =DM, IV*N(x,1),
" :

along with

p =
0!,#_1_0: ’

having unit of cm“s™.
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We can define pseudo MSD as
2¢,
(), %

or by
<x2(t)>P~t2+“7”
for l<u<?2,0<a<l,and
<x2(t)>P P for 1< u<2,a>1,

for these anomalous diffusion cases. In these sections we have also observed the
explanation of several cases by different diffusion constants, appropriately selected as
‘new transport coefficients’ those are D, D, I p and D o with different units.

Table 4.1 Phase table for the Fractional Diffusion Equation

Temporal | Spatial Type of Walk | Average | Jump- Nature of Diffusion
Fractional | Fractional Waiting | Length
Order o Order u Time T | Variance

0_2
O<a<l 0<u<2 | Long-Jump S 0 Non-Markovian
axl 0<u<2 | Long-Jump <o o0 Markovian
O<ax<l u=2 Sub-diffusion 0 <o Non-Markovian
a>1 =2 Brownian <o <o Markovian

Table 4.1 presents the summary of the Fractional Diffusion Equation, obtained
above as

3 a2
EN(x’t)_()D[ ( a,ﬂ)ax_ﬂN(xst)’

for different phases with values of spatial-temporal orders of fractional derivative
order. The different ‘phases’ are four distinct domains which can be characterized
according to the diverging or finite characteristic (average) waiting times and the
jump-lengths variance. If the parameters & and 4 become greater than one and two
respectively, the corresponding diffusion CTRW process locks onto process
dominated by finite 7 and finite ¢ (Brownian case). For diverging variance of

jump-length 0% =, One observes that either the traditional Markovian process for
a 21, or the non-Markovian process (for & <1) with single modes decaying as
Mittag-Leffler pattern is evolved.
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4.9 Fractional Divergence in Neutron Diffusion Equations

The neutron leakage through closed surface enclosed by finite control volume may
be changed as

il o
03 _pdo

&’ ax” dx

The bracket quantity is Fick’s first law. Here f#is between 1 and 2 and ¢ is between 0
and 1, non-integer fractional real numbers. In the divergence formulations, the vector,

0“ 9% 09"

1—> V“

the fractional divergence operator, which acts on the neutron current vector J.
The constitutive equation in fractional divergence form may thus be as follows:

VAT +2,9-S=0
Vi(-DV@)+X ¢-S=0
DV*“¢-% ¢+S =0
Converting to one-dimensional form to get neutron flux profile in a reactor or neutron

flux profile near a source in scattering medium we will look at solutions of the form
as follows:

l+a
]IDd—Hf—ZangS =0,.0<a<l
dx
d’¢
W—Zﬂgﬂs =0,..1< <1

One may interpret the simplified form of V*.J is that a fractional divergence
operator is applied to Fickian dispersion term. For illustration of how fractional
derivatives relate to the definition of divergence in neutron transport, consider two

simple functions f(x)=x" and f(x)=x"". Recalling the fundamental of the

derivatives we recall that the derivatives of function give the idea of the curvature
contained in the curve. Successive derivatives will strip of the independent variable

and subsequently will show up the curvature contents. Take the example f(x)=x’

the first and second derivatives are f(x)=2x and f®(x)=2 respectively. In

this example the second derivative contains all the information about the function and
that in constant (i.e.2). This argument favors well for well-behaved integer order
(power) functions. Now let us change the function and take any real order function

say f(x)=x"", the first and second derivative is f"(x)=1.5x"" and
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f @ (x)=0.75x". In both the derivatives for this real ordered function the

derivatives vary with the independent variable. Refer Figure 4.2b; the effect of
growing control volume is approximated as steps. Each step signifies growing value
of . The shape emerged as dotted curve in the Figure 4.2b, approximates the first
derivative of the Figure 4.2a. Here the first derivative or any other higher order
integer derivative fails to contain the curvature information.

In the functions with real order (other than integer order) if the concepts of
fractional calculus are applied then we can contain the curvature information of

f(x)=x"? by taking 1.5 derivative of the f(x) symbolically d'’x"* /dx"’ =1.33.

d* T(u+1)
=

u

A" Tu-a+l)

L5
d _ S = I'a.5+1) X515 (2.5 =1.33
dx- I'1.5-1.5+1)

u—o

Therefore if the fractional differential operator is chosen in which the fractional
order of differentiation matches the power law scaling of the function, then the
curvature is reduced to a constant and all the scaling information is contained in
the order of the derivative and that constant. If the neutron plume is traveling
through material with evolving heterogeneity, then a fractional divergence might
account for the increased dispersive flux over larger range of measurement scale.

This argument sets the stage for writing neutron diffusion equation with
fractional calculus. The above derivation and discussion completes the description
of neutron diffusion equations in fractional calculus.

In deriving the fractional differential equations for neutron diffusion in an enclosed
volume we argued the basis of taking a larger observation space for defining
divergence. The non-local formation of the divergence thus gives the effect of
macroscopic effects caused by velocity fluctuations, the coupling effect of nearby
zonal neighborhood neutrons (refer Figure 4.3). This therefore is making the
constitutive descriptive equations closer to reality. The classical integer order
constitutive differential equations are approximations to everything as “point”
quantity in time or in space. The classical integer order methods do not thus take into
account the space history or time history and therefore cannot represent the natural
laws close to reality. Fractional calculus does take of all these reality and therefore
more appropriate for representation of natural phenomena. Refer Figure 4.3, as an out
side observer let us try to visualize space squares as depicted in the figure. The
squares without any neutrons in them look differently to an outside observer as
compared to the squares with the neutrons. While observer sitting in the same squares
will not notice the difference in the squares with or without neutrons. So the observer
in the same space will apply point quantity and will try to describe the neutron
balance by classical integer order calculus. Whereas to the outside observer the
squares or the space will appear transformed with or without presence of neutrons.
The outside observer thus will apply this space transformation correction factor and
obtain some different results, and that result will be close to reality.



192 4 Concept of Fractional Divergence and Fractional Curl

4.9.1 Solution of Classical Constitutive Neutron Diffusion
Equation (Integer Order)

This section will serve as revision to simple classical solution of the diffusion
equation. Then in the next section we will solve the fractional differential equation
obtained. This we will demonstrate for the space variables in one dimension for
simplicity.

dn 1d¢
DV’¢—% p+8 =—==-"2
P-x.0 dt v dt
S=k 2.9
DV?p+ (k. —DE, ¢_1Z¢
t

The flux term is variable of space and time. The source term multiplication law
governs S. The separation of variables will give following for the flux term which
can be substituted in the basic constitutive equation and following expressions will
emerge.

b= d(re™
DV2(r) + (k. ~)E,6(r) = %q)(r)

A: is positive for sub critical and negative for super critical and zero for critical
equilibrium reactor. The space coordinate r, we replace by x and with substitution
of B as geometric buckling we get following simple form. The temporal solution is
avoided for simplicity.

k. -z, + 2
B = %
D
2
0D | ppx)=0
dx

Here we can apply standard Laplace method with initial conditions at x =0 at the
center point of the reactor geometry having constant flux and at the walls at x =a
zero flux. General Laplace formula for derivative of function is indicated below
and is applied to have polynomial form. Here p is space-Laplace variable.

42k
P O(p)— ZP = f(l)C)]@x:o+qu)(p):O

d ¢(X)

prO(p)——— e e e0 = PO oo + B*®(p) =0
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dZiX)]@x:o =0 and ¢(x)]@)c=0 =C

The above initial condition gives simple equation as:

p*®(p)— pC+B*®(p)=0
pC

D( )——
P p 24+ B?

Taking inverse ¢(x) = CcosBx.

4.9.2 Solution of Fractional Divergence Based Neutron Diffusion
Equation (Fractional Order)

With the extension of the above method we try to solve the fractional differential
equation:

dPo(x) o
% +B2p(x)=0
I<f<2
d " -1 da k—1
E[ df(X)J £ Z(; ’ - kffx)l@x:o
B-1 B2
PPo(p)- w]@x_o m]@x o+ B*D(p) =0

The above is Laplace Transformation for LHD definition of the fractional derivative
Note that in the expression fractional derivative of the flux as initial condition appear,
which currently is tough to visualize and relate physically. Let us try to make use of
Laplace transformation of RHD Caputo definition, as given below:

c( d
dx”

PPO(p)— P Y0y~ P %m)@m +B®(p)=0

n—1 . d/f
): paF(p)_Zpa—k— Wf(x)@xzo

k=0

The above expression we relate physically to the earlier initial condition taking
second term as C and third term as zero as done earlier. Here the integer order
derivative comes as initial condition, therefore physically realizable from
measurements and observations.
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-1
pC
O(s)=—+L—
(s) B
P
=CcL' | £
womce| ]

The solution of the fractional differential equation for the constitutive neutron
balance equation therefore is with Laplace identity

o-1
clE cal=L__
{ ‘7‘( )} pa+/1
we obtain:
g s e GBI
¢(x) = CE,(-B*x") C;F&EIB

(—Bzxﬁ)+ (B*x*#) N (=B°x*)

d(x)=C+C
T(B+1) TQA+D) T@B+1)

The above is flux mapping obtained by the solution of fractional order neutron
constitutive equations obtained by concept of fractional divergence.

Let us see what classical flux pattern and fractional order flux pattern are same
when we take the fractional order equal to 2 the integer order.

Solution in the classical form is cosine function and series representation of the
same is:

2 4 6
cos(x):l—x—+x——x—+

21 4! 6!

) s oo (_BZxZ)k (BZXZ) (BZXZ)Z (82x2)3
=2 =CE,(-B’x’)=CY. ————=C|1- -
B ’¢ﬁ:z(x) C /i( x7) C; T2k+1) C|: I3 + G T +
I'(n+1)=n!
(Bx)’  (Bv)' (Bx)°

¢/;2(X)=C{1— Y + TR +...|= C.cos(Bx)

Therefore when the fractional order equals the integer order we get classical flux
profile. This is proof of our assumption that indeed neutron flux being not a point
quantity be represented as fractional divergence of order less than unity.

4.9.3 Fractional Geometrical Buckling and Non-point Reactor Kinetics

The above concept of fractional divergence gave a deviation from ideal flux map
(cosine). The term geometrical buckling is indicative of the flux profile of neutron
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flux inside the reactor. Measuring the actual flux distribution and then controlling the
power of reactor is one mode of reactor control. Now if the control computer is kept
with a map of cosine table and the neutron spatial detectors are mapping in each
control cycle a deviation then the unwarranted correction cycles will keep the control
devises moving. Actually the correction may not be called for if the control computer
is programmed with actual fractional geometrical buckling data. The fractional
divergence has given the new thought of ‘fractional geometrical buckling’, which in
turns when, used with basic multiplying factor k_ gives rise to a concept of fractional
criticality. The describing reactor kinetics with fractional divergence will give
concept of non-point kinetic description. The concept of fractional criticality is
described in following section.

4.9.4 Fractional Reactor Kinetic Equation

We assume that the diffusion process is carried out exclusively in the moderator m ,
which has characteristic length [ (distance between the two fuel rods of Figure 4.3);
and say the characteristic length of the system is L _ (example fuel assembly length).
Then the Fickian and non-Fickian cases are valid as long as length scale restrictions
are met that is, /| << L . In the light water systems mean free path of thermal

neutrons is 1cm, comparable to fuel pin diameter and on the orders of centimeters for
fast neutrons. The relaxation times are 7, =3v"'D, and order of magnitude of
characteristic time constant may be defined as #, =L, /vD,, where L, are

characteristic lengths associated with ‘changes’ in the neutron flux. It can be observed
that (z, /t,)=3D’ /L,. Since D’ /L, <<1, the time scale restriction is thus

(r, /t,)<<1, in fractional form we may write (z, /¢,)“ <<1. In generalizing the

neutron diffusion in heterogeneous medium with relaxation times included, we have
obtained following type of equation as:

a+l a
17 s a¢ , 199,

4> =D, Vg, .
m v ata+1 am V a ¢ ¢m

Including source term as

S+rkaq—S
ort’

putting in above and dropping the subscripts m , we write generalized equation as:

vy, aqu 19¢ ) 'S
-2 o5 DV2p+70 <2
8t"“ Z" v ot 2,0+ i or!

the six group source term is approximated as
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S=(-Pk. T, ¢+ AC,,

where the first term represents the production of prompt neutrons and second term
is total rate of formation of delayed neutrons. Using this source (rather internal
source) in the above fractional generalized equation we obtain.

iaa+l¢ " 0: la_¢
paewT +7[2, +(1- Pk, Z] N,

=[1-pk. 2, —Za]¢+]1))V2¢+26:/1iCi +r“26:[/1,. aa%}

The Laplacian V?¢ can be replaced by Geometrical Buckling —B§¢, above can

be expressed as

z.a aa+l¢

Ll 199
v al,0H~l

+7[2, +(1- k.2, ] aaf +; Py

=[1-pk. ¥, %, DB ]¢+Z/‘tc L7 Z[ 3C ]

We can use separation of variables and write ¢ =¢@(t)y(r) and C, =C,(t)y(r),
where w(r) represents fundamental spatial mode of steady state system. Using

@(t) = vn(t) , we write time dependent neutron population dynamics as:

d(l+ln(t)

dn(t) N dan(t)
d a+l

dt” dt

+7 [T, H1=- Bk X, v

=[a-pk.%,-%,-DB; ]vn<f>+ZﬂC i Z( , acj

Using, standard reactor physics notations as:

I E]D)/Za,lE[VZG(I+LZB;)II,AEI/(I<M >, ).k, =k /(1+L'B}),

p=ky;—D/k,

We get,

o+l _ o —
r"d 7+z’“ l+(1 p)d n+@ n+z/1C +7° Z/l
dar** l A dr®  dt o

Here p is reactivity, [ is prompt neutron lifetime for finite media, A is neutron

generation time, £ is fraction of delayed neutron precursors, A, is radioactive-decay
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constant for delayed neutron precursor, C, is concentration of delayed neutron
precursor, and 7 is relaxation time. The fractional-order O <o <1 gives sub-

diffusion and 1<a <2 gives super diffusion. While 7% — 0 recovers classical
reactor point kinetics

dn _ pj_\’Bn+Z6:/1,.C,. +r“(iﬂi
i=l1 i=1

d*C.
dt dat”

is important contribution for rapid changes in

o+l

The fractional order term d**'n/ dt
neutron density, n(t) for example in case of reactor trip, turbine trip, while d“n/ dt*
contributes when changes in neutron density is relatively slow example during start
up, and power maneuvering by control rods. The term d“C,/dt” becomes

significantly of importance while in case of shut-down process, and also to
understand ADS (Accelerator Driven Sub-criticality systems); that is sub-critical
state, characterized by low fraction of delayed neutron and by ‘small’ Doppler
reactivity coefficients.

This is a kind of Fractional Differential Equation, obtained by generalizing the
Catteneo’s diffusion where relaxation times are taken. However, there can be other
type of generalization considering either infinite jump lengths of neutrons, or by
considering infinite wait times between collisions as were discussed.

The previous section gave boundary value problem, and thereby obtained was
spatial flux distribution inside the nuclear reactor. Here we modify the point kinetic
equations and call them Fractional coupled kinetic equation; the solution to this gives
the time evolution of neutron population. Following is a case where infinite
wait-time statistic gives fractional rate change in point kinetic, which is solved. The
reactor fractional kinetic equations are given by following pair of fractional
differential equations.

L9 iy =DV pxn) +(1Z; —2,)p(x,0)+ AC(x,1)
v, ot%

;t—aC(x,t) = BIZ 1 9(x,1) = AC(x,1)

Where 0 < a <1/2, and initial condition is @(x,0) = ¢, (x)
The parameters are:

v, : Neutron velocity
¢ : Neutron flux.

C : Density of precursors
D : Neutron diffusion coefficient
¥ : Average number of neutrons produced per fission

X ; - Macroscopic fission cross-section
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2, : Macroscopic absorption cross-section
A : Radioactive decay constant

[ : Delayed neutron fraction that is fraction of the fission neutrons that are delayed
Rewriting the above two equations by replacing with B = ﬂ;élf and X=)2, -2,
we get:

19
v, ot%

P(x,1) = DV2p(x, 1) + 2 (x,1) + AC(x,1)

o

aa—aC(x, t) = B@(x,t)— AC(x,1)
t

Rearranging from the first equation of above we obtain C(x,?) as

L9 -2 Z
C(xat)_ ﬂ,\}c a[a ¢(x9t) ﬂ,v ¢(x7t) ﬂ¢(x,t)

and then using this in second equation we get:

2a

0% (V2p(x,1) o a
( P(x )+va8 ¢(x,t)_/18 B(x,1)
or* ot or*
++ABv,9(x,1) + ADv, V2 (x,1) + v, ZP(x,1)

#(x.1) =D,

ot

The solution of this is demonstrated in Chapter 11, by decomposition technique, to
get analytical approximate solution as series

EHEDIACHE
i=0
the components are:

¢0 ()C,l) = ¢(X,0) = ¢0 ()C)

e t2a
HOoD =M (DL s+ My o
2a 3a e
BN =N ey T e N Y Taa )
el 4o > o
0 =G0 T STy % YT eaan

and so on.
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Here the functions of x appearing as above are listed as follows:

M, (x)= ]IDVCV2¢O (X)+Zv. gy (x) = Agy (x)

M, (x)=ABv ¢, (x)+ ]IMVCVZ(Zﬁ0 (x)+ v, Zdy (x)

N, (x)=Dv,V>M, (x)+Zv.M,(x) — AM,(x)

N,(x)=Dv.V2M, (x)+Zv, M, (x) — AM , (x) + ABv, M, (x) + DAv,V>M, (x) + v, M (x)
N3 (x) = ABv.M ,(x)+ DAv,V>M , (x) + v, ZM , (x)

G (x)= ]D)VCVZN, (x)+Zv, N, (x)— AN, (x)

G, (x) =Dv.V2N, (x)+Zv,N, (x) = AN, (x) + ABv.N, (x)+ DAy, V>N, (x) + Av,IN, (x)
G3(x) = DV, V2N, (x) +2v, N5 (x) = AN; (x) + ABv, N, (x) + DA,V N, (x) + Av,ZN, (x)
G, (x) = ABv,N;(x)+ DAy, VN, (x) + Av,ZN5 (x)

The solution in time for flux growth is summation of all these flux components
obtained.

4.9.5 Growth of Neutron Flux with Time for Different Values of
Fractional Orders and Fractional Criticality

The solution of the fractional reactor point kinetics is shown in the previous
section as series solution (as initial value problem). In the present analysis we
shall use the above obtained series solution to present the nature of the neutron
flux for different values of fractional order.

For v, =220,000cm/s, B=000735cm”, D=0356cm’s%, A=0.08s",

¥ =0.005cm™", with initial condition as: #(x,0) = ¢(x) =1.0, the following Table 4.1
gives the values with respect to time.

Table 4.2 Neutron flux @(¢), growth for different fractional order values

Time (s) | ¢ =0.1 a=0.2 a=03 a=04 a=0.5

0.00010 | 1.04535x10° | 6.21599x10° | 3.58370x10° | 2.00988x10* | 1.13743x10°
0.00039 | 1.59622x10° | 1.42279%107 | 1.22266x10° | 1.01416x10° | 8.23638x10°
0.00068 | 1.89937x10° | 1.99782x107 | 2.02159x10° | 1.97079x10° | 1.86944x10*
0.00097 | 2.12264x10° | 2.48265x107 | 2.78898x10° | 3.01545x10° | 3.16326x10*
0.00126 | 2.3039x10° | 2.91405x107 | 2.78898x10° | 3.01545x10° | 3.16326x10*
0.00155 | 2.45852x10° | 3.3087x10" | 4.26719x10° | 5.29060x10° | 6.34629x10*
0.00184 | 2.59449x10° | 3.67595x107 | 4.98668x10° | 6.50071x10° | 8.19238x10*
0.00213 | 2.71652x10% | 4.02168x107 | 5.69632x10° | 7.75079x10° | 1.01890x10°
0.00242 | 2.8277x10° | 4.34989x107 | 6.39764x10° | 9.03656x10° | 1.23257x10°
0.00271 | 2.93014x10° | 4.66344x107 | 7.09176x10° | 1.03547x10° | 1.45939x10°
0.00300 | 3.02536x10° | 4.96447x107 | 7.77958x10° | 1.17024x10° | 1.69866x10°
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From observations of Table 4.2, the inference is drawn that neutron flux
multiplication can be obtained at fractional order values at « > 0.3. The neutron
flux growths for the lower values of & < 0.3 have saturation tendency with time.
The rate of flux growth tends to decrease with time. Whereas for fractional order
values o > 0.3 the rate of neutron flux growth is either positive or increases with
time. This implies that there is possibility of nuclear reactor achieving the desired
neutron multiplication factor k_ or criticality at fractional values indicating

concept of ‘fractional criticality’.

4.10 Concept of Fractional Curl in Electromagnetics

Fractional curl operator has been utilized to find the new set of solutions to
Maxwell’s equations by fractionalizing the principle of duality. New set of
solutions are named as fractional dual solutions to the Maxwell’s equation.

4.10.1 Concept of Chirality

Chirality is ‘handedness’, the term chiral describes an object, especially a
molecule which has or produces a non-superimposeable mirror image of it itself.
In chemistry, such a molecule is called an enantiomer or is said to exhibit
‘chirality’ enatiomerism. The term “chiral” comes from the Greek word for the
human hand, which itself exhibits such non-superimposeability of the left hand
precisely over the right. Due to the opposition of the fingers and thumbs, no matter
how the two hands are oriented, it is impossible for both hands to exactly
coincide-Helices, chiral characteristics (properties), chiral media, order, and
symmetry all relate to the concept of left- and right-handedness.

Wave propagation as handedness is wave polarization and described in terms of
helicity (occurs as a helix). Electrical polarization occurs perpendicular to the
direction of propagation. If during the wave propagation through material the
electric vector rotates clockwise then the material is right-handed, and if rotation
occurs counterclockwise then material is left-handed. Historically, the orientation
of a polarized electromagnetic wave has been defined for light by the orientation
of the electric vector, and for radio waves, by the orientation of magnetic vector.

4.10.2 Duality of Solutions

The electromagnetic theory is based on principle of duality. Dual solutions of
electromagnetic means any solution to a problem containing electric source can be
converted into a dual solution to the problem containing a magnetic source.
Duality does arise in circuit theory as circuit of Thevenin voltage source can be
converted to Norton current source. In electromagnetic the set (E,H,D,B,u,€)

has dual solution with set (H,—E,B,—D,&, 1) .
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This can be demonstrated by example as replacing E > H , H > -E, y — ¢, and
€—>u in VXE=-jwH and VXH = jwE, keeps the two Maxwell equations

same. The complex notation j=+/—1 , in jwis used for representing time-rate

change, whereas, complex notation i =+/—1 , in ik is used for representing ‘spatial
rate of change’ specifically spatial harmonics.

4.10.3 Fractional Curl Operator

Fractional curl operator has been utilized to find the new set of solutions to
Maxwell’s equations by fractionalizing the principle of duality. In electromagnetic
the principle of duality states that if (E,7H) is one set solutions (original) to
Maxwell equations, then other set of solutions (dual to original) is (nH,-E),
where 77is the impedance of the medium. The solution that may be regarded as

intermediate step between the original and dual to the original solutions may be
obtained using the following relationship.

1 1
= .—a(VX)aE and nH ,, = .—a(VX)aH
"Gk O

E

Where (VX)” means the fractional curl operator and k =27 f /e = w\/ue is the

wave number of the medium. The subscripted E

u»H ;, notations mean fractional

dual solutions. In the above definition of fractional curl operator the factor (jk)*

is used to normalize the result, since fractional derivatives of periodic (harmonic)
signals will return this after derivative operation (Chapter 5 and10 gives detailed
account of the fractional derivative of periodic signals).

4.10.4 Wave Propagation in Unbounded Chiral Medium

In a chiral medium electric flux and magnetic flux densities is composite quantity
and represented as

D=¢[E+B(VXE)] and B=p[H + BV xH)]

Therefore the D (and B) at any point x depends on the electric field at other point
x. This spatially dispersive property is non-local property and here the fractional
calculus is used. The factor Fis the chirality property of the media.

Consider a uniform plane wave propagating in z-direction in an unbounded loss
less isotropic chiral medium. According to field decomposition field quantities E
and H may be thought of two plane waves i.e. (E,,H,)and(E_,H_), that are

called ‘wave-fields’. The electric fields corresponding to two-wave fields are:
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E, (2) = E. (0)exp(ik, ),

where k, =k(1£x,) is the wave number of the two wave fields. k = w\/ze and

K, = K\llp& | 1€ . (K is ‘chirality’ parameter). Using the following relation

n.H (2) =%iE, (2)

Corresponding magnetic field may be obtained. In the above expression

This means each wave field sees media with equivalent constitutive parameters as
(&.,4,) and (e_,u_). Also, each wave-field sees ‘chiral medium’ as ‘achiral

medium’, with equivalent parameters as (&,,4,) and (£_,4_).
Medium parameters of the equivalent isotropic media are related to the
parameters of this chiral medium by

& =&(lxk,) andy, = u(ltx,)

Simple expressions of wave fields can be written as
1 .
E+ =—(E- J HH)
2
1 .
E = E(E +jnH)

1( . E)
He=aly)

1, .E)
H=a5)

The total field in chiral medium, the original field is:

E(z) = E! (0)exp(ik, 2) + E' (0)exp(ik_z)
nH (z) =i[EL (0)exp(ik, z) — E* (0)exp(ik_z)] -

Fractionalizing the electric field E, (z) and E_(z) we get

1

. 24
+

Ej,(2)= (V)E, (2)
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1 @ i d* .
= G {(ZX) E, (O)} {dz—aexp(llgz)}

= Efr(O)exp{i(kJanL%]}

i . _%
Efd_(z) =E (O)exp{1[k_z 5 )}

Similarly

Fractional dual fields corresponding to the original field may be written as

Ey(2) = EL(O)exp {i(hu%]}r E'(0) exp{i(k_z —%}}
nH 4 (z) = 1{Ejr (0)exp {i(l@rz +%)}— E' (0) exp{i[k_z —%} H

It is obvious that for =0 E,(z) = E(z) and nH ;,(z) = 7H(2) .
For a=1

E;(z)=nH(z) and 17H 4, (z) = —E(2)

which is consistent with electromagnetic principle of duality. For any value in
between solutions may be regarded as intermediate between the original and dual
to the original solutions.

4.10.5 Reflection in Chiral Medium

Consider a plane wave hits a boundary normally a chiral to chiral interface, at
z =0, the intrinsic impedance before the interface is 77 and after the interface is

7, . The total electric field of the wave fields before the interface is:
E . (z)= E; (0)exp (iki z) + RiJ_rEii (0)exp (iki z)

Consider R_ as the reflection coefficient for the negative incidence wave field and

positive reflected wave field; and R, is the reflection coefficient for positive

incidence and negative reflected wave field. For reciprocal chiral medium the
reflection coefficient becomes
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So we can write:

E, (2) = E}(0)exp(ik,z) - RE} (0)exp ik, 2)
= Ei 0) {exp(iki 7) + R.exp(—ik, z)}

The corresponding magnetic field is:
NH.(2) = HE} (0){exp(ik. z) — R.exp(-ik; 2)]
Using these expressions the total field is written as:
E(z) = E} (0){exp(ik, z) + R.exp(-ik_z)} + E (0){exp(ik_z) + R.exp(ik, 2)}
=E +E,+E,+E,
nH (z) =iE} (0){exp(ik, z) — R.exp(-ik_z)} —iE' (0){exp(ik_z) — R.exp(-ik, 2)]
=nH,+nH,+nH,+nH,
The fractional dual solution to each of the field is given as:

ik,

1 o i . N i .
Eifa :.—)a(v x) {E+(0)exp(lk+z)} =(i)” E, (0)exp(ik, )

The other components are:

Ey gy =~ (i)" (~D* EL(0)exp(~ik_z)
Esp = (-i)" EL(0)exp(ik_2)

Eyp =—(-i)" (-D7EL exp(=ik, 2)
MH g =i(i)" EL (0)exp(ik, 2)

nH, ; =i(i)" (=D” E} (0)exp(-ik_z)
nHy gy = —i(~i)" EL(0)exp(ik_z)

nH = —=i(=1)" (=1)* EL(0)expl(ik, 2)

Using these expressions in the total field expressions of E(z) and nH(z) we get:
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Ey(2)= ()" E4(0) expfitk, )} + R(-D" exp{-i(k_2)} ]
+(=i)* EL0) | exp{i(k_0)} + R=D” exp{-i(k, 2)} |
nH 4 (2) =i0) E, (0) exp{itk, )} - R-D® exp{-itk o)} |
~i(—D) EL ()| exp{i(k_2)} - R(-1)* exp{-i(k, )} ]

On simplification we have:

- sofonf(1c-a%)} e (-a]
P o] of(k-a) s newf(1-a%] ]

G)*E! (0){exp{ [k - 0!2]} Rexp{—l k z—a— H
and(z) =iexp %
—(-)*E! (O){exp {i(k_z—a%]} R. exp{—l[k - ZJH

For =0 we get E, (z)=E(z) and nH g (z) =nH(z) which is original set of

Efd (z) =ex

solutions. For ar=1 we get E,(z) =1H(z) and nH ;,(z) =—-E(z) which is dual

to the original set of solutions. Above expressions for fields with 0 < a <1 may
be regarded as fractional dual solutions corresponding to original set of solutions.

4.10.6 Transverse Wave Impedance
Transverse wave impedance is defined as
Zfary = Egae [ Hygy ==Eggy 1 H gy 5

where

' _(i)aEi (0){ei(k+z—a(7r/2)) +R_e—i(k,z—a(z/2))}]
Efdx(z) _ (ela/r/Z) L
+|:(_i)aEi (0){ei(k,z—a(;r/2)) +R.e—i(k+z—a(7r/2))}:|

|:(i)a £ (O){ei(k+z—a(7z’/2)) _R e—i(k,z—a(;r/z))H
+ :

+|:(_i)aEi(0){ei(k,z—a(ﬂ'&)) _ R.e—i(k+z—a(7r/2))}

andy (2) = (eimr/Z)

Using k, =k+kx, and k_ =k —kk, , we get
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Efdx(z) _ (eim/z)[ei(kz—a(mz)) " R.e—i(kz—a(ﬂ/Z))J{(i)aEi (O)eierz 4 (_i)aEi_ (O)e—ikzc,z}
H _(l iaﬂ/2\|: i(ke—edm/2) _ p —i(kz—a(;z/Z)):H DZE (0% + (—)? EL (0 —ikKrz}

fdy(z)—Lﬂe J e e H"E, (0)e (-)”" E_(0)e
Substituting these in the expression for transverse impedance we get

|:ei(kz—a(/r/2)) " R.e—i(kz—a(/r/Z))]

Zfdxy = 77|:ei(kz—a(7r/2)) _ R.e—i(kz—a(ir/2)):|

For Perfect Electric Conductor (PEC) interface, above impedance expression yields
Zfdxy =intan(kz—a(r/2)),and at z=0, Zfdxy =intan(ar/2)

Similarly
Z e =—E gy | H gy = 1ntan(kz — (71 2))

at z=0, Z,, =-intan(ar/2).
From above derivations, it is clear that for =0, Z W =0 at z=0, which

describes a situation as if PEC interface is placed at z =0. For =1, the transverse
wave impedance is placed at z =0 which gives impedance Z, = e, describing a

situation as if Perfect Magnetic Conductor (PMC) interface is placed at z=0.
Hence, for O < <1, the wave impedance describes a surface located at z =0,
where impedance is in between PEC and PMC.

Consider a chiral slab which is in between two different chiral media, the front
media with intrinsic impedance 77, and rear media with impedance 77, . The width of

middle chiral slab is L and its intrinsic impedance is 77; . The coordinate z =10 is

the front end of slab and z = —L is the rear end of the slab. The transverse impedance
for the fractional dual solution is:

i(kjz—a(7/2)) —i(k z—a(7/2))
[e +R.e } . Zafay —Th
Z fary = Th i(kz—o(7/2)) —itkz—a(ml2)) ]’ with R, =
[e ! —R.e :| Zy fay + 1
|:ei(kzz—a(/r/2)) + Re—i(kzz—a(ﬂ'/Z))]
_ : . _ -1
Lo finy = Th i(kyz—a(7/2)) —i(kyz—a(r2)) | with R, =
|:e1 22 —Re 12" ] N+,

For a value a=2k,L/, the situation is as if there is no chiral slab. The above
derivation is extended, for a case of chiral slab backed by PEC interface the result is:
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[ei(k,z—a(ﬂ/Z))

+R, o ikz=a(z/2) ]

7 - _ Zajay —Th
ey = Th i(kz—a(7/2)) —itkz—a(mi2)) | > 1T ’
[e 12 —Re } Zy vy + T

where Z, ., =11, tan(k,L— (e / 2)) . It may be observed here, that foraz=0, it is

situation of slab backed by PEC interface, while for v =1, the slab is backed by a
PMC interface. With 0 < & <1 deals with fractional dual solution.

4.10.7 Propagation of Electromagnetic Waves in Bi-isotropic Medium

Solution to the Maxwell’s Equations, for bi-isotropic media gives two circularly
polarized waves. One of them is Right Circularly Polarized (RCP) and other is Left
Circularly Polarized (LCP); traveling with different wave numbers k, and k_,

obviously with different phase velocities v, = @/k . Propagation of a plane wave

through a plane parallel structure of bi-isotropic medium can be analyzed in terms of
two non-interacting scalar Transmission Lines, with two eigen solutions waves, in the
same way as simple isotropic media. The main difference is that in the case of bi-
isotropic medium re-ected waves has different wave numbers k , different from the
incident waves. This implies that LCP wave will become RCP wave upon re-ection
from the interface, and vice-versa. Thus incident and re-ected waves will see different
effective medium, therefore the corresponding Transmission Line becomes non-
symmetric.

Thus for two circularly polarized TEM eigen waves depending only upon z
component, the following are the Maxwell’s Equations

curl{E, (z)} =—iau, H, (z)
and curl{ﬁi ()} = ia).sz_rEi (z) , we can re-write these as
u, xE{(z)=-iou,H,(z),

and u, X Hi(z) =iwe,E,(z) . The primed symbol, that are, E;, H represents the
differentiation with respect to z . In terms of Circularly Polarized (CP) unit vector i,
satisfying u, Xu, = *iu, , we may write EXt =u, E, and HX=u,H, . Using these
values, we may re-write the Maxwell Equations as:

E{(2) = ~i@u, (FiH, (2)) and FiH[(z) = -iwe,E, (2)

The above represents Transmission Line Equations as V’(z)=—iwLI(z) and
I'(z) =—1wCV (z), by identifying V., = E, and I, =FiH, .



208 4 Concept of Fractional Divergence and Fractional Curl

4.10.8 Fractional Non-symmetric Transmission Line

The positive and negative wave fields are represented by their respective voltage and
current components. These components are added to get total voltage and current. For
a boundary with reflection coefficient R, , wecan write the wave fields as,

V. (2) =V, (0)e"s* + RV, (0)e ™+

ZI,(2) =V, (0)e™* —R_,V, (0)e

For reciprocal chiral medium

Z,-Z
R,=R= ,
N Z, +Z
SO we write
V. (2) = Vo (0){"+* + Re %)
and

Z1,(2) =V (0)(e" = R
now voltage and current can be written as

Vfd (2)= eiaﬂv+ (0)|:ei(k+z—a7r) " R.e—i(k,szr):| +elmy (O)[ei(k,szr) " R.e—i(k+1*a7r):|

Zl_fd (2)= eiwz'v+ (O)|:ei(k+z—0m') _ R.e—i(k,z—om'):|+ eia/rv_ (O)[ei(k,z—om') _ R.e—i(k+z—a7r):|
Well, for =0, V,(2) =V (z) and ZI ;(z) = ZI(z) . For
a=(1/2) Vfd (z2) =ZI(2)

and ZI ;,(z) =V (z), which is original and dual to the original set of solutions for a
Transmission Line. For 0 <& < (1/2), solution sets V, and ZI ;, may be regarded

as intermediate step between the original and dual to the original solutions of
Transmission Line. The Transmission Line corresponding to solution set V, and

ZI ;; may be termed a fractional dual transmission line.
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4.10.9 Input Impedance of Terminated Fractional Non-symmetric
Line
The impedance is;

Zy=Vu () 1y(2),

using k, =k+kx, and k_=k—kk,, we write "% =¢* xe* and

e = o xR Using these values and putting in V, and ZI;, obtained above
we get:

Vfd (2)= (ZL—+Z)eia” [V+ (O)EikK,z +V (O)e—ikx,z } x 2cos(kz — a;z)[ZL +iZ tan(kz — air)]
2l ()= — oo [V, (0™ +V_(0)e 7 [ 2c0s(ke — am)[iZ, tan(kz - am)+ Z ]

fd (ZL +Z) + — L
7. = Z, +iZ tan(kz — o)
M=% 741z, tan(kz — o)
for a=0
Z,; +iZ tan(k
Zy = ZL.I—(Z) :
: Z +1Z; tan(kz)

which is relation of input impedance at any point for a Transmission Line having
characteristic impedance Z . We consider it as a original Transmission Line. Now
for a=(/2), we get

Zy=2 Z -i.-iZ cot(kz) ’
Z+iZ; cot(kz)

which is relation for input impedance at any point for dual to original transmission
line.

It may be noticed that at a particular point along the original Transmission Line
input admittance becomes the corresponding input impedance of the dual
Transmission Line. So for =0, Z,, expression represents input impedance of

the original Transmission Line and o =(1/2) represents the dual to the original

Transmission Line, and when 0< a < (1/2) represents impedance of fractional

dual Transmission Line.
Variation in value of ¢ along the fractional Transmission Line corresponds to
variation in the observation point along the original Transmission Line. So, the
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behavior along the Transmission Line may be studied by changing the fractional
parameter along the corresponding fractional Transmission Line, while keeping
the observation point constant.

Setting the observation point z =0 then

Z, -iZ tan(ar)

yAa—
M= 7z, tan(arm)’

it is obvious that

_ _ 2 = _
Zul, =700 Zp ‘a:(]/z) =21z or Zyy| =7,

and

Zy L:a/z) =1/Z, =Y, .

This means if original Transmission Line thatis & =0 deals with Transmission Line
which is terminated by Z; load, then & =0.5 deals with Transmission Line which is

terminated by a load, having impedance Y; . For 0 << 0.5 represents a new line

terminated by a load, which may be regarded as in between Z; and Y, .

Now consider further special cases. If Z;, =0 then Z fd‘ o =0, and
o=

veos =0 and if Z; =, then Zj, w0 = and Zfd‘azojzo. For

0<a<0.5,ifload Z, is inductive, for an original load of Z; short circuit, and Z;

Zy
is capacitive if originally the Z; is open circuit.

4.11 Concluding Comments

This chapter extends the argument about reality of having the concept of fractional
order calculus to describe the Nuclear Reactor and application in Electromagnetic
Theory. With regards to the electromagnetic theory the application of the fractional
curl will see extension of its usage in description of Left Handed Materials (LHM) or
Metamaterials where the electromagnetic gets reversed. Reversal of Snell’s law,
reversed Doppler Effect and superlumilaty are terms associated with LHM utilized
for presently to have perfect focusing of beams by straight surfaces. Future will see
the geometrical interpretation of the concept of fractional curl and its use in formation
of turbulence in flow of fluids and electromagnetic. The concept of fractional
divergence as introduced in reactor description will in future lead to development of
reactor criticality concepts based on fractional geometrical buckling, and fractional
criticality or fractional multiplication factor. This enables to describe the reactor flux
profile more closely to actual and maintain efficient correction and control. The
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fractional divergence will be used to describe several anomalous effects presently
observed in diffusion experiments, which, is presently ode to non-linearity effects and
its explanation through integer order theory or by probabilistic methods. The concept
of fractional stochastic difference equations and anomalous transport described here
by fractional diffusion equation, to explain the long tailed time-series behavior, are
also observed in various physiological processes of non-linear dynamics in biology
and other self-similar ‘fractal’ phenomena. The use of slope, in log-log plot of the
asymptotic frequency spectra for physiological phenomena having fractal property is
an indicator of unhealthiness or healthiness. The time series of healthy individual’s
heart beat that is interbeat interval increment shows ‘anti- persistence’ behavior as
described in random walk phenomena can be obtained from spectral analysis. Also
the method described here for anomalous transport, can be applied to studies of
economics more specifically econo-physics. The fluctuations of stock market or ruin
theory of a company or say distribution of wealth indeed are classical cases to study
by theories of anomalous transport developed here to describe neutron diffusion.






Chapter 5
Fractional Differintegrations Insight Concepts

5.1 Introduction

This chapter describes the geometric and physical interpretation of fractional
integration and fractional differentiation. As a start point the Riemann-Liouville (RL)
fractional integration is taken. Briefly existence of fractional differintegration is
discussed along with useful tricks to obtain the fractional differintegration. The
geometric interpretation is developed first for RL integration process along with
concept of transformed time scales, and in-homogeneous time axis. Thereafter the RL
definition is geometrically explained by convolution of the power function and the
integrand, and as area under shape changing curve is demonstrated. The concept of
delay is developed for Grunwald-Letnikov differintegration process and this is
converted into the specific definition of short-memory principle, used for computer
applications. The GL differintegration is also explained as in the classical calculus by
considering infinitesimal quantities for the independent variable and the function, and
explained graphically. The GL definition is expanded with binomial coefficients and
its application to numerical regression. These methods are advance algorithms to get
digital realization for fractional order controllers. The application to solve fractional
differential equation numerically is demonstrated. Small introduction is made
regarding definitions of Local Fractional Derivatives (LFD) for continuous but
nowhere differentiable functions. These LFD (Kolwankar-Gangal K-G definition’s)
utility is extended to measure critical point behaviors of physical system and its
relation to ‘fractal’ dimension. The demonstration is made to have fractional
integration and fractional differentiation, for fractal distributed quantities; thus, line,
surface and volume integration can be performed when the measurable quantities are
distributed in fractal form, Thereby generalizing the Gauss’s and Stroke’s law for
fractal distributed quantities.

5.2 Calculating Fractional Integral

Our ability to calculate explicitly the fractional integral of f(x) depends on
proficiency in performing integration
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X
I(x—u)"_lf(u)du ,v>0.
0

However because of nature of ‘singular’ kernel (x— u)"™", it is possible to develop
certain analytical tricks that allow us to calculate the fractional integral. Even for
explicit calculations of fractional derivatives one has to fractionally integrate the
function. This trick can be used for large classes of well behaved functions, and
analytical functions.

5.2.1 Existence of Fractional Differeintegration

We take our clue from Integer Order Calculus, that the class of differentiegrable
function is a classically ‘well-behaved’ function. Off course most of the classical
functions of mathematical physics and engineering are ‘well behaved’ and thus we
can go ahead for fractional differentiation and integration. Say the speedometer
reading of a moving car or odometer reading of moving vehicle (function with
respect to time) is well behaved, and on this reading we can calculate the
differentiation and or integration to derive automatic control functions. If they
were not the control action will be exceptional.

Candidate function is defined on a closed interval [a < x < y] that is bounded

everywhere in half open interval a < x <y and is better behaved at the ‘lower-
limit terminal’ @ ; than is (x—a)~'. Better behaved than (x—a)~' means that

lim[(x—a) f(x)]=0.

X—a
Physically, it is the area under the curve near the lower-limit terminal a ; which
indeed should be zero. That is,

a+
lim f(x)dx=0.

(a+)—a
a

We define class of ‘differintegrable series’ to be all finite sums of functions each
of which may be represented as product of power of (x—a) and analytic function

1
of (x—a)4, where n is positive integer. For, a,#0 we represent the
differintegrable series as

f@=-a" Y a (-

k=0

For say n =2, the series expansion is:
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1
Ffx)=ay(x—a)’ +al()c—a)erE +612()c—cl)p+1 Foreenn
(x—a)f(x)= ao(x—a)p+1 +a1(x—a)p+§ +az(x—a)‘”+2 +o
Then

lim(x—a)f(x)=0

only if p+1>0 that is, p>—1. Meaning better behaved than (x—a)™', the

function is differintegrable (fractionally).
In addition to the bounded example the functions

f@=G-a) 2 f)= )4 [sind5—a |, f(9)= (r-a) logx, F() =0
fx)= %sin[ﬂ(x—a)] —

Heaviside’s unit step, Square Wave function, is fractionally differinitegrable. The
functions which are not differintegrable are like

FO=(x—a), f(x)-,/g—(x ay

5.2.2 Useful Procedure for Calculating Fractional Integral

The procedure is that we have to express the fractional integral of a power of x , times
a function f(x) in terms of fractional integral of f (x) . This is demonstrated below:

D™V [xf (x)]= To )I(x u)’” ][uf(u)]du v>0

If we replace the term in brackets in the integrand by [x—(x—u)] f(u), the

integral becomes:

D™V [xf (x)] = o )J.(x u)"” 1{[)( (x— u)]f(u)}

j(x w)'™ f wydu j (x=10)" f (W

TTo) )

= xD’Vf(x) —vD™ " £ (x)
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So for
D™ [xe"x ] =xD " e™ —yD "™ = xE (v,a)—VvE (v+1,a),
similarly we can use this trick for
D™ [x cos ax] =xD"" cosax—vD "V cosax = xC,(v,a)—vC,(v+1,a),
and for
D™ [x sin ax] =xS,(v,a)-vS,(v+1,a)

The above method can be generalized if a function is multiplied by x”, where p
is nonnegative integer. The procedure is demonstrated as:

|:x”f(x) v|‘(x u)’” 1[ pf(u)}du With v>0.

()

4 [P\ —k k
Replace u” =[x—(x—u)]” =Z(—1)kLka" (x—u),

then integral becomes:

P X
D [x"f()]= ﬁ;(—l)" @ 7 [ om0y f
= 0

\ p—k y—(v+k)
F( ) E (- 1) LkJF(VJFk)x D f(x)
Using

(-2} Td-20 . T+n) (z+n=1)
nJ_n!r(l—z—n)_(_l) n!F(z)_(_l)L no )

we write:

o [wr ] =3 [t o)

For example



5.2 Calculating Fractional Integral 217
1 (p) i
D7V| xPe™ DF T IT0+ kX" E (v+ k,a)
e ]=r5 ); %)

5.2.3 Calculating Fractional Integral with Non-zero Lower Limit

For calculating the fractional integral when lower terminal is not zero.

DY f(x )_Wj(x W' fydu , v>0

and 0 < c¢ < x. With change of variable as u = x(1—y) , we write:

0

For example take f(x) = x“, > —1and substituting in above we have:

M+

vl_,ud_x
(1-y)'dy o)

D—V /1_

T
(in terms of incomplete Beta function). In this if we let ¢ =0, then we get

T'(u+1
Dot = LHAD
T(u+v+1)

With this observation we can also write
—Vv _ax _ _ac
De™ =e“E _ . (v,0),

and

D" cosax = (cosac)C _.(v,a)—(sinac)S,_.(v,a)

5.2.4 Fractional Integral for Analytical Function

Let f(x) be analytical function in interval [0,X] and we try to obtain its
fractional integral expression.
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oD: f(x)—mj(x W' Fdu, v>0, 0<x< X

“to )jyv 'f o= y)dy

For analytic function, for all y=a, €[0, X] we have series expansion as:

k
flx= y)—f(x)+2( Dt —y :

k=1

converges for all y in interval [0, x]. Substituting this analytical expansion in the
integral we get:

f0 ¢ r ¢ DM F) f(x) S
ro) To )Iy {Z( D ]dy

0

oD f(x)=——

We may change the order of summation and integration to obtain:

DD e L@ S, [T
f()_r()zkv(v+k) _r(v){ v T oY T2+ }

Thus we have expressed fractional integral of analytical function in terms of
ordinary derivatives of that function.
Recalling the expression

bl

D;(V+k) [1] — 1 xv+k
I'v+k+1)

and using the same we may write the above expansion as:

oo

oDy f(x) = Z( 1)"[ ) )[Dkf( [P wm]= Z[_kv][D"f(x)][D‘“’*“(l)]

k=0

5.3 Fractional Differintegration of Product of Two Functions

The rule for differentiating a product of two functions in integer order calculus is:

1) o[ a L] ')

dx" a7 dx’

s

=0~
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and off course restricted to nonnegative integer n .
This finite sum could well be extended to infinite sum, recognizing the fact that

(n)

L J =0, for j>n.From above product rule we generalize as:

Dﬂ[fg]:i[’;jDk[g]Dﬂ_k[f]’ 1>0.

Applying this rule to [fg]=[t? f(¢)], we get:

p
p* [ﬂ’f(t)] - Z(#} [D’zp ][Dﬂ"f(t)] ,for p=0,1,2,... and £ >0,
r
r=0
From here if [fg]=[tf (1)], then D*[tf ()] = tD* f () + uD*~' f (1) , for 1 >0.

It is interesting to note that if0< <1, and then the term D“”'f(r) is

fractional integral and not fractional derivative!
The same expression we apply to get:

D*[iE,(w,a) ] = tE,(w— pt,a) + UE,(w— i+ 1,a)

The product rule for integer order integration comes from repeated integration by
parts as:

k] o) _alr] [l
[dx—a)™ N\ [dx—a)] " [dx—a))

for n, nonnegative integer.
We thus expect the product rule for general arbitraryv >0, as:

oo

o el 3ot r]

=o

The generalized product rule called as Leibniz’s rule for fractional differintegration
is:

d?] f3] zi(q\ AT f] d's]

- —, f .
[d(x—a)] DGy [da-ay 1

Jj=0

Take a fractional differential equation
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1
tDAy(t) -y(n=0,
Yoo .
we apply D”2 on this and write the same as:
1 1 ] l
DA {tDéy(t) = Déy(t) .

Here we apply Leibniz’s rule to get:

e [D%m)}%d% _D%ym} =Dy,

which is
1 1
tDy(t)+§y(t) = Déy(t) .
But from the initial equation we have
s ey = y<ry

substituting this on above obtained equation we have now a linear ordinary integer
order differential equation as:

Dy +~ y(ry= 2.
2 t

_1/ _1
its solution is by simple integration, for ¢ >0, y(¢)= Kt Ae % , with K as

constant of integration.
Let us consider another similar equation:

(O -~7D 231 =0,

1
which is a fractional integral equation. Operating with Dé and rearranging
we have:

1 _1
D2 [ty(0)] = 7D [D % y(t)} =zy(0).
Now apply Leibniz’s rule and we get:

1 _
D[ y(1)] +3D Pyl =y,
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but initial equation is
-1 t
D Ay(t) =—=y1),
Jr
and substituting, this on above we obtain:
) t
D20+~ — vy =Ty
20
Taking the ordinary derivative of original equation

() =ZD (1) =0,

we get:
Dy(D)+ y(0) =D 2 (1) .

1
Eliminating DA y(t) , from this equation and previous derived one we have

*Dy (1) + [%t - ﬁj y(1)=0,

an ordinary differential equation and its solution for #>0 is obtained by

3 _r
integration as y(t) = Kt Ae 7 with K as constant for integration.

5.4 Symbol Standardization and Description for Differintegration

Mathematicians have used several notations since the birth of fractional calculus.
As mentioned in the Introduction chapter (Historical Development of Fractional
Calculus) several contemporary notations for fractional differentiation and
fractional integration. Here attempt will be made to standardize the notations as
differintegrals. The same operator used as integrator when index is negative and
differentiator when index is positive. Separate notation will be used to indicate
initialized differintegral operator and un-initialized operator. However the
difference in notations is made clear as ‘un-initialized’ and ‘initialized’
differintegrals, the concept of initialization function w(f,q,a,c,t) is dealt in
details in the next chapters.

DI f(t) Represents initialized g-th order differintegration of f () from start

point ¢ to t. .d/ f(t) Represents un-initialized generalized (or fractional) g-th
order differintegral. This is also same as
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dif(t) _
m= AAf(),

shifting the origin of function at start of the point from where differintegration starts.
This un-initialized operator can also be short formed as d? f () . The initialization
function (not a constant) is represented as W(f,q,a,c,t) meaning that this is

function of independent variable ¢, and is for differintegral operator of order g, for the
function f(¢#) born at t=a (before that the function is zero), and differintegral

process starting at f=c This initialization function can be short formed as
w(t),w(f,q,t). Therefore the expression between initialized differintegral and un-
initialized one is:

Dif)= dlfO)+w(f.q.a,c.1)

The notation contains lower limit of the process at the front subscript and the order
of the process at the tail superscript, with independent variable with respect to
what is being differintegrated.

For Caputo derivative we will describe Sd?f(r)as the uninitialized one and

CD? f(t) for initialized case. For a generalized case of fractional derivative of

order 0 < <1 with type parameter 0 < <1 the fractional initialized derivative

representation is f D7 f(t).For f=1, we have Caputo derivative and for f=0,
we get Riemann-Liouvelli (RL) derivative. For local fractional derivative at a
point, 7, we describe the symbol as DY f(¢,) .

5.5 Riemann-Liouville Fractional Differintegral

5.5.1 Scale Transformation

The integration in fractional calculus is embedded part of the fractional
differintegration. The RL definition is described as:

o = 1 [ _ ol
oD; f(l)—l_(a)J;f(T)(t % ldr

Take the function g as which is basically scaling the time 7 variable to the
function g(7), is scale transformation concept. Described as:
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g(0) = - (- 1)}

et
T(a+1)
7 8(7)
B (l‘— T)oc—l
dg(7) = T
WD 0= [ £(0dg (@)
0

Therefore the fractional integration of the function is area under the curve for the
plot of f(7) and g(7), fromO—¢. Let us take three axes 7, g(7), f(7), making a
cubic room with floor comprising of plane 7, g(7). We plot the function as from
0<t< 7, in the floor

{t“—(r—r)“}.

1
§(n)= T(a+1)

This is depicted in Figure 5.1. Along the obtained curve (on the floor) we build a
fence of varying height f(7), so the top edge of the fence is 3D line. Points are

7,8(7), f(n)forO< <.

WALL I (f,7)

INTEGER ORDER
SHADOW -1
[f@dr

WALL - 11 (f,g)

FRACTIONAL

ORDER

SHADOW - 11

[r@dg()

FLOOR (7, g)

Fig. 5.1 The 3D representation of RL fractional integration.
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The shadow on the wall (7, f(7)) as shown in Figure 5.1, is well known area
under the curve and is normal integer order integration

D0 =]f(odz.

The second shadow on the wall (g(7), f(7)) is geometric interpretation of the

fractional integration of f(¢), i.e.

WD F (0= f(Ddg()

for fixed 7 that is, area under shadow of wall-II. The observation from Figure 5.1
is that what happens when ¢ is changing (namely growing), the fence changes
simultaneously. Its length and in certain sense its shape changes. The area under
shape changing curve (shadow on wall-II) when differentiated by integer order m
such that integer m > o, will give fractional derivative of order m— ¢ . That is

D/ f () =D7'[ f(Ddg(D),

where 4=m—-ao, and g(7) is power function defined as above, with power o,
translating uniform time scale 7— g(7) .
The wall (f(7),g(7)), depicting shadow growing as =9 — 10 depicting

fractional integration is shown in Figure 5.2. Area under shape changing curve, is
fractional integration

A

f(@

/)

N

> g(7)
=9 =10

Fig. 5.2 Shadow on the wall showing fractional integration as # grows.
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5.5.2 Changing Shape of Curve While Obtaining Fractional
Integration and Differentiation

The explanation about, difference in concept of area under a constant curve-
integer order integration and area under changing shape of curve-fractional
integration is proved here. The generalized integrationof Riemann-Liouvelli type,
of any real number ¢ -folds is

od, ! :Tq){(’" D" f(dt

In the above expression let us put

giving

dt= —ledx,
q

substituting this change of variable the generalized (fractional) order integration
relation is:
14!

j(t— e ‘f(r)dr—Lf(t—Hx LI
F(q)k J L q

1

)
JFe=xts

=g
q

()dt
“T@) !

(N e !

=m —kxqj x’f(t—x’)dx

“T(q +1)If(t_xq)dx

Therefore, the fractional integration of a function as defined above, by convolution
integral is also visualized geometrically, as an area under the ‘changing curve’ as time

(t ) grows, that is f(t—x"?) and the limit of integration is from x=0 to x =17,

This is the major difference as geometrical interpretation from integer order calculus,
where the integration (one-fold) means as the time grows, and the integration is area
under the same function f from x=0 to x=¢. Whereas, in fractional integration

the function itself keeps on changing its shape from time-to-time and new area be
evaluated at each time, under a new function transformed as: f(x) — f(t—x"7),
with limits of integration as transformed from (0—¢) to (0—¢?) that is compressed
(or expanded scale). This geometrical explanation is available in a simple function
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f)=(x+ 2)?,in integer order integration yields the area under the curve (x+ 2)?
from say x=0, to x=t¢=1, for any time the function is same. While changing the
integration to any other limit, one has to add the incremental area under the same
curve, (x+2)° from, time x=1f to x=t,, to that obtained earlier. For the case of

fractional integration it is not so. The same function (x+2)> when fractionally
integrated by say half order then the curve keeps on changing the shape. When
t=0.001, the area under the ~curve is for the function
F(x)=(0.001—x*+2)* = (4—4x" +x*), from x=0 to x=+/0.001. For, r=1
the semi-integration will yield area under a different function that is
f()=(1-x*+2?=9-6x>+x*, from x=0 to x=+/1. For =3, a different

curve is integrated that is f,(x) =25-10x" + x*, from x=0 to x= 3, and so on.

Obviously, after evaluating all these integrations with the changing functions as time
variable grows, a scalar multiplication by a constant that is (1/0.5T°(0.5)) will give
correct semi-integration of the function. The fractional integration is embedded in the
differentiation process too, and thus as opposed to integer order calculus, the
fractional differentiation is non-local quantity. The differentiation in fractional order
is non-local process, and requires lower terminal and upper terminal for the interval
under consideration, for the fractional differentiation process.

For t+=10, 7is varied from 0-10. g(7), is formed and then f(7) is plotted.

The Figure 5.2 shows the change in the shape of the curve from t=9 to =10
and the integration under the new shape. The difference in the integer order
integration is that the new shape of the curve from 0-10 as compared to old one
0-9. When ¢ changes the entire preceding time interval changes as well. The
changing area under the shape changing curve, when differentiated by integer
order m just greater than the fractional order ¢ used for integration, will yield
fractional differentiation of order m—« .

5.5.3 Homogeneous and Heterogeneous Scales in Fractional
Integration/Differentiation

Let us consider a moving object fitted with speedometer and a clock. The observer in
the moving object records the speed at the end of each second (time-interval) as
Vi,V,V3,..V) - At the end of 10 seconds the observer in the moving object calculates

the distance, Sy =v; +v, +v;+...v,, where the observer takes by the local clock

each interval of time as ‘one-second’. Now the observer stationary at the fixed frame
of reference knows that the clock of the mobile observer is running slow. The actual
time at the end of each one-second is 1, 2, 4, 8, 16, 32, 64 .... Then the actual
distance traveled as seen by stationary observer (call cosmic observer) as per the
actual time (call cosmic time) is S, = v, +2v, +4v; +8v, +16v5 +32v, + 64vs +...,

is much more than S, . The integration of local velocity (speed) with local time is
integer order integration and the integration of the speed recorded with respect to the
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transformed time is fractional order integration. These phenomena when moving
body changes its position in space-time, the gravitation field in the entire space-time
changes due to movement of the object. As a consequence, the ‘cosmic-time-
interval’, which corresponds to history of the movement of the moving object,
changes. Sy ,v(7), 7, is individual, distance, speed, and time, of the observer moving

with the object. S
outside on fixed frame of reference (cosmic). They are related as

v, (1),t, distance, speed and time as recorded by the observer

0’

Sy()= oD7(t) = J'v(r)dr, S, (t) = oD (1) = j W(D)dg(7), v(t)= DS, (1)

is individual velocity of the local speedometer as related to cosmic-distance, and
d I-o
v,(t) = SO )= 0D “V(t)= oD, V().

The first derivative of cosmic distance is the cosmic velocity, and the cosmic
velocity is fractional derivative of order (1—«) of the local velocity. Figure 5.3
gives the two kind of time homogeneous (local time) and the heterogeneous
(transformed time). In above, example the variable ¢ is used as notation for both
the observers N and O.

[ 4 ® ® ® o ® * —_—
0 1 2 3 4 5 6 7
[ & ® ® ® ° »
0 1 2 3 4 5

Fig. 5.3 Homogeneous and heterogeneous time.

The g(7) describes in-homogeneous time scales, which depends not only on

the 7, but also on the parameter ¢, representing the last measured value of the
individual time (of the moving object). Fractional integration in time means
transformation of the local time to cosmic-time.

5.5.4 Convolution Example

The Riemann-Liouville definition for the fractional integral is:
d™1

. ——10) -0 f(D)dzr, ¢20
[di-a]” T )I I
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This definition is extended to fractional differentiation with m as integer as:

m—q 1 m t
d ns___dmja—rﬁ*fwur,q2Qm>q

[dit-a)]"™ [(q) dr

The RL integral can be viewed as convolution of the integrand function with
power function, when both the functions are causal can be expressed as:

-4

; 1 ¢ f(odr
[d(t-0)]

T(g) " J TT@q -0

0)=f(ﬂ*h0)=f10*(

Where

1
hit)=———.
(t) T(g)r """

Causal functions mean that no convolution response can obtained before the
function f(¢) is applied Figure 5.4 demonstrates the convolution process. The

function is
f@®)= cos(z?”tj,

the order of fractional integration is half ¢ =1/2. The Figure a) show h(7) vs. 7,
the Figure b) show the f(¢),t>0. The Figure ¢) show h(-7). The curve is
obtained for the wvalue ¢=5, and the d) show the plot of
h(t—7)@¢t=5i.e. h(5—7)vs.7. The part e) of the figure show the full integrand
for t=5. Now moving this h(¢ —7) for several continuous values of ¢ from 0-10,

repeating the graphs d) and e) and obtaining the value of the integral of the
product (for several values of ¢) the final graph f) is obtained. For t =5 the graph
e) show full integrand as h(5—7)f (7). The integral of this product becomes the

t =5, value of the semi-integral of f(z).

In this convolution example the convolution of power function 47" /T'(e)is
carried out with f(¢). This is Laplace convolution, represented symbolically as
od L fO={fO} (1" IT(9)} .

There is Fourier convolution of a power function that is given as:
{f (X))} ®{xH71/ (W)= _.d,7f(x), which is fractional integral starting

from —eo .
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Fig. 5.4 RL integral interpreted as convolution.
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In the Figure 5.4f, the point X is
5
[r@ms-oar,
0

definite value of the integration.
Figure 5.5 demonstrates the several h(r—7) for t =1,2,3,4,5,6,...

Figure 5.6 demonstrates the semi-derivative of
£ty = cos(%”rj,

is obtained from differentiating once the RL semi integral graph.

0 1 2 3 4 5 6

|
0 1 2 3 4 5 6

d1/2f(t) O

| | | |
| | | |
| | | |
20 ] ] !
0 1 2 3 4 5 6

Fig. 5.6 Semi-derivative of function. Differentiating once the RL semi-integral of f (t).
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5.5.5 Practical Example of RL Differitegration in Electrical
Circuit Element Description

These types of intermediate devises are becoming reality in electrical circuits as
evident from patent US 20060-267595 of November 2006. We shall start with a
resistoductance alone, which is a linear circuit element whose behavior is
intermediate between that of an inductor element and ohmic resistor element. The
term resistoductance is combination of pure resistance and pure inductor. As
integer order equations the fractional order requires fractional derivatives (or
integrals) as initial conditions. How does then one relate to initial condition
expressed in terms of fractional differintegrals? The constitutive equation of such
an element is:

v(t) = K (Di(t) or i(t) = % oD V(1)

Here v(t) is across variable i.e. the voltage across the circuit element and i(¢) is

the through variable i.e. current through the circuit element. If @ = 0, the circuit is
purely resistive and K = R ohms and if & =1, the circuit is purely inductive and
K =L henrys.

For a step input of voltage, v(t) =V, applied at t =0. The current is described
as fractional integration of the forcing function i.e.

. | R
i(t)= E oDy (1) .

In terms of convolution definition (as forcing function being causal) and

a-1

t

the power function, the current is obtained as:

N PP ¥ (i v,
z(t)—K[¢<r> V(’)]‘O—Kr(m o =@

0
J‘—(x)')’_l dx

VO xa—lﬂ 0 VO x{x Vo ta
= _— = — — — a
Kl'(o)| a-1+1] KI(a)| o | Kod(a)
Using I'(a+1) = of (&) we obtain the current to step input as:

. — VO o
0= Kl"(a+l)t
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For pure resistance =0, and i(t)=V, /K and for pure inductance o =1, and
i(t)=(V,/K)t.

The initial value of the current vanishes i.e. there is no instantaneous current,
only retarded response. However, the first ordinary derivative of i(r) = K;t* is

unbounded, so that a finite though undefined current can be reached in arbitrary
small time interval. The change of i(¢) is described by the fractional differential

equation as: ,D/i(t)=V, /K .
In accordance with the theory of fractional differential in terms of RL
derivatives, an initial condition involving ,D®'i(t) is thus required. Physically

this initial condition has no representation and cannot be directly obtained from
measurement. This condition can be found by taking the first order integral of the
constitutive equation. This process relates the fractional (immeasurable) initial
condition to something of reality and measurable as:

[ODtaili(t)lﬁO = |:th71 (VO / K):|r~>0

In the case under consideration, voltage stress is finite at all times hence

[OD;IVO]HO =0,

which leads to condition of zero initial condition involving fractional
differintegral, namely:

[ D in)]_ =0,

1=

The same consideration applies to general finite voltage v(¢), and equation be
solved is ,D/i(t) =v(t)/ K , and same zero initial condition be attached.

Now for the impulse input voltage at time O i.e. v(f)=Bo(¢)att=0, the
current expression is again

. 1 o
i(t)= E oD v(t)

using the convolution definition and

a-1

t
H(0) = @’

the current expression is:
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a-1

t
— * * z -

i(r) = [¢(t> v(n)]= [ (0*BS(1)] = ¢(r> B @
This is obtained as the convolution of function with impulse at =0, returns the
function itself. The power function with gain B is retuned. This is property of the
convolution. As observed from the derived current expression for the impulse
voltage, the initial voltage-stress singularity give rise to lower order current
singularity, since resistoductance cannot respond instantaneously.

The impulse response is mathematical convenience to evaluate transfer
characteristics, is seldom used in practice, because it is even more problematic to
apply homogeneous impulse voltage on circuit element, than to apply step.
However investigating the impulse response will follow the same reasoning as for
the step.

For the impulse voltage excitation for ¢ > 0, the fractional differential equation

is, (D%i(t)=0. In accordance with the theory of fractional differential equations

with RL derivatives, an initial condition involving [OD,‘Hi(t)] is required. This

t—0
can be found through integration of constitutive equation as:

[0iy]  =[, D K)]  =BIK

Which gives the initial condition in terms of fractional differintegral as
a-1. _
[ DFit)]  =BIK.

This fractional differintegral initial condition is non-zero well defined and
bounded, whereas both current and its integer order derivatives are unbounded,
and its first order integral is zero so that a meaningful initial condition expressing
the loading conditions cannot be obtained using integer order derivatives.

In above example of resistoductance, it is possible to attribute physical meaning
to initial condition expressed in terms of fractional differintegral. Expressing
initial condition in terms of fractional derivative of a function u(f) is not a
problem, because it does not require a direct experimental evaluation of these
fractional derivatives. Instead one should consider its counterpart (in separable
twin), v(¢) via basic physical law, and measure (or consider) its initial values.

Similarly other intermediate models can be considered as resistocaptance.
Resistocaptance will be similar in nature to resistoductance, where the circuit
element will be intermediate between pure resistance and pure capacitance. The
constitutive part will be

1 .
v(t) = E oD i(2)
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Or i(t)=K ,Dv(t), where for ar=1 the element is pure capacitor with K =C

farads, and for & =0 the element will be pure conductance K =G mho.

These intermediate models can explain the behavior of ‘time-constant’
dispersion effects in the circuit behavior when the relaxation observations cannot
be explained by single 7=R/L or RC time constant.

5.6 Grunwald-Letnikov Fractional Differinteration

The basic definition of Grunwald-Letnikov (GL) is:

[dt-a)] »>= T(=q) FTTG+D

d'f(1) _hm( N NZ_IF(]_Q)f[f—J[t_TaD

When the index g is negative the above process is fractional integration and when
q 1is positive fraction the process tends to fractional differentiation. For
understanding the recursive formulation of GL method consider small example
with ¢ =1/2,N =4 . The GL expansion for the four terms is:

T'(-1/2)
ra

r—a)"” FU/Z)f(t_(t—an+
d" £ (1) N Q) 4
[d(l‘—a)]”2 F(_l) I'c72) f[t_z(t__a)}4_
2 r'(3) 4
e o5
T'(4) 4

The process explanation is that the function f(¢)is first multiplied by a constant

f+

then time shifted by amount ((t—a)/N) for (N —1) many times and each shifted
term gets a weight multiplication (I'(j—¢q)/T'(—¢)I'(j+1)) before summing and

t—a\"’

_N .
Figure 5.7 shows the diagrammatic representation of weighted addition for the
four terms as derived for semi-differentiation of the function f(z) .

then scaled by a factor
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dllz.f(l‘)
&—>[d(t-a)'’’

-1/2
t—a
=3

r'(-1/2) r{/2) r(3/2) I(5/2)
r-1/2rn®  r12re) § T-1/2r3)® r(-1/2)r4) ®

p ol
N

A 4
A 4

7 (@) D | r¢-p) " D | r¢-2D) D (t—3D)=

DELAY D= t_Ta

Fig. 5.7 Time delay weighted summation of semi-derivative (four-terms)

Thus the observation is that semi-derivative evaluation for a function by GL
method is seen to be a summation of progressively delayed evaluation of f(¢)
multiplied by progressively decreasing constant weights, and finally multiplied by

—-q
(—t Na) . In reality choosing the value N =4 is crude approximation. The
definition states N — oo, so take large value as N =10,000 . The following case

is considered for g =1/2,N =10,000 :
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T'(-1/2)
T fO+

r(1/2)f(t_( t—a HJF
rQ2) 10,000

r(3/2)f(t_2( t-a DJF
—a jm r3) 10,000

d" £ () [10,000 *

da—a]” F(_lj rG-1/2 ( [ t—a )
2 rG+n "\ T0.000) )

£
r(9997.5)f(t_9998( t-a D+
'(9999) 10,000
F(9998.5)f(t_9999( t—a jj
T'(10,000) 10,000

By comparison it is seen that the four-term expansion and the 10,000-term
expansion of the semi-derivative in GL method Gamma function based
coefficients are the same for the first N terms. The time shift factor (incremental
delay) is off course very much smaller and indeed approaches zero as the number
of terms are made towards infinity.

-1/2
D

> 2 — 5 ®_>
- d"f(@
[d(t-a)]"

r(-1/2) r(/2) ['(9997.5) T'(9998.5)
® r(71/2)r(1)® [(-1/2)L(2) ®r(71/2)r(9999® T(~1/2)I'(10,000)
n L@i ceee I—»—»f(z—lo,ooon)
DELAY D=—_¢
10,000

Fig. 5.8 Time delay weighted summation of semi-derivative (large number terms) higher
order approximation of GL.
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The diagram of Figure 5.8 shows the higher order approximation with large
number of terms. The diagrams of Figure 5.7 and Figure 5.8 are similar except the
delay steps are smaller in the higher order approximation. One observation is
made as the time (independent variable) grows the delay between the consecutive
terms increases as

is the delay. Meaning that for fixed N, as the time grows the resolution between
the samples of the function decreases. This is overcome by spreading the sampling
instrument N in number uniformly in one interval keeping AT same will rewrite
the GL approximate as:

(AT) " &ETG-9) ,,, .
PIO= I gy ey’ (7D

5.7 Unification of Differintegration through Binomial Coefficients

The coefficient in the Figure 5.7 and 5.8, for GL approximation in series form
however is through Gamma functions. Practically it is tough to evaluate Gamma
function especially when the argument is a large number. Also for electronics and
real time computer realization the use of Gamma function is tough. Here the
unification approach is presented by use of binomial coefficients. First integer
order unification of repeated differentiation and repeated folded integration is
presented. The same can be generalized by use of Letnikov theorem to any
arbitrary order (not in the scope here).
The repeated integer order differentiation is as follows:

Wy . fO-f—h)
7o= dt ngl) h
fm(t):dz—{:lim f“)(l‘)—f(l)(l‘—h) zliml{f(t)—f(t—h)_ f(t—h)—f(t—Zh)}
dt h—0 h—0 h h
f(t) 2f(t— h)+f(t—2h)
h—)O h
fo oS O3 =M +3f (=2~ f(t~3h)
drr -0 e

By induction:

= dn—f—hm Z( Iy (rjf(t—rh)
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The binomial coefficient

r r!

[n] n(n-1(n-2)...(n— r+1)

for r>1.
The above derivative expression is generalized for any p integer where p < n , is:

W(r)— Z( 1y Uf(r—rh)

and obviously

tim 7 0= 0 =L

because in such a case as follows, all the coefficients after (pj are zero.

D
For integration case the index is negative, for convenience sake let us define
(like binomial coefficient) the following:

r r!

H _ P+ D(p+2).(pt+r=1)

Call this as pseudo-binomial coefficient.
Then

r r!

P |_=pp=D=p=2)..(=p=r+l) _ 1y [ﬂ}
Sl
Using this we have for integration (differentiation with negative index) as:

L= h,,z{ }f(t—rh) Zm.f(r—rm

r=0 r=0
Taking interval #—a and dividing them equally by n write the limit as:

Jim 77 = DI f(0)

nh=t-a

Take p=1,then f, " (t)=h)_ f(t—rh). Taking into account t—nh=a,

r=0
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t—a t
lim £ 0= D' f0)= [ ft-2dz=[ f(@)dT
nh=t—a 0 a

Take p =2, then

H _234.Q4r-D) _

r r!

giving

w=n Z”: (r+)f@—rh).
Rearranging and putting r+h =y we get
£ = YN fe—rh)+ f(t—rm)) =B (rh) £ (y—rh)
r=0 r=1

and taking 7 — 0 we get

Tim f2(0)= D ()= [ fa-2)de = [ (-0 f @)
0 a

nh=t-a

3 _
Take p =3, then _ 34..3+r-1) _ (r+h(r+2)
r r! 1.2

we have

n+l

;20 = %i@ D+ 2R f (e =1h) = £, (1) = %Z r(r+ DI f(y=rh),
V— :

r=1
here also 4+ h =y is substituted. Expressing the above by rearranging:

n+l 2 n+tl

1) = %Z(rh)Zf (y—rh) +lh—22(”h)f (y—rh),

taking 7 — 0 we obtain:

) 1 t—-a z
D f0=— j & f(t-2)dz = j (t=2)’ f(2)dr .

Because y =>¢,as h —0 and
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2 n+
lim —irhf(y rh) = lim hj(t 0 f(@)=0

nlzta' nhraa

Generally this process suggests that:

D" f(t)= lim h”Z{p}f(t—rh)— j(z )" f(r)dr .
r

r=0

nh t a 1)‘
Repeated p folds integration.
Applying the Letnikov theorem above expressions obtained can be generalized
for any arbitrary order of differentiation and integration process with binomial
coefficients expressed as weights as indicated below:
For arbitrary differentiation of real order the coefficient approximation for

0 [ 7]
— k 1S
(o)

1+ . .
w®” =1 and w® = [I—T w”); used for recursive computation, these are

weights.

. . . . N al.
For arbitrary integration of real order the coefficient approximation for {k} is

wi® =1land wi ¥ = [l—l_—aj wi?
k
used for recursive computation, these are weights.

A caution is put here the factorials in the binomial (for differentiation) and pseudo
binomial (for integration) coefficients get generalized by Gamma functions as
indicated in the Introduction chapter, for arbitrary order. However these weights are
approximates and are helpful in recursive formulation for computation and real time
applications, obviously with error.

5.8 Short Memory Principle- A Moving Start Point
Approximation and Its Error

For t>>a, the number of addends in fractional differintegral approximates
becomes enormously large. However, it follows from the expressions for GL
definitions and unification arguments in the preceding sections, that for large ¢ the
role of “history” of the behavior of the function f(¢) near the lower terminal

t=a, (the start point of the differintegral) process, can be neglected, under
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certain assumptions. Those observations lead us to the formulation of the “short-
memory” principle, which means taking into account only the “recent past” of the
function behavior. That is in the interval [t—L,¢], where L is memory length (in

unit of time). Therefore the approximation is:
Dif(t)y=,_ ,DFf(t), t>a+L)

In other words, according to the short-memory principle the fractional
differintegrational with lower limit a, is approximated by fractional differintegration
with “moving lower limit”, (f —L) . With this approximation the addends in the GL

process is always not greater than [L/h] . In the selection of number of addend the

rule followed is thus, by this short memory principle (for N (¢) ) is

t||L
N@)=min<|—|,| — |,
() {[/J {h}}
and where £ is step size.

Of course, for this simplification penalty is paid in terms of accuracy.
Following rule will explain this. We consider the function in the interval (a,b) to
be bounded by f(t) <M and have the error value as per required accuracy as €.

Then, following estimate is the rule:
Error in short-memory principle expressed as:

ML!

An= T

Dif- . D f(t)| <

Where (a+L<t<b) and f(t)<M for a<t<b.

This inequality rule can be used for determining the “memory-length” (in unit of
time) provided the required accuracy is meti.e. A(f)< ¢ and a+ L <t <b therefore:

LM
£5|F(l—a)|J

Summarizing the approximates for differintegration process we write:

da
Re(ax) >0
P (o)
D = 1 Re(a) =0

j d7)y* Re(a)<0
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N(1)

o DO =S @ f(t— jh)

j=0

N() = mm{m[ﬂ}

+o o lia o
o, =lLo" =|1-—— |&7
j .

5.9 Matrix Approach to Discretize Fractional Differintegration
and Weights

The weights or the coefficients for approximation of fractional differintegration as
described in the preceding sections are:
For differentiation:

. J[a)
wy =(-1) Lk} ,for k=0,1,2,3...N .
This can be written as:
W =L = (1—1+—0’j, fork =1,2,3..N .
k
For integration:
—a o
w, :{k}’ for k=0,1,2,3,..N .
This can be written as:
o o -«
w, =1lw,*=|1-———|,fork=12,3,.N.
k

Both are same formulation. However in system identification the most appropriate
value of order ¢ must be found; this means that various values of « are considered

and for each o we have to calculate w; . In such cases above recursive method is
not easy instead Fast Fourier Transform (FFT) is used. The weights w; can be

considered (for differentiation) as coefficient of the series function (1—z)*. The
power series is expanded as:
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(1_Z)a:i(_1)k( jz _z (@
k=0

Substituting z = ¢ we have
*J(ﬂ) Z W(a)eﬂ<ﬂ

and the coefficients w(* are expressed in FFT as
1 2r »
W =— [ f.(@e*do,
27

Where f,(@)=(1-¢7?)". j=+/-1

w.® , can be computed using FFT. Since in this case we always obtain a finite

number of coefficients the FFT can be used with short memory principle.
The approximation to fractional derivative can be written as fractional
difference approach:

DI f@) = f(t) =h" Z( 1)/ [ .]fkj,for k=1,2,3,..N
J

Jj=0

Following formulation of the above in matrix notation is helpful for coefficient
evaluation:

KA f(1,) | w00 = o [ f ]
HA (1)) | WO W@ 0 =0 || f

k =h_0! k £ * O O *
A" f(t,) w Wi w0 || ful
N LG N B R

In the above coefficient matrix the coefficients are symbolically are:

W = (- 1)/( jj 0,1,2,..N .
J

With the argument as indicated above, for obtaining them from FFT we have a

generating polynomial and whose coefficients will the Triangular matrix with

wj."’) , with truncation as described by:

Q(z)zi W2 e trunc, (0(2) = Z 07" =0y(2).
k=0
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The matrix notation we write in short as
[h“A“f )] =[B][£],
where matrix [B] includes the 1/h%. We call
By =[B]=8,(z)=h"(1-2)".

The approximation for fractional integration follows from B, by doing inverse

operation. Define 1{" =(B")™'; the generating polynomial representation will be
for integration as:

I < @, = trunc, (B, (z)) = trunc, (h“(1—2)™*)

For integration operation the coefficient matrix is:

(we® 00 0 0 |
w i 0 0 0
IV =h"| = w0 0
wed o owy ok * 0
A R R

The integral matrix representation is in short:

[h“A’“f(tk )] = [Ix”].[fk] ,k=0,1.N .

The weights for integration symbolically are:

co | TH =Y for j=01,2.3..N
Wj () ] j’or,] 9Ly &g Tyeee

5.10 Use of Discrete Fractional Order Differintegration in
Fractional Order Signal Processing

Above discussion on weights and previous discussion (Chapter 4) on the
fractionally differenced process generating Autoregressive Fractional Integral
Moving Average (ARFIMA) as,

1-L)" = Z@ (L)'
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(where L is the lag operator), gives insight to some very important properties of
ARFIMA in context of fractional order signal processing subjects. ARIFMA is a
generalization of Autoregressive Moving Average Method (ARMA), used in
control theory for system identification.

These fractionally differenced processes (ARFIMA) exhibits long term
memory (LRD) persistence, or anti-persistence short term memory.

The fractional order, & of ARFIMA process is between (- Y2 to 2) and this is
most useful range.

The spectral density, as derived in Chapter 4, is

S(w) =[2sin(w/ )% =1/ @™*.

For a =1, the spectral density is of Brownian Motion (BM). Brownian Motion is
output of an integrator driven by a white noise.
When, a=0 ARFIMA process is white noise. For —(1/2)<a <0 the

ARFIMA process is with ‘short memory’ anti-persistence and autocorrelation of
the process decays monotonically and hyperbolically to zero. For range
O0<a<+(1/2), the ARFIMA process is with long memory; the auto correlation

of this time series (which is long range dependent) decays slowly (with heavy tail)
as power law function of time. This range is most important for the processes
exhibiting Long Range Dependence (LRD). For, or=+(1/2) the spectral density

of ARFIMA is like discrete 1/ f noise. For a=—(1/2) the process is not
invertible. These were elaborated in Chapter 4.
The discussion brings out concept of 1/ f noise for a=+(1/2); this was

developed by Bernamont in 1937. The spectral density of 1/ f noise is C/ | f |ﬁ;
0<f<1. The 1/ f noise is typical process that has long memory also termed as

‘pink’ noise and ‘flicker’ noise. The basic 1/ f is output of a fractional order

integrator system whose input is white noise. we have developed this concept in
Chapter 4. It appears in widely different systems such as radioactive decay, chemical
systems, biology, fluid dynamics, astronomy, electronic devices, optical systems,
network traffic and economics. In this range of 0 < @ <+(1/2), the process is Long

Range Dependent (LRD), and most useful for identification of system with lingering
memory.
Also we can consider 1/ f type of noise as output of Fractional Integrator with

Transfer Function H(s)=1/(s)?, whose impulse response is h(t) =t*" /T'(q) for
O<g<l1. For g=1, the output of (integer) integrator to white noise input
x(t) = 8(t) will have spectral density as 1/ @”* =1/ f*; yielding Brownian motion,
q = 1. The auto-correlation function of the output, y(¢) of the Fractional Integrator is
R, (1)t

Fractional Gaussian Noise (FGN) is another kind of 1/ f noise. FGN can be seen
as stationary increments of self-similar process called Fractional Brownian Motion
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(FBM). The FBM plays fundamental role in modeling and identifying Long Range
Dependence (LRD). The increment in time series is

G, (k)= B, (k)-B,(k—1) ke Z;

of the FBM process, the B, are called FGN. The scaling properties of ‘fractal
noise’, FGN are characterized by Hurst exponent H . The scaling is
Y(t)=c"Y(ct), (where is ¢ a constant). The FGN is defined by spectral density

S(f)= f” . The model for long range dependence was introduced by Mandelbrot
and Van Ness (1968). The value of this LRD lays in financial data, communications
networks data, and video traffic bio-corrosion data. Formally let us have stationary
time series Y(k)={Y(k)}, with zero mean. The time series ¥ is LRD if

autocorrelation
R, (k)=(Y()Y () =c, |k|", k—>eo

with, 0 <y <1 and spectral density is S (®)=c, |a)|_ﬁ ,0< f<1. The asymptotic
exponent, [ giving self affine property of the time series, is related to Hurst
exponent as f=2H —1, theoretically valid for an infinitely long ‘mono-fractal’
noise; Fractional Gaussian Noise (FGN).

Here we relate the Hurst exponent, H with ¥, Band fractional differencing
number as defined for AFRIMA above ¢r. The Hurst exponent was introduced in
Chapter 2 and 4 is an index that also characterizes the LRD, and this has to
be0.5< H <1, for process to be LRD. The relationships are f=1-7y,
H=(1+p)/2andH =a+(1/2).

This Hurst exponent gives degree of LRD, for a process; that is autocorrelation
of the time series and takes place at 0.5< H <1, where the value 0< H <0.5
indicates a time series with negative autocorrelation (that is a decrease between
the values will be followed by an increase; anti-persistent); and 0.5< H <1
indicates a time series with positive autocorrelation (that is an increase between
the values will probably followed by another increase, persistence). A value
H=0.5 (a¢==0,y=1) indicates white-noise and random walk, where it is
equally likely that decrease or increase will follow from any particular value that
is the time series has no previous memory. For LRD processes, past events have a
decaying effect on the future.

With H =1the series is ‘pink’ noise. This type of time-series of pink noise is
important because this is a kind of threshold between the persistent stable noise
(05<H <1, 0<pf<1),and the non stationary noise £>1. Note that common

random white noise is characterized by f=0 and H =0.5, whereas a random walk
or Brownian motion is characterized by fS=2. The noise characterized by
0< H <0.5 is called anti-persistent while 0.5 < H <1 is persistent noise.
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In the same way we may call anti-persistent walk given by fluctuation with,
1< B <2 and persistent walk given by fluctuation with 2<f<3. The

fluctuation characteristic by exponent 1< f <3 we call ‘walks’ because they may

be obtained by integrating fractal noises characterized by 0 < H <1.

5.11 Infinitesimal Element Geometrical Interpretation of
Fractional Differintegrations

The GL definition is described below:

t—a)

D f(t):lim( Nj SLG-9) f(t_j(r—_aD:hm ST_TG=a) [G=JAT)
== T(=q) ST(+D N )} 0 RTg(j+l) AT
AT =(t—a)/ N,N = o,AT -0

The nature of the definition may be explored with the j-th and j+1-th term. In a
general sense if the terms are additive and ¢ <0, then integration is in effect. If

the terms are differenced and ¢ >0 then differentiation is suggested. Then

T(j-q) [G=jAT) T(j+l-gq) f(t—(j+1)AT)+n}

DY f(1)= lim {+ , :
T(—qT(j+1) AT'  T(-q)[(j+2)  AT‘

AT —0

Dividing through out by the coefficients of j-th term, and combining the j-th and
(j+1)-th term gives:

aD,"f(t)=Al;rgo{..m(f(t_jAT”fTJ:“_(j”)AT}..},j=1,2,3...

_TG+1-@TG+D _ T(-q)
TG-@T(j+2) =~ T(=g)T(j+1)

5.11.1 Integration

Now wheng =-1, then f=1 and a=1. The GL equation simplifies for j and
j+1 term as:

uDj‘f(t) =Al}_n’l(){...-f-AT[f(t—jAT)-f-f(l‘—(j-l‘l)AT)]-f'...},j=1,2,3...

Which is conventional integration. For simplicity take g =1/2, then
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aDz_l/zf(t):AI;TO{""'-aAT% I:f(t_jAT)+ﬂ7%f(t—(j+1)AT}+...},j=1,2,3...
i+

P=T7m

For all j greater than equal to zero [ is positive. The subscripted symbol indicates
semi-integration process. For the general case the expression is:

aDr’qf(t)=Al;mo{...+aAT"[f(t—jAT)+ﬂ_qf(t—(j+1)AT]+...},j=1,2,3...

Thus ¢ and f are always positive, when g is between 0 and —1, and the above
summation is seen to be integration process and indeed fractional. A geometric
approximation to this integration is given in the Figure 5.9.

1 (1) ™
S = JjAT)

"

af (t— jJAT)

N'l (X 2 1 0:j

o ar o

Fig. 5.9 Geometric interpretation if infinitesimal incremental fractional integration.

If g=-1, then 205 f(—jAT)AT is an area represented below the curve
of (t— jAT) . If g =-2 (Outside the domain of consideration here as g is restricted
to —1), then Zaf(t — JAT)AT? is a volume. Then the series Zaf(t — JAT)AT?
for 0 > ¢ > —1may be thought of as “fractional-area”. In Figure 5.9 fractional integral

is area under the a f(t— jAT) curve multiplied by AT*™", a fractional scaled version
of the shaded area or full area.
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5.11.2 Differentiation

For ¢ =1, =0 for all j except for j=0.The GL expansion is:
D)= lim {f(t)—f(t—AT)}
AT —0 AT

Which is conventional integer order differentiation.
For general case we take g =1/2, then

(i- 1)
By, = G+1)

here for all j>1— ﬂy >0. It can be seen that S, will be positive for all ¢ when
2

j21.1Itis also true that 0> ¢ = —1, for all g in the range. Therefore:

D f()= Al}glo{...aAT’% [f(t—jAT)+,B%f(t—(j+1)AT)}+...}
For general ¢ the expression is:
DIf(t)= Al}rfo{...aAT"’ [ - jAT)+ﬂqf(t—(j+1)AT)]+...}

So after the first j =0 term, it is seen that all terms are a direct sum of negatively
weighted functions, again integration process. However the effectiveness of the
weighing AT ?is changed as ¢ >0. The first j =0 term for all ¢ is AT f(z),
thus considering the first two terms we have:
DI f(t)=lim {—f(t)_‘If(t_AT) +}
AT -0 AT?

This brings in an effective differentiation (for ¢ >0) though scaled by AT*

instead of AT , as in the case of one-order differentiation.

If the g is taken as 1 then this returns to rate of change, like velocity (slope).
For value 2 i.e. outside the range it yields acceleration. For O-1 therefore the
expression may be called as fractional rate of change of function. Figure 5.10,
shows the j=0 and j=1 points of a geometric approximation to the g-th

derivative. The slope between the curves multiplied by AT "', is loosely a
geometric interpretation for this part of the fractional derivative or fractional rate.
The remaining terms after the first two are like integration terms may be
interpreted in as in Figure 5.9, but meaningless at limit AT — 0.
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Af ®)
/4N I
Q)

i f(t~AT)
f(O)~af (¢ AT) ) o=t
J. gf (t = AT) 0

. qg=1/2

Fig 5.10 Geometric interpretation of fractional differentiation for j=0 to j=1.

5.12 Local Fractional Derivatives (LFD)

Fractals and multifractals functions and corresponding curves or surfaces are
found in numerous places in non-linear and non-equilibrium phenomenon. For
example low viscous turbulent fluid, Brownian motion. These phenomena give
occurrence of continuous but highly irregular (non-differentiable) curves.
However the precise nature of connection between the dimensions of the graph of
fractal curve and fractional differentiability property was only recognized recently.
One way to express LFD is by limit of first derivative of fractional integral of
order -« of a function f(x) subtracted from an offset that is value of function

at x, thatis f(x,) when x — x,, and is expressed as follows:
The fractional integral is

1 r n—o ’ ’
109= o [ e L= s ) Jax
%o

the first derivative of this fractional integral while x — x, is LFD at point.

D [f(x)] _ = lim I'(x)
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The way of classical definitions of fractional derivatives (forward derivative)
do indicate that the derivative at a point is determined by all the states that the
function had been through in the past till that point. This is non-local character
of the fractional derivative in classical sense. Well if a function is defined in
interval [a,b] then if one has to find fractional derivative at a point a < x, <b,

then one has to know not only entire character of the function from a to x, but

also to calculate backward derivative. One also needs to know the ‘future’ of
the function (from x, to b) and only when these forward and backward

fractional derivatives are equal then we can say that fractional derivative at
local point x, exists. This puts a demanding restriction on this approach.

K.M. Kolwankar and Anil D. Gangal introduced a new notion of Local
Fractional Derivative (LFD). This method will be termed as KG Local Fractional
Derivative.

In this section only definition of this LFD will be introduced. The classical
definition of fractional derivatives of Riemann-Liouvelli (RL), Grunwald-
Letnikov (GL) discussed in detail in this book, makes it a non-local property. Also
as discussed the RL approach of fractional derivative of a constant makes it non-
zero. These two features make extraction of scaling information somewhat
difficult.

5.12.1 KG- LFD for Order Less than Unity

LFD tries to overcome these issues by having a neighborhood point approach as
defined for a function f:[0,1]— R (Function defined for values O to one). Why
this domain is chosen, the reason is the basic definition of box-dimension where
the geometrical method assumes that function is normalized between 0 and one;
refer Chapter 2.

D sy = tim LT D=1 G0)

=% d(x—x)!

If this limit exists and is finite then we say the LFD of order ¢, for 0 < g <1at
x =Xx, exists. In this definition the lower limit X, is treated as a constant. The
subtraction of f(x,) corrects for the fact that fractional derivative of a constant is

not zero, for Riemann-Liouvelli fractional derivative. Whereas, limit x — X, is

taken to remove non-local contents. Advantage of defining LFD in this manner
lies in its local nature and hence allowing the study of point wise behavior of
functions.

Say the, point of interest is x, =0, and g =1 then the LFD is slope at point

zero for function f(x).That is:

D' £(0) = lim L f(x)
x—0 dx



252 5 Fractional Differintegrations Insight Concepts

The logic in this approach is to get ‘fractional-slope’ at a point x = x,, the constant

offset gets subtracted. Due to non-local character of RL definition and due to the fact
that Fractional Derivative of a constant is not zero, addition of constant changes the
magnitude of Fractional Derivative. This KG definition of LFD is offsetting the effect
of constant in RL derivative by shifting the point of interest x, and f(x,) to the

origin (0, 0). Thereby, nullifying the effect of constant by subtracting f(x,), the
lower limit is treated as a constant.

5.12.2 KG- LFD for Order Greater than Unity

The method of obtaining KG-LFD for fractional order greater than one is as follows.
The idea is to expand the function in Taylor series at the point x = X, by choosing

an integer N such that N < ¢ < N +1 and follow the same procedure of subtracting
this value f(x,) from the function and then take the Fractional Derivative in the
limit of x — x,, this is formulated as follows; for a function f:[0,1] - R
(Function defined for values 0O to one).

DY £ () = tim — 91| =] )+ FO Gk 0) + L (rm )t L )
0 o J(x 0 0t o) Tt 0

=X [d(x — X,
N (n)
q f _ n
DY I ’ [f() Zr( ) J
flxp)= Xm)}g T

If this limit exits and is finite where N is the largest integer for which N derivative
of f(x) exists at x, and is finite, then we say LFD of order ¢ with N <g< N +1

at x, exists.

5.12.3 Critical Order of a Function and Its Relation to the Box
Dimension

Definition of critical order is ¢ at x = X, as supremum (of g ) the order of LFD,
of order less than g exists at x = Xx;.

Let us take a function f(x)=a +bx+c|x|ﬂ with f>1, say f=1.5, then we
have f(0)=a and f(l)(O) =b at x=1x, =0 with N =1 for this case we get:

d? B r'(g+h s,
DY £(0) = 0 Mo — B-q
1O [d(x-0)]* [f( =01 )x} {dx b 1{:0 {c F(,B—CIH)X 10



5.12 Local Fractional Derivatives (LFD) 253

Clearly at the origin for g=/, fractional derivative exists and the fractional
derivatives diverge at origin for g > f. The critical order for this example is thus .

Let us take example of an irregular function and find out its Critical Order. The
example is of Weierstrass Function

oo

W,(x) = z A6k gin Ak x,

k=1

with 4>1 and 1<s<2;and x€R (real number). The box dimension is dy =,
for this function. The Hurst exponent is thus H =2—d; =2~ , for this function.

This Weierstrass function is continuously fractionally differentiable locally for orders
g <(2—s) and not for any fractional order g between (2—s) and 1. This we

discuss here in this section. Note that W, (0) =0 . Now we fractionally differentiate
this:

q > q
d—Wl (x)= Z A0k 4G gk
dx? pa dx?

Use scaling property of the Fractional Differintegration as:

T ripo-p—L— s
— f(fx)= f(Bx)
dx? d(fx)?
to write
d?sin A x 3 (ﬂk)q d?sin AFx
dx* d(lkx)q
thus:
d? o d?
SW ()= D AT = in Ay
dx? pa d(Ax)"
For
44 49 7 497!
O<q<1,—sinx=—J.costdt= Tcosx,
dx? dx? 0 dx?”

and putting this above we get:
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q ° q-1
d—Wﬁ (x)= z/l(s_2+q)k d—_lcos(/ikx)
dx? k=1 d ()»X)q

The fractional integral of cos(ﬂ,k x), of order 1—¢g is bounded uniformly for all

values of A*x . Here since g <1, the operator d7™" is actually fractional integration
operation. This implies that RHS of the obtained expression for fractional derivative
of W,(x) will converge if s—2+¢g<0 or g<2-s. This justifies taking the
fractional derivative operator inside the sum. The fractional integral of cosx as
x—0 iszero (D," cosax=C,(v,a),and Cy(v,a)=0).

Therefore,

dfi
fim 420

=0;for g<2-s.
x—0 dxq

For any other point, other than zeroi.e., x=y#0 we use

X' =x—y,and; W, (x') =W, (x"+ 2)—W,(¥) , so that W,(0)=0.
We have:

W, (x") = 2/1“‘2)" sin A¥ (x + ;5)—2/1“‘2”‘ sind* y

k=1

~
—

ALk (cos AF ysin AFx” +sin A* y(cos A¥x’ - 1))

~
Il

1

Taking Fractional Derivative of Vf/l (x) wr.t. x” and following the same procedure
as above we can show that Fractional Derivative (LFD) for Weierstrass function of
order g <2-—sexists at all points, and for ¢ >2—s the LFDs diverge (does not
exist).

The critical order is therefore ov=2—s for Weierstrass function. Therefore the
Weierstrass function is not differentiable by any integer order 1, 2... though is
Fractionally Differentiable at all points. This is one classic example of a function
which is continuous everywhere but nowhere differentiable, like graph of stock-
index fluctuations!

We therefore write the rule relating the critical order to the box dimensions as for a

function f :[0,1]—> R to be a continuous one, if D?f(x,)=0 for ¢ <o where
0<gq,a<l1 for all x, then box dimension of the function is dz <2-¢. Also if
there exist a sequence of x, in close proximity of xjand as n— e such that

D7 f(xy) =0 for ¢ > o forall x, then dy 22—-«r.
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5.12. 4 Information Content in LFD

As mentioned in the Chapter 4 the derivative gives the measure of curvature of a
function. In order to see the information contained in the LFD we consider the
‘“fractional” Taylor series, with remainder term for a real function f(x). Let

q
Fligox— i) =—— o (f(0)— ().
[dx—x)]

it is therefore clear that D?