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Preface 

This book is aimed at to entice multidisciplinary pure and applied science re-
searchers to think differently and to discover and describe nature and natural phe-
nomena (sociological, economical, biological, physical or chemical processes) 
with wonderful tool of mathematics called Fractional Calculus, which is in fact a 
generalization of the classical Newtonian Calculus, what we all are used to. The 
greatest discovery by Newton was to tell the world is ‘that nature follows mathe-
matics’; well the question is “which mathematics”? This question of finding 
“which mathematics” nature should follow is never ending quest for the pure and 
applied science researchers and this book will entice them. This work is aimed at, 
to make this subject popular and acceptable to engineering and science community 
to appreciate the universe of wonderful mathematics, which is in between classical 
integer order differentiation and integration, which till now is not much acknowl-
edged, and is hidden from scientists and engineers. This book will generate 
‘Physical and Engineering Essence of Fractional Calculus’.  

This work is inspired by thought to have overall fuel-efficient nuclear plant 
control system. I picked up the topic more than a decade ago while deriving reac-
tor control laws, which aimed at fuel efficiency. Controlling the nuclear reactor 
close to its natural behavior by concept of exponent shape governor, ratio control 
and use of logarithmic logic, aims at the fuel efficiency. The power maneuvering 
trajectory is obtained by normalized shaped reactor period function, and this de-
fines the road map on which reactor should be governed. The experience of this 
concept governing Atomic Power Plant of Tarapur Atomic Power Station gives 
lesser overall gains compared to older plants where conventional proportional in-
tegral and derivative type (PID) scheme is employed. Therefore this motivation 
led me to design scheme for control other than conventional schemes to aim at 
overall plant efficiency. Thus I felt need to look beyond PID and obtained the  
answer in fractional order control system, requiring fractional calculus (a three 
hundred year old subject). This work is taken from large number of studies on 
fractional calculus and here aimed at giving application-oriented treatment, to un-
derstand this beautiful old new subject. My contribution, in having fractional di-
vergence concept to describe neutron flux profile in nuclear reactors and to make 
efficient controllers based on fractional calculus, to have physical sense to solve 
fractional differential equation, to interpret laws of nature in simple way to make 
fractional calculus subject attractived and to give picturesque sense to sometime 
complex looking mathematics, are some minor contribution in this vast (hidden) 
area of science.  

 



VIII Preface
 

This work is due to blessings of Prof Michelle Caputo, the founder of Caputo’s 
fractional derivative. His blessings for the first edition encouraged me to carry out 
further research and development on the scientific and engineering aspects of 
Fractional Calculus further.  

This second edition carries most of the advances which I could carry out with 
my colleagues, publish papers, make circuits and carry out experiments and filing 
patents. The photograph of one such system is shown below; the system is now 
under industrialization. This edition is improvement on the contents of first edition 
having advance work on this subject. Some mistakes that appeared in the first edi-
tion have been corrected too. In several places I have added extra explanations 
with derivations as enquired by various users of the first edition. 

The extra portions of this edition is from, advanced work done during past 
years by the students and faculty of various Universities and Institutes who have 
taken up research work on this subject with me, and also from various invited 
talks and lecture series that I have taught at post graduate level at Universities and 
deliberated in past, as a ‘Resource Faculty’ of Ministry of Human Resource De-
velopment Government of India, or deliberated  as Invited Speaker at various sci-
entific forums; on this subject. 

This photograph is of DC motor position servo with analog circuits of frac-
tional order PID, under industrialization process. Well, now it is a real reality, 
once opined as a paradox three hundred years ago by Leibniz. 
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The treatment here in this book is very simple, with physical reasoning and neat 
derivations, for almost all the concepts; a final year student can take this for his 
research. 

Enjoy the wonderful world of Fractional Calculus. 
 
 

January-2011 Shantanu Das
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About Contents of This Book 

The book is organized as eleven chapters. The book aims at giving a feel of this 
beautiful subject of fractional calculus to scientists and engineers and should be 
taken as start point for research in application of fractional calculus. The book is 
aimed for appreciation of this fractional calculus and thus is made as application 
oriented, from various science and engineering fields. Therefore, the topics restrict 
the use of too formal mathematical symbolism and mathematical formal theorem 
stating language. The chapter three and four gives overview of application of frac-
tional calculus before dealing in details about fractional differintegrations and ini-
tialization issues. These two chapters deal with all types of differential operations 
including fractional divergence application and usage of fractional curl.   

Chapter one is basic introduction, dealing with development of the fractional 
calculus. Several definitions of fractional differintegrations and the most popular 
ones, are introduced here. A table in this, chapter gives feel of fractional differen-
tiation of some functions i.e. how they look. To aid the understanding diagrams 
are given. In this chapter the solution of Fractional Differential Equation is given 
to draw similarity between uses of indicial polynomials used to solve integer order 
differential equations, with classical example of ‘tautochrone’ problem, solved by 
Abel. Also in this chapter classical physical law of transport where conservation 
of probability is generalized is introduced deriving the Fractional Differential 
equation. The laws of irreversibility and its relation to non local character of frac-
tional calculus are highlighted.  This introductory chapter also gives idea of scale 
invariance, generalization of normal statistical laws, useful in fractional calculus 
context. Here simple derivation is done to show that normal integer order diffu-
sion equation has inbuilt ‘half’ derivative thus paving way by indexing the order 
of fractional half derivative, to adapt a concept of ‘fractional Brownian motion’ a 
motion with memory.  

Chapter two deals with the important functions relevant to fractional calculus 
basis. Few examples of these functions are highlighted as to aid understanding in 
utilizing these for solving Fractional Order Differential equations. Laplace trans-
formation is given for each function, which are important in analytical solution. In 
this chapter interesting discussions are put as for memory integrals, which are es-
sence of various physical systems relaxing through non-exponential power laws. 
Also brief introduction is made regarding regularizing of irregular and rough func-
tions with ‘fractal’ non-integer order dimension. Definitions of various dimensions 
are also placed here.   

Chapter three gives observation of fractional calculus in physical systems (like 
electrical mechanical, thermal, control system etc.) description. This chapter is 
made so that readers get feel of reality. In this chapter the anomalous diffusion 
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laws are introduced, along with synthesis of fractional order element as approxi-
mate to continued fraction expansion. The derivation is done in simple manner for 
dynamics of chain network, and its average displacement for infinite case is re-
lated to half differintegral with external force. The same is also derived for 
‘charged’ chain in an Electric Field, indicating different fractional order differin-
tegral (other than half) relating average displacement with the external uniform 
electric field.   

Chapter four is extension of chapter three where concept of fractional diver-
gence and curl operator is elucidated with application in nuclear reactor and elec-
tromagnetism. With this the reader gets a broad feeling about the subject’s wide 
applicability in field of science and engineering. In this chapter Fractional Deriva-
tive and its spectral derivation is made through Fractional Discrete Difference 
concept, in random walk context; with extension giving super diffusion and sub 
diffusion. The concept of persistent and anti-persistent diffusion with memory is 
derived. The fractional reactor kinetics equations are derived and solved and pos-
sibility of fractional criticality is elucidated.   

Chapter five is dedicated to insight of fractional integration fractional differen-
tiation and fractional differintegral with physical and geometric meaning for these 
processes. Explanations are made to elaborate concept of fractional differintegra-
tion by computing area under shape changing curve, and concept of imaging (pro-
jection), and non-uniform flow of time. The concept of Fractional Order Signal 
Processing and Fractional Noise is introduced to identify the Fractional Stochastic 
Processes. The Local Fractional Derivative and its relation to fractal dimension of 
graph along its utility to enlarge critical points study of physical systems is elabo-
rated. In this chapter example of numerical calculation of simple fractional order 
differential equation is presented, along with method to extract exponent describ-
ing local singularity at a point is derived. Along with this basics are developed to 
do integration on fractal distribution, thereby giving concepts of fractional line 
surface and volume integrations, with respect to fractal dimensions. Naturally the 
generalization of Stroke’s law and Gauss’s law is derived for systems with ‘fractal 
distribution’.   

Chapter six tries to generalize the concept of initialization function, which ac-
tually embeds hereditary and history of the function. Here attempt is made to give 
some light into decomposition properties of the fractional differintegration. Gen-
eralization is called as this fractional calculus theory with the initialization func-
tion becomes general theory and does cover the integer order classical calculus. 
The periodic signals are fractionally differintigrated with different initial start 
points. Here conflicting issues of initialization of Riemann-Liouvelli vis-à-vis 
Caputo formulation is elaborated, giving physical interpretability. With the as-
sumed fractional initial conditions demonstration to solve Fractional Advection 
Dispersion Equation, and concept of modeling fractional stochastic process as 
example dynamic delays of computer network system and its physics are derived.  

Chapter seven gives the Laplace transform theory a general treatment to cover 
initialization aspects. In this chapter also described is concept of w-plane on which 
fractional control system properties are studied. In chapter seven elaborate dealing 
is carried on for scalar initialization and vector initialization problems. Elaborate 
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block diagrams are given for aid to understand these concepts in chapter six and 
seven. In this chapter fundamental fractional differential equation is taken and im-
pulse response to that is obtained, along with derivation of interlacing of poles and 
zeros to get arbitrary fractional order operator realized practically is elaborated. 

Chapter eight gives application of fractional calculus in electrical circuits and 
electronic circuits and electromagnetism. In this chapter the concept of Generat-
ing-function is presented which gives transfer function realization for digital reali-
zation in real time application of controls Realization of transfer function for  
implementation of Fractional Order PID is given here. Interesting elaborations of 
laws of Electromagnetism is included where electric charges and magnetic flux is 
distributed in fractal media.  

Chapter nine deals with application of fractional calculus in other fields of sci-
ence and engineering for system modeling and control. In this chapter modern 
aspects of multivariate controls are touched to show the applicability in fractional 
feed back controllers and state observer issues. Also the theory of iso-damping is 
elaborated by practical examples of design of fractional phase shaper by Bode’s 
integral. In this chapter the derivations of fractional laws of viscoelastic behavior 
of fractal chain network, and anomalous electrochemical behavior are discussed, 
along with memory based relaxation of non-Newtonian fluid.  

Chapter ten gives detailed treatment of order of a system and its identification 
approach, with concepts of fractional resonance ultra-damped and hyper-damped 
systems. Also a brief is presented on future formalization of research and devel-
opment for variable order differintegrations and continuous order controller that 
generalizes conventional control system. This chapter also deals with complex 
non-linear relaxation of condense matter and methods to identify these behaviors. 
The introduction of complex order calculus in system identification is given, in 
this chapter. The identification technique of important parameters for irregular 
stochastic process is developed here, in order to fit Levy statistic with long range 
dependency with lingering tail, and with memory effect.   

The chapter eleven deals with the solution of Generalized Differential Equation 
System by decomposition technique by physical principles of action reaction se-
ries. The solutions thus obtained are analytical approximates for the system. Here 
the method highlights uniformity in Riemann-Liouvelli and Caputo formulations 
where only integer order initial states are required and the solution is close to 
physics of action reaction.   

References contains list of work in fractional calculus and applications a few of 
them. Several other authors draw some of the references indirectly on their re-
search papers. Undoubtedly it is not possible to include all references and work of 
past three hundred years.  

Undoubtedly this is an emerging area or research (not so popular at present in 
India), but in next decade perhaps will see plethora of applications based on this 
field. May be XXI century will speak language of nature that is fractional calculus. 

 
 

January-2011 Shantanu Das
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Chapter 1 
Introduction to Fractional Calculus 
1   Introduction to Fractional Ca lculus 

1.1   Introduction 

Fractional calculus is three centuries old as the conventional calculus, but not very 
popular amongst science and or engineering community. The beauty of this sub-
ject is that fractional derivatives (and integrals) are not a local (or point) property 
(or quantity). Thereby this considers the history and non-local distributed effects. 
In other words perhaps this subject translates the reality of nature better! Therefore 
to make this subject available as popular subject to science and engineering com-
munity, adds another dimension to understand or describe basic nature in a better 
way. Perhaps fractional calculus is what nature understands and to talk with nature 
in this language is therefore efficient. For past three centuries this subject was with 
mathematicians and only in last few years, this is pulled to several (applied) fields 
of engineering and science and economics. However recent attempt is on to have 
definition of fractional derivative as local operator specifically to fractal science 
theory. Next decade will see several applications based on this three hundred years 
(old) new subject, which can be thought of as superset of fractional differintegral 
calculus, the conventional integer order calculus being a part of it. Differintegra-
tion is operator doing differentiation and sometimes integrations in a general 
sense. Also the applications and discussions are limited to fixed fractional order 
differintegrals and the variable order of differintegration is kept as future research 
subject. Perhaps the Fractional Calculus will be the calculus of XXI century. In 
this book attempt is made to make this topic application oriented for regular sci-
ence and engineering applications. Therefore rigorous mathematics is kept mini-
mal. In this introductory chapter list in tabular form is provided to readers to have 
feel of fractional derivatives of some commonly occurring functions. Here various 
definitions of fractional differ-integrations are introduced, and some applications 
of Fractional Differential Equations are deliberated. Also, discussed are the law of 
irreversibility, non-locality and conservation of probability, stable random vari-
ables, scale invariance and generalization of normal probability density function to 
power law distributions. The simple derivation is shown here to elucidate the fact 
that integer order diffusion equation Fick’s law has half order differentiation em-
bedded into it, and its extension to have concept of anomalous transport, and Frac-
tional Brownian Motion. This treatment will give the readers the feel of fractional 
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calculus to explain natural laws, stochastic processes of several manifestations and 
the subject’s relevance to basic physical laws of nature. To start with let us think for a 
moment, about the normal derivative /d dt  is representing the rate of accumulation 
or loss; that is, gain rate minus loss rate, at infinitesimal bounded space. Well if that 
infinitesimal space is having traps (of various sizes) where our particle money or any 
variable what we are studying is temporarily parked then will the /d dt  replicate real 
picture of accumulation or loss? Similarly these trap pictures could be islands or for-
bidden zones in the infinitesimal space where the variable (particle, money, flux etc.) 
cannot reside; then also the rate of accumulation or loss will be different  
than /d dt . Well then the fractional differentiation /d dtα α , where eα ∈ℜ  may 
give the sub- or super-rate of accumulation or loss with index α  representing the  
heterogeneity distribution of the infinitesimal space (traps or islands)! 

1.2   Birth of Fractional Calculus 

In a letter dated 30th September 1695, L’Hopital wrote to Leibniz asking him particu-
lar notation he has used in his publication for the n-th derivative of a function  

( )n

n

D f x

Dx
 

i.e. what would the result be if 1/ 2n = . Leibniz’s response “an apparent paradox 
from which one day useful consequences will be drawn.” In these words fractional 
calculus was born. Studies over the intervening three hundred years have proven at 
least half right. It is clear, that with in the XX century, especially numerous applica-
tions have been found. However, these applications and mathematical background 
surrounding fractional calculus are far from paradoxical. While the physical meaning 
is difficult to grasp, the definitions are no more rigorous than integer order counterpart.  

Later the question became: Can n , be any number: fractional, irrational, or com-
plex? Because the latter question was answered affirmatively, the name ‘fractional 
calculus’ has become a misnomer and might better be called ‘integration and differ-
entiation of arbitrary order’ or ‘arbitrary ordered differ-integrations’. Anyway mathe-
matics is art of giving misleading names! 

In 1812, P.S. Laplace defined a fractional derivative of arbitrary order appeared in 
Lacroix’s (1819) writings. He developed a mere mathematical exercise generalizing 

from a case of integer order. Starting with my x= , where m  a positive integer, La-

croix easily develops n th derivative: 

!

( )!

n
m n

n

d y m
x

m ndx
−=

−
, m n≥ . 

Using Legengdre’s symbol for the generalized factorial (the complete Gamma 
function), Lacroix gets: 
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( 1)

( 1)

n
m n

n

d y m
x

m ndx
−Γ +=

Γ − +
. 

He then gives example for y x=  and 1/ 2n = , and obtains: 

1
2

1
2

2d y x

dx π
= . 

It is interesting to note that the result of Lacroix in the manner typical of the clas-
sical formalists of the periods is same as that yielded by the formalists Riemann-
Liouvelli definition of fractional derivative. This expression of Lacroix is also 
referred to as Euler’s formula (1730). Let us try and use this to evaluate fractional 
derivative of ( ) exp( )f t t= .  

The exponential function is represented as series  

0

( )
!

k
t

k

t
f t e

k

∞

=

= =∑ , 

applying this term to the Euler expression (as above) we get,  

0
( 1)

v k v
t

v
k

d t
e

k vdt

∞ −

=

=
Γ − +∑ , 

where 0v >  and v ∈\  (real number). The fractional derivative of exponential func-
tion does not return exponential function. The expression of the series function is one 
of the Higher Transcendental Function, and in this case Miller-Ross function  
is represented as ( ,1)tE v− . 

1.3   Fractional Calculus a Generalization of Integer Order 
Calculus 

Let us consider n an integer and when we say xn we quickly visualize x multiply n 
times will give the result. Now we still get a result if n is not an integer but fail to 

visualize how. Like to visualize 2π  is hard to visualize, but it exists. Similarly the 
fractional derivative we may say now as  

( )
d

f x
dx

π

π  

though hard to visualize (presently), does exist. As real numbers exists between 
the integers so does fractional differintegrals do exist between conventional  
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integer order derivatives and n fold integrations. We see the following generaliza-
tion from integer to real number on number line as 

��
��	�
n

n xxxxxx ............=                n is integer 

xnn ex ln=                      n is real number 
! 1.2.3....( 1)n n n= −           n is integer 

! ( 1)n n= Γ +                     n is real  

and Gamma Functional is 1

0

( ) t xx e t dt
∞

− −Γ = ∫  

Therefore the above generalization from integer to non-integer is what is making 
number line general (i.e. not restricting to only integers). Figure 1.1 demonstrates 
the number line and the extension of this to map any fractional differintegrals. The 
negative side extends to say integration and positive side to differentiation. 

2 3

2 3
, , , ,...
df d f d f

f
dt dt dt

→  

..., , , ,dt dt fdt dt fdt fdt f← ∫ ∫ ∫ ∫ ∫ ∫  

Writing the same in differintegral notation as represented in number line we have  

3 2 1 2 3

3 2 1 2 3... , , , , , ,...
d f d f d f df d f d f

f
dtdt dt dt dt dt

− − −

− − −← →  

-3 -2 -1 0 1 2 3

                                                  
)3(f )2(f )1(f )0(f )1(f )2(f )3(f

INTEGRATION DIFFERENTIATION  

Fig. 1.1 Number line & Interpolation of the same to differintegrals of fractional calculus 

Heaviside (1871) states that, there is universe of mathematics lying between the 
complete differentiation and integration, and fractional operators push themselves 
forward sometimes and are just as real as others.  

Mathematics is art of giving things misleading names. The beautiful-and at first 
glance mysterious-name, the fractional calculus is just one of those misnomers, 
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which are essence of mathematics. We know such names as natural number and 
real numbers. We use them very often; let us think for a moment about these 
names. The notion of natural number is a natural abstraction, but is the number 
natural itself a natural? The notion of a real number is generalization of the notion 
of a natural number. The real emphasizes that we pretend that they reflect real 
quantities, but cannot change the fact that they do not exist. If one wants to com-
pute something he immediately discovers for himself that there is no place for real 
numbers in this real world. On a computer he can work with finite set of finite 
fractions, which serves as approximations to unreal real number. 

Fractional calculus does not mean the calculus of fractions, nor does it mean a 
fraction of any calculus differentiation, integration or calculus of variations. The 
fractional calculus is a name of theory of integrations and derivatives of arbitrary 
order, which unify and generalize the notion of integer order differentiation and  
n-fold integration. So we call generalized differintegrals.  

1.4   Historical Development of Fractional Calculus 

Fractional order systems, or systems containing fractional derivatives and integrals, 
have been studied by many in engineering and science area. Heaviside 1922, Bush 
1929, Goldman 1949, Holbrook 1966, Starkey 1954, Carslaw and Jeager 1948, Scott 
1955 and Mikuniski 1959. Oldham and Spanier 1974, Miller and Ross 1993 present 
additionally very reliable discussions devoted specifically to the subject. It should be 
noted that there are growing number of physical systems whose behavior can be 
compactly described using fractional calculus system theory. Of specific interest to 
electrical engineers are long electrical lines (Heaviside 1922), electrochemical proc-
ess (Ichise, Nagayanagi and Kojima 1971; Sun, Onaral, and Tsao 1984), dielectric 
polarization (Sun, Abdelwahab and Onaral 1984), colored noise (Manderbolt 1967), 
viscoelestic materials (Bagley and Calico 1991; Koeller 1986; Skaar, Michel, and 
Miller 1988) and chaos (Hartley, Lorenzo and Qammar 1995), electromagnetism 
fractional poles (Engheta 1999). During the development of the fractional calculus 
applied theory for past three hundred years the contributions from N, Ya. Sonnin 
(1869), A.V. Letnikov (1872), H. Laurent (1884), N. Nekrasov (1888), K. Nishimoto 
(1987), H.M. Srivastava, R P Agarwal (1953), S.C Dutta Roy (1967), Miller and 
Ross (1993), Kolwankar and Gangal (1994), Oustaloup (1994), L. Debnath (1992), 
Igor Podlubny (2003), Carl Lorenzo (1998) Tom Hartley (1998), R.K. Saxena (2002), 
Mariandi (1991), R.K. Bera and S Saha Ray (2005), and several others are notable. 
Author has tried to apply the fractional calculus concepts to describe the Nuclear Re-
actor constitutive laws and apply the theory for obtaining efficient automatic control 
for nuclear power plants. Following are some of the notations and formalization ef-
forts since late seventeenth century by several mathematicians:  

Since 1695 after L’Hopital’s question regarding the order of the differentiation 
Leibniz was the first to start on this direction. Leibniz (1695-1697) mentioned 
possible approach to fractional order differentiation, in that sense that for non-
integer ( )n  the definition could be following. This letter he wrote to J. Wallis and 

J. Bernulli. 
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n mx
n mx

n

d e
m e

dx
=  

L. Euler (1730) suggested using relation ship for negative or non-integer (rational) 
values, taking 1m =  and 1/ 2n =  he obtained the following: 

1/2
1/2

1/ 2

( 1)( 2)...( 1)

( 1) ( 1)...( 1) ( 1)

( 1)

( 1)

4 2

n m
m n

n

n m
m n

n

d x
m m m m n x

dx
m m m m n m n

d x m
x

m ndx

d x x
x

dx π π

−

−

= − − − +

Γ + = − − + Γ − +
Γ +

=
Γ − +

= =

 

First step in generalization of notation for differentiation of arbitrary function was 
conceived by J.B.J. Fourier (1820-1822), after introduction of: 

1
( ) ( ) cos( )

2
f x f z dz px pz dp

π

+∞ +∞

−∞ −∞

= −∫ ∫  . 

His definition of fractional operations was obtained from this integral representa-

tion of ( )f x . Now, 
1

cos ( ) cos[ ( ) ]
2

n
n

n

d
p x z p p x z n

dx
π− = − +  for n , an integer. 

He made a remark as: 

( ) 1
( ) cos[ ( ) ]

2 2

n
n

n

d f x
f z dz p p x z n dp

dx

π
π

+∞ +∞

−∞ −∞

= − +∫ ∫  

and this relationship could serve as a definition of n-th order derivative for non-
integer order n. Fourier states that “The number n  that appears in above will be 
regarded as any quantity whatsoever, positive or negative”. 

N.H. Abel (1823-1826) introduced integral as  

0

'( )
( )

( )

x
S d

x
x α

η η ψ
η

=
−∫  

He in fact solved the integral for an arbitrary α  and not just for ½ he obtained 

1

1
0

sin( ) ( )
( )

(1 )

xt
S x x dt

t
α

α
πα ψ

π −=
−∫ . 
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After that Abel expressed the obtained solution with help of an integral of order  
of α . 

1 ( )
( )

(1 )

d x
S x

dx

α

α
ψ

α

−

−=
Γ −

. 

Abel applied the fractional calculus in the solution of an integral equation that 
arises during the formulation of tautochrone problem, the problem of finding a 
shape of curve such that the time of descent of a frictionless point ball mass, slid-
ing down the curve under action of gravity is independent of the start point. If the 
time of slide is a known constant (T ), then Abel’s equation is  

1
2

0

( ) ( )
x

k x t f t dt
−= −∫ . 

This equation, except the multiplicative factor 1/ (1/ 2)Γ , is a particular case of 

definite integral that defines fractional integral of order ½. Abel wrote the RHS of 

above integral as 1/2 1/2[ / ] ( )d dx f xπ − − . Then he operated both sides with 
1/2 1/2/d dx , to get: 

1/2

1/2
( )

d
k f x

dx
π= . 

Thus when fractional derivative of order ½ is computed (in above) ( )f x  is deter-

mined. A remarkable contribution by Abel is that fractional derivative of constant 
need not be zero. 

J. Liouvilli (1832-1855) gave three approaches. The first one in following  
Leibniz’s formulation as follows. 

0

0

( ) ;Re 0

( )

n

n

m ax
m ax

n

a x
n n

n

a x
n n

n

d e
a e

dx

f x c e a

d f x
c a e

dx

γ
γ

γ

∞

=
∞

=

=

= >

=

∑

∑

 

Here the function is decomposed by infinite set of exponential functions. J. Liou-
ville introduced the integral of non-integer order as the second approach is noted 
below: 
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1

0

1

0

1

1

1
( ) ( )

( 1) ( )

1
( ) ( )

( )

,&

1
( ) ( ) ( )

( 1) ( )

1
( ) ( ) ( )

( )

x

x

x dx x d

x dx x d

x x

x dx x d

x dx x d

μ
μ μ

μ

μ
μ μ

μ
μ μ

μ

μ
μ μ

ϕ ϕ α α α
μ

ϕ ϕ α α α
μ

τ α τ α

ϕ τ ϕ τ τ
μ

ϕ τ ϕ τ τ
μ

∞
−

∞
−

∞
−

−

−∞

= +
− Γ

= −
Γ

= + = −

= −
− Γ

= −
Γ

∫ ∫

∫ ∫

∫ ∫

∫ ∫

 

The third approach given by Liouville is the definitions of derivatives of non-
integer order as: 

( ) ( 1) ( 1)
( ) ( ) ( 2 ) ...

1 1.2

( ) 1 ( 1)
( ) ( ) ( 2 ) ...

1 1.2

lim. 0

d F x
F x F x h F x h

dx h

d F x
F x F x h F x h

dx h
h

μ μ

μ μ

μ

μ μ

μ μ μ

μ μ μ

− −⎛ ⎞= − + + + −⎜ ⎟⎝ ⎠

−⎛ ⎞= − − + − −⎜ ⎟⎝ ⎠

→

 

Liouville was first to point the existence of right sided and left sided differential 
and integrals. 

G.F.B. Riemann (1847) used a generalization of Taylor series for obtaining a 
formula for fractional order integration. Riemann introduced an arbitrary “com-
plimentary” function ( )xψ  because he did not fix the lower bound of integration. 

This disadvantage he could not solve. From here the initialized fractional calculus 
was born lately in the later half of the twentieth century, Riemann’s notation is as 
follows with the complimentary function. 

11
( ) ( ) ( ) ( ) ( );[ 0]

( )

x

c x c x

c

D f x I f x x t f t dt x evν ν ν ψ
ν

− −= = − + ℜ >
Γ ∫  

Cauchy formula for n-th derivative in complex variables is: 

1

! ( )
( ) ( )

j2 ( )
n n

n

n f t
D f z f z dt

t zπ += =
−∫v , 

for non-integer n v=  a branch point of the function 1( ) vt z − −− , appears instead of 

pole:  
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1

( 1) ( )
( )

j2 ( )

x

C

f t
D f z dt

t z
ν

ν
ν

π

+

+

Γ +=
−∫  

Generally to understand the dynamics of any particular system, we often consider the 
nature of the complex domain singularities (poles). Consider a complex function 

1( ) ( )qG z z a −= + , where 0q >  and is fractional number. This particular function of 

the complex variable does not have any poles on the primary Riemann sheet of the 
complex plane exp( j )z r θ= , i.e. with in θ π< . It is impossible to force the de-

nominator qz a+  to zero anywhere in complex plane θ π< . Consider for 0.5q = , 

the denominator 0.5 1z +  does not go anywhere to zero in primary Riemann sheet, 
θ π< . It becomes zero on secondary Riemann sheet at exp( j2 ) 1 j0z π= ± = + . 

Normally to get to secondary Riemann sheet it is necessary to go through a 
‘branch cut’, on the primary Riemann sheet. This is accomplished by increasing 
the angle in complex plane z . Increasing the angle to θ π= +  gets us to the 
‘branch-cut’ on the z −  complex plane. This can also be accomplished by de-
creasing the angle until θ π= − , which also gets us to the ‘branch-cut’. This 
‘branch-cut’ lies at exp( j )z r π= ±  for all positive r . Further increasing the angle 

eventually gets to j2θ π= ± . Further increasing the angle θ π>  makes us go ‘un-

derneath’, the primary Riemann sheet, inside the negative real axis of z −   
complex plane. 

The behavior of the function 0.5 1( 1)z −+  is described by thus two Riemann 

sheets. Return to the first Riemann sheet on the z −  complex plane, the branch cut 
begins at 0z = , the origin and extends out to the negative real axis to infinity. The 
end of the branch cuts are called ‘branch-points’, which are then at the origin and 
at minus infinity in the z −  plane. 

The ‘branch-points’, can be considered as singularities on the primary Riemann 
sheet of the z − plane as well, but the function 0.5 1( 1)z −+  does not go to  

infinity then. Therefore to obtain the plot of the pole one has to wrap around these 
branch points and go to secondary-Riemann sheet (in this case at 1 j0+   

at 2θ π= ± ). 
An appropriate contour would then require a branch cut. An open circuit con-

tour on a Riemann surface with contour integration produces Riemann fractional 
integral definition. This work of complex variable approach, with contour integra-
tion, was from H. Laurent (1884), extending Letnikov’ and Sonin’s work on 
Cauchy’s formula to generalize derivative to arbitrary order. 

Marchaud (1927) was trying to define fractional derivative from Riemann-
Liouvelli fractional integral definition that is, by taking ν  as v−  and wrote: 

1
0 0

0

1
( ) ( ) ( )

( )
D f x I f x u f x u duν ν ν

ν

∞
− − −

∞ ∞≡ = −
Γ − ∫ , for 0ν > . 
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No matter how smooth ( )f x  might be, the above representation (integral) di-

verges due to 1u ν− −  at the origin. Later this definition was modified only for 
0 1ν< < , by considering finite part of the above diverging integral in the sense 
that one should subtract the part which makes the integral diverge; namely: 

1 ( )
( )

f x
u f x duν

ε
νε

∞
− − =∫  with 0ε +→ .Thus, 

1
0

0

1
( ) lim [ ( ) ( )]

( )xD f x u f x u f x duν ν

ε
ε

ν+

∞
− −

→
= − −

Γ − ∫ , using (1 ) ( )α α αΓ − = − Γ − . 

The Marchaud definition is: 

1
0 0

1
( ) lim ( ) ( )

(1 )x xD f x u f x u du I f xν ν ν

ε
ε

ν+
+

∞
− −

−∞
→

= − =′ ′
Γ − ∫  

Riesz (1949) formulated potential expression for arbitrary order with fractional 
integration as: 

def

/2

(( ) / 2) ( )
( )

2 ( / 2)n n

n f u
I f x du

x u
α α α

α
π α

∞

−
−∞

Γ −
=

Γ −∫ , with 1n =  the definition is as follows: 

def

1

1 ( )
( )

2 ( ) cos[ / 2]

f u
R f x du

x u

α
αα απ

∞

−
−∞

=
Γ −∫ . 

This is also called Riesz’s potential, which generalizes to several variables the  
Rieman-Liouvelli integral. These singular integrals are well defined provided the f  

decays rapidly at infinity. 

1.4.1   The Popular Definitions of Fractional Derivatives/Integrals 
in Fractional Calculus 

1.4.1.1   Riemann-Liouville 

1

1 ( )
( ) .

( ) ( )

( 1)

tn

a t n
a

d f
D f t d

n dt t

n n

α
α
τ τ

α τ

α

− +
⎛ ⎞= ⎜ ⎟⎝ ⎠Γ − −

− ≤ <

∫  

Where n is integer and α is real number. This is a forward derivative. 
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1.4.1.2   Grunwald-Letnikov: (Differintegrals) 

0
0

1
( ) lim ( 1) ( )

INTEGER

t a

h
j

a t h
j

D f t f t jh
jh

t a

h

α
α

α
−⎡ ⎤

⎢ ⎥⎣ ⎦

→
=

⎛ ⎞
= − −⎜ ⎟⎝ ⎠

−⎡ ⎤ →⎢ ⎥⎣ ⎦

∑
 

1.4.1.3   M. Caputo (1967) 

( )

1

1 ( )
( ) , ( 1) ,

( ) ( )

t n
C
a t n

a

f
D f t d n n

n t
α

α
τ τ α

α τ + −= − ≤ <
Γ − −∫  

Where n is integer and α is real number. 

1.4.1.4   Oldham and Spanier (1974) 

Fractional derivatives scaling property is: 

( ) ( )

( )

q q
q

q q

d f x d f x

dx d x

β ββ
β

=  

This makes it suitable for the study of scaling and scale invariance. There is con-
nection between local-scaling, box-dimension of an irregular function and order of 
Local Fractional Derivative.  

1.4.1.5   K.S. Miller and B. Ross (1993) 

1 2

1 2

( ) ... ( )

...

1

n

n

i

D f t D D D f tαα αα

α α α α
α

=
= + + +
<

 

This definition of sequential composition is very useful concept for obtaining frac-
tional derivative of ant arbitrary order. The derivative operator can be any defini-
tion RL or Caputo. 

1.4.1.6   Kolwankar and Gangal (1994) 

Local fractional derivative is defined by Kolwankar and Gangal (KG) as to ex-
plain the behavior of ‘continuous but nowhere differentiable’ function. The other 
definition of fractional derivative in classical sense is integral-derivatives and is 
non-local property. 

For 0 1q< < , the local fractional derivative at point x y= , for : [0,1]f → \  

is: 
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( ) ( )( )
( ) lim

( )

q
q

qx y

d f x f y
f y

d x y→

−
=

−
D  

There is a logical extension of this definition to subject of Calculus on Fractals. 

1.5   About Fractional Integration Derivatives and 
Differintegration 

All the efforts to realize fractional differintegration is “interpolating” the opera-
tions between the two integer order operations. In the limit when the order of the 
operator approaches the nearest integer the “generalized” differintegrals tends to 
normal integer order operations. 

1.5.1   Fractional Integration Riemann-Liouville (RL) 

The repeated n-fold integration is generalized by Gamma function for the factorial 
expression, when the integer n is real numberα. 

1

0

1

0

1
( ) ( ) ( ) ( ) ( )

( 1)!

1
( ) ( ) ( ) ( ) ( )

( )

t
n n n

n

t

D f t I f t f t t f d
n

D f t I f t f t t f dα α α
α

τ τ τ

τ τ τ
α

− −

− −

= = = −
−

= = = −
Γ

∫

∫
 

Defining power function as  

1

( )
( )

t
t

α

α α

−
Φ =

Γ
 

and using definition of convolution integral, the expression for the fractional inte-
gration we can therefore write as the convolution of the function and the power 
function.  

0

( ) ( )* ( ) ( ) ( )
t

D f t t f t t f t dα
α α τ τ− = Φ = Φ −∫ . 

This process is depicted in Figure 1.2 where L is Laplace operator and L-1 is in-
verse Laplace operator. 
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L

L

L-1

 

Fig. 1.2 Block diagram representation of fractional integration process by convolution 

Convolution means folded-up or rolled-up condition. Non exponential relaxa-
tion processes, imply memory that the underlying fundamental relaxation proc-
esses are of Non-Markovian nature. Natural way to incorporate such memory ef-
fect is by ‘fractional calculus’, By the involved convolution integration in time, 
the present state is being influenced by all states and the system has been running 
through at times 0,1,2......tτ = . The power-law kernel defining the fractional ex-
pression represents a particular long memory. 

The above is Cauchy’s generalization of n-fold multiple integral. The fractional 
integral represents (as in Fig: 1.2) a convolution of power-law with a function 

( )f t  defined as: 

1 def

1

1 ( )
( ) * ( ) =

( ) ( ) ( )

t

a t

a

t f
D f t f t d

t

α
α

α
τ τ

α α τ

−
−

−

⎛ ⎞
= ⎜ ⎟Γ Γ −⎝ ⎠ ∫  

The lower limit of integration 0a =  implies ‘Riemann’ system, (without  
complementary function ( )xψ ) and corresponding convolution definition is 

‘Laplace Convolution’. The lower limit of integration when a = −∞  represents 
‘Liouvelli’ fractional integral definition with convolution, as Fourier’s convolu-
tion. Convolution algebra plays an important role in solution of Fractional Differ-
ential equation. Convolution can be interpreted as Memory Integrals, i.e., all in-
stances from 0τ =  to tτ = , contribute to situation at present instance tτ = . Any 
dynamic time evolution process can be generalized via following convolution  
integral with memory kernel ( )K t  
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0

( ) ( )
t

d
K t d

dt

φ τ φ τ τ= − −∫  

The memory Kernel ( )K t  in the Memory-Integral of the definition of fractional 

integral is power law 1tα − . 
The definition of integration has two types, based on limits of integration, the 

Riemann-Liouvelli definition is :( for 0α > ) 

11
( ) ( ) ( ) ( )

( )

x

a x a x

a

I f x D f x x u f u duα α α

α
− −= = −

Γ ∫  is ‘forward integration’ 

11
( ) ( ) ( ) ( )

( )

b

x b x b

x

I f x D f x u x f u duα α α

α
− −= = −

Γ ∫  is backward integration 

Note that the Kernel in backward integration is 1( )u x α −− , and for the forward 

integration the Kernel is 1( )x u α −− . More generally ( )a xI f xα  is called Riemann-

Liouvelli definition. 

1.5.2   Fractional Integration Weyl’s (W) 

The Weyl’s definition for right hand and left hand integration is: 

11
( ) ( ) ( ) ( )

( )x x

x

W f x I f x u x f u duα α α

α

∞
−

∞ ∞= = −
Γ ∫  is ‘backward integration’ 

11
( ) ( ) ( ) ( )

( )

x

x xW f x I f x x u f u duα α α

α
−

−∞ −∞
−∞

= = −
Γ ∫  is ‘forward integration’. 

The forward and backward integration i.e., ( )a xI f xα  and ( )x bI f xα  are related by 

Parseval equality (fractional integration by parts). For 0a =  and b = ∞  the relation is: 

( ) ( )0

0 0

( ) ( ) ( ) ( )x xf x I g x dx W f x g x dxα α
∞ ∞

∞=∫ ∫  

1.5.3   Nature of Kernel for Fractional Integration 

Refer Figure 1.3 where the kernel, the power function 
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1

( )
( )

t
t

α

α α

−
Φ =

Γ
 

is plotted. It is worth noting that when the fractional order tends to unity, the ker-
nel of the power function tends to Heaviside’s unit step function and in case the 
fractional order tends to zero the power function or the kernel tends to become 
delta function. That is 

1
lim ( ) ( )t H tαα→

Φ = , where ( ) 1.0H t =  for 0t ≥  and ( ) 0H t =  for 0t < , which 

also implies the identity as 0 0
1 1

0

lim ( ) lim ( ) ( )
t

t tI f t D f t f dα α
α α

τ τ−

→ →
= = ∫  is normal 

integer order integration of order one. 

0
lim ( ) ( )t tαα

δ
→

Φ = , gives identity as 0 0
0 0

lim ( ) lim ( ) ( )t tI f t D f t f tα α
α α

−

→ →
= = . Here we 

have used the property that convolution of delta function with any  
function results in function itself. 

0.1α =

0.9α =

1

( )
( )

t
t

α

α α

−

Φ =
Γ

t0.0                0.5                     1.0                      1.5           
 

Fig. 1.3 Nature of Kernel (Power-function) for fractional integration 

1.5.4   Fractional Derivatives Riemann-Liouville (RL) Left Hand 
Definition (LHD) 

The formulation of this definition is: 
Select an integer m greater than fractional number α 

(i) Integrate the function ( )m α−  folds by RL integration method. 

(ii) Differentiate the above result by m. 

Expression is given as: 
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1
0

1 ( )
( )

( ) ( )

tm

m m

d f
D f t d

mdt t
α

α
τ τ

α τ + −

⎡ ⎤
⎢ ⎥=

Γ −⎢ ⎥−⎣ ⎦
∫  

The Figure 1.4 gives the process block diagram & Figure 1.5 gives the process of 
differentiation 2.3 times for a function. 

)(tf
)(md

md )(tfd

 

Fig. 1.4 Fractional differentiation Left Hand Definition (LHD) block diagram 

INTEGRATION DIFFERENTIATION

                                                  
)3(f )2(f )1(f )0(f )1(f )2(f )3(f

0.7 2.3
(i) 7.0)(m

3m (ii)

 

Fig. 1.5 Fractional differentiation of 2.3 times in LHD 

In this LHD the limit of integration is from 0  to t . We thus denote the deriva-

tive by notation 0 ( )tD f tα . In fractional calculus we find limit of derivative i.e., 

derivatives are taken in interval. We call this as ‘forward derivative’. Now if the 
limits of integration are changed to ( t  to 0 ) the derivative is denoted as  

0 ( )t D f tα  the ‘backward derivative’. The backward derivative is related to forward 

derivative by  
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0 0( ) ( 1) ( )
m

m m
t tm

d
D f t I f t

dt
α α−= −  

Therefore, in order to obtain fractional derivative of a function at a point (say 0) 
we should have the values of these two derivatives the same: forward derivative 
should equal the backward derivative. This implies that not only one should know 
the function from past to the point of interest (say 0) but also the function should 
be known into the future in order to have point fractional derivative at a point.  

Fractional derivative of purely imaginary order i.e., iα θ= , ( 0θ ≠ ) with real 
part as ‘zero’ is expressed in Riemann-Liouvelli notation (with 1m = ): 

i
i

1 ( )
( )

(1 i ) ( )

x

a x

a

d f u
D f x du

dx x u
θ

θθ
=

Γ − −∫  

and associated integral of purely imaginary order in Riemann-Liouvelli definition 
is: 

i i 1 i i1
( ) ( ) ( ) ( ) ( )

(1 i )

x

a x a x a x

a

d d
D f x I f x I f x x u f u du

dx dx
θ θ θ θ

θ
− += = = −

Γ + ∫  

1.5.5   Fractional Derivatives Caputo Right Hand Definition 
(RHD) 

The formulation is exactly opposite to LHD. 
Select an integer m greater than fractional number  

(i) Differentiate the function m times. 
(ii) Integrate the above result ( )m α−  fold by RL integration method. 

In LHD and RHD the integer selection is made such that ( 1)m mα− < < . For ex-

ample differentiation of the function by order π will select 4m = . The formulation of 
RHD Caputo is as follows: 

( )

1 1
0 0

( )
1 1 ( )

( )
( ) ( )( ) ( )

m

t t mm
C

m m

d f
fdD f t d d

m mt t
α

α α

τ
ττ τ τ

α ατ τ+ − + −= =
Γ − Γ −− −∫ ∫  

Figure 1.6 gives the block diagram representation of the RHD process and  
Figure 1.7 represents graphically RHD used for fractionally differentiating func-
tion 2.3 times. 
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Fig. 1.6 Block diagram representation of RHD Caputo 

INTEGRATION DIFFERENTIATION

                                              
)3(f )2(f )1(f )0(f )1(f )2(f )3(f
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3m (i)
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Fig. 1.7 Differentiation of 2.3 times by RHD 

The definitions of Riemann-Liouville of fractional differentiation played an 
important role in development of fractional calculus. However the demands of 
modern science and engineering require a certain revision of the well established 
pure mathematical approaches. Applied problems require definitions of fractional 
derivatives allowing the utilization of physically interpretable “initial conditions” 

which contain (1) (2)( ), ( ), ( )f a f a f a  and not fractional quantities (presently un-

thinkable!). The RL definitions require  

1
1

2
2

lim ( )

lim ( )

a t
t a

a t
t a

D f t b

D f t b

α

α

−

→
−

→

=

=
 

In spite of the fact that initial value problems with such initial conditions can be 
successfully solved mathematically, their solutions are practically useless, because 
at present there is no known physical interpretation for such initial conditions, 
presently. It is hard to interpret. 

RHD is more restrictive than LHD. For RL ( )f t  is causal. For LHD as long as 

initial function of t satisfies (0) 0f = . For RHD because ( )f t  is first made to m-th 

derivative i.e. ( ) ( )mf t , the condition 1 2(0) 0 ..... 0mf and f f f=    = = =  is re-

quired. In mathematical world this is vulnerable for RHD may be deliberating. For 
LHD  
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0
(1 )

Ct
D C

α
α

α

−
≠ =

Γ −
, 

the derivative of constant C  is not zero. This fact led to using the RL or LHD 
approach with lower limit of differentiation a → −∞  in physical world this posses 
problem. The physical meaning of this lower limit extending towards minus infin-
ity is starting of physical process at time immemorial! In such cases transient ef-
fects cannot be then studied. However making a → −∞  is necessary abstraction 
for consideration of steady state process, for example for study of sinusoidal 
analysis for steady state fractional order system. 

Note that non-local character of Fractional Derivative definitions and the fact 
that in LHD the Riemann-Liouvelli definitions, the fractional derivative of con-
stant being non-zero makes scaling information somewhat difficult. Sometimes it 
is desirable to have ‘local-character’ of a function i.e., to have local fractional de-
rivatives defined-in wide range of applications ranging from structure of differen-
tiable manifolds to various physical models. Therefore extensions to this LHD are 
made in KG definition to have Local Fractional Derivative. This KG definition too 
takes care of this LHD i.e., Fractional Derivative of constant being non-zero gives 
a consequence to change magnitude of Fractional Derivative of a function at a 
point when different constants are added. The Local Fractional Derivative of KG 
definition with LHD formulation addresses these issues. 

While today we are familiar with interpretation of the physical world with inte-
ger order differential equations; we do not (currently) have practical understanding 
of the world with fractional order differential equations. Our mathematical tools 
go beyond practical limitation of our understanding. 

Therefore still process is on to ‘generalize’ the concepts for use in practical world. 

1.5.6   Fractional Derivatives of Same Order but Different Types 
RL-Caputo 

We have seen two types of fractional derivative and discussed them in above sec-
tion. The following formula gives fractional derivative definition with in RL-
Caputo type, with β  as type defining parameter as 0 1β≤ ≤ . When 1β =  the 

definition is Caputo definition with symbol, ( )C
tD f tα  while 0β =  gives RL frac-

tional derivative with symbol ( )tD f tα . The generalized definition is as following: 

(1 ) (1 )(1 )
0 00 ( ) ( )t t t

d
D f t I I f t

dt
β α β α β α− − −⎡ ⎤= ⎣ ⎦  

The α  is the order of derivative, and here in this definition is 0 1α< <   and β  is 

the type of derivative with 0 1β≤ ≤ . Therefore the nearest integer is 1m =  in the 

above generalization. 



20 1   Introduction to Fractional Calculus
 

1.5.7   Fractional Differintegrals Grunwald Letnikov (GL)  

Differintegration process as described below is differentiation for positive index 
and integration for negative index for the differintegral (generalized) operator. 

1

0

( ) ( )
( ) lim

h

f x h f x
f x

h→

+ −
=  

2 2

1

1 2 1 2
1 1 0 02 2 2

0 0 1

( ) ( ) ( ) ( )
lim lim

( ) ( )
( ) lim lim

h h

h h

f x h h f x h f x h f x

h hf x h f x
f x

h h

→ →

→ →

+ + − + + −
−

+ −
= =  

  1 2h h h= =  

2
20

( 2 ) 2 ( ) ( )
( ) lim

h

f x h f x h f x
f x

h→

+ − + += , Continuing for n times we have: 

0
0

1
( ) ( ) lim ( 1) ( )

n
n n m

nh
m

n
f x D f x f x mh

mh→
=

⎛ ⎞
= = − −⎜ ⎟⎝ ⎠∑  

  
!

!( )!

n n

m m n m

⎛ ⎞
=⎜ ⎟⎝ ⎠ −

 

This can be replaced by Gamma functions as 
( 1)

! ( 1)m m

α
α

Γ +
Γ − +

 for non- integer n 

i.e. α. Therefore differentiation in fractional order is: 

0
0

1 ( 1)
( ) lim ( 1) ( )

! ( 1)

x a

h
m

a
h

m

D f x f x mh
m mh

α
α

α
α

−⎡ ⎤
⎢ ⎥⎣ ⎦

→
=

Γ +
= − −

Γ − +∑  

For negative α  the process will be integration. 

( 1)( 2)...( 1) ( 1)( 2)( 3)...( 1)
( 1)

! !
mn n n n n m n n n n n m

m m m

−⎛ ⎞ − − − − − − − + + + + + −
= = −⎜ ⎟⎝ ⎠

             
( 1)! ( )

( 1) ( 1)
!( 1)! ! ( )

m mn m m

m n m

α
α

+ − Γ += − → −
− Γ

 

Therefore for integration we write: 

0
0

( )
( ) lim ( )

! ( )

x a

h

a
h

m

m
D f x h f x mh

m
α α α

α

−⎡ ⎤
⎢ ⎥⎣ ⎦

−

→
=

Γ += −
Γ∑ . 
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The part 
x a

h

−⎡ ⎤
⎢ ⎥⎣ ⎦

 is integer part (floor-function). That is the upper limit of the 

summation is the integer part of the fraction. 
The RL GL RHD (Caputo) LHD are they equivalent? The answer to this is yes. 

1.5.8   Fractional Derivative Weyl’s  

Like Riemann-Liouvelli definition the Weyl’s derivative of function is defined, 
for an integer just greater than the fractional index of derivative. For 

1m mα− ≤ < , where m ∈` , the Weyl’s definition is: 

( ) ( 1) ( )
m

m m
x xm

d
D f x W f x

dx
α α−
∞ ∞= −  

The ( )m
xW f xα−

∞  is Right Hand definition of Weyl’s fractional integration of or-

der ( )m α− . 

Let ( ) pxf x e−= , with 0p > , and under the substitution ( / )u x y p− = , and 

with integral representation of Gamma function as defined as  

1

0

( ) t xx e t dt
∞

− −Γ = ∫ , 

we get the following 

1 1

0

1
( )

( ) ( )

px px
px pu y

x

x

e e
W e u x e du y e dy

p p
α α α

α αα α

∞ ∞− −
− − − − −

∞ = − = =
Γ Γ∫ ∫ . 

This yields: 

( )

( )
( 1) ( 1)

m px m px
px m m px

x m m m

d e p e
D e p e

dx p p p
α α

α α

− −
− −

∞ − −

⎧ ⎫ ⎡ ⎤−⎪ ⎪= − = − =⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎩ ⎣ ⎦⎭

 

Earlier in this chapter we have seen the fractional derivative of exponential func-

tion xe  returning Miller-Ross function. 

0
0

( ,1)
( 1)

k v
v x
x x

k

x
D e E v

k v

∞ −

=

= = −
Γ − +∑ , 

for 0v >  and v ∈\ , whereas, v x x
xD e e−∞ = . Thus it is observed that the lower 

limit of fractional differentiation is very important. 



22 1   Introduction to Fractional Calculus
 

1.5.9   Scale Invariance and Power Law 

By scale change of the function ( )f x  w.r.t. a lower limit with a  we mean re-

placement by ( )f x a aβ β− + , where β  is a constant termed as the ‘scaling fac-

tor’. To clarify this consider, 0a = . Then scale change converts ( )f x  to ( )f xβ . 

This is in contrast to homogeneity property where if ( )f x is changed to ( )Cf x  

then [ ]( ) ( )q qD Cf x CD f x= . 

We seek a procedure by which the effect of generalized differ-integration op-

eration q
a xD  operation be found if ( )q

a xD f x  is known. Let [ ] /X x a aβ β≡ + − . 

Then by Riemann-Liouvelli definition we write: 

1

1 ( )
( ) ( )

( ) [ ]

x
q q

a x a x q
a

f y a a dy
D f X D f x a a

q x y

β ββ β β +
− +

= − + =
Γ − −∫  

                                                       
{ }

1

( ) /1

( ) {[ ] / }

X

q
a

f Y dY

q X Y

β β
β β +=

Γ − −∫  

                                                        
1

( )

( ) [ ]

Xq

q
a

f Y dY

q X Y

β
β

β +=
Γ − −∫  

                                                         ( )qq
a XD f Xββ β=  

When 0a = , X x=  and the scale change is simply multiplication of independent 

variable by a constant, i.e. 0 0( ) ( )qq q
x xD f x D f xββ β β= . 

When 0a ≠ , the effect requires additional process of translation, i.e., ( )f x  to 

( )f x A+  which is a difficult process to generalize.  

1 1

1 ( ) 1 ( )
( )

( ) ( )[ ] [ ]

x x A
q

a x q q
a a A

f y A dy f Y dY
D f x A

q qx y x A Y

+

+ +
+

+
+ = =

Γ − Γ −− + −∫ ∫ , Y y A= +  

That is shift the upper limit to x A+  and lower limit to a A+ . 
This implies the study of self-similar processes, objects and distributions too. 

Let ( )y t tβ= , then ( ) ( ) ( )y t t y tβ βλ λ λ= = . A scaling in time axis results in sim-

ple scaling of ordinate y . The law ( )y t tβ=  is not altered. In log-log plot this 

means a shift log λ  on the log t  axis and shift logβ λ  in the ordinate. This ‘scale 

invariance’, however, is the cause of stability of systems following power laws. 
The kernel of fractional integral, defined above  
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1

( )
( )

t
t

α

α α

−
Φ =

Γ
 

is also a power-law-and is scale-invariant.  
Power law relaxation is observed in various physical processes. Thus often one 

encounters algebraic relaxation function as ( )t t αφ −∝ , with 0 1α< < . The power-

law is any polynomial that exhibit ‘scale-invariance’. If ( ) kf x ax≈ , with k  as scal-

ing exponent, examples being inverse square law (gravity, electrostatic), area of cir-
cle. Power law distributions in most general sense have a probability distribution of 

form: ( ) ( )p x L x x α−∝ , with 1α >  and ( )L x  as a slowly varying function. Implying 

( )p x be asymptotically ‘scale-invariant’ thus ( )L x  controls the shape and finite ex-

tent of lower-tail. These are also called long-tailed distributions with no defined aver-
age or standard deviation, as compared to normal-distribution. It is convenient to as-
sume sometimes lower-bounds minx  from which the power law holds as:  

min min

1
( )

x
p x

x x

α
α

−
⎛ ⎞−= ⎜ ⎟⎝ ⎠

, with 1α >  

Moments of power law distributions are 

min

min
1

( ) ( )
1

m m m

x

x x p x dx x
m

α
α

∞
−= =

− −∫ , 

which is only well defined (finite) for 1m α< − . That means all moments for 
1m α≥ −  diverge. Say when 2α < , the average (mean) and all other moments di-

verge (not-finite). When 2 3α< < , the mean exists but variance 2x  and higher 

order moments are infinite. These power-law distributions with diverging (integer 
order) moments are characteristics of fractional order differential equations defining 
relaxation in disordered system, thus paving way to have ‘Fractional Lower Order 
Statistics’. 

The most discussed power-law distribution is ‘Levy stable distribution’; which 

has asymptotic form as 
1

, ,( ) /f x A x
α

α β α β
+∼ , where 2α <  is called the Levy in-

dex or the characteristic exponent. The limiting case with 2α =  corresponds to 
Gaussian normal distribution governed by central limit theorem. For all Levy stable 

laws with 0 2α< < , the variance diverges 2x → ∞ . Conversely the fractional 

moments of the absolute value of x exists. Meaning x
δ < ∞  for 0 2δ α≤ < ≤ . 
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The processes are like: 

(i) Transport of charge carriers in amorphous semiconductors. 
(ii) Behavior of electrical current at rough blocking electrodes (Warburg 

electrochemical impedance in battery). 
(iii) Di-electric relaxation of liquids and solids. 
(iv) Microscopic and Macroscopic dynamic behavior of macromolecular 

systems (such as linear polymers or gel). 
(v) Attenuation of seismic waves. 

(vi) Transient Electromagnetic Method for geophysical exploration, the late 
time decay of receiver voltage profile from conductive half space, and 
several other decay processes.  

(vii) Scale invariance in ‘fractional’ stochastic process of financial returns or 
fluctuating dynamics of delay generating systems in computer network. 

Fourier transform of power-law is also a power law, the Magnitude and (phase) 
angle of a Fourier transformation is depicted in an example as: 

{ } ( 1)( ) (1 )t H tα αα ω − +ℑ = Γ +  and { }( ) ( 1)
2

t H tα π α∠ℑ = − + , 

Here ( )H t  is Heaviside’s step function that is ( ) 1H t =  for 0t ≥  and ( ) 0H t =  

for 0t < . 
Therefore often one encounters functional relations in the frequency domain of 

the form ( )Fαω ω− , for example exp( )αω ωτ− − . Such relations back-transformed 

by generalized differentiation theorem gives ‘fractional integral’ expression as: 

0( ) ( )F D f tα αω ω− −↔  

Fractional expressions can arise quite naturally from functional relations observed in 
‘spectral-domain’ analysis and experiments. In time domain a typical example of 

asymptotic fractal is of the form *( ) ( , / )
t

G t t
β

γ β τ
τ

−
⎛ ⎞
⎜ ⎟⎝ ⎠

∼ , with 0β >  and *γ  as 

incomplete Gamma function, or any other higher transcendental function. This form 
has late times a fractional power decay law. Power law is also referred as Long-
Tailed distribution and Long Range Dependence (LRD) as its tail lingers as if having 
memory. This is in comparison with exponential decay curves associated with Integer 
Order Linear Differential Equations, which decays very fast as though having no-
memory. Power-law decays are associated with Fractional Order Decay Equations 
and those are having long lingering memory kernels. 

Why the night sky is irregularly illuminated (Olber’s paradox), why income is 
non-uniformly distributed (Pareto’s law), that is why rich get richer and poor get 
poorer, is all follows self-similar power-law distribution. Mandelbrot coined the term 
fractal, to take cognizance of the fact that a large class of natural and social phenom-
ena that traditional statistical physics is not equipped to describe. The fractals and 
fractional calculus are related. 
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1.5.10   Fourier Transform of Fractional Derivative 

The lower limit of fractional differ-integration is commonly set to zero or minus 
infinity. The zero bound is most commonly used for time dependent functions that 
are causal, and nonzero only for 0t ≥ . For spatial functions an infinite bound is 
typically used and for simplicity the limit is eliminated from the subscript and 
only the direction of fractional differ-integration is noted. For infinity bound, frac-
tional differ-integration Fourier transformation is the technique many times used 
to solve fractional differential equations. The Fourier transform is expressed as 

{ } iˆ( ) ( ) ( )kxf x f k e f x dx
+∞

−∞

ℑ = = ∫ , i 1= −  

and the Fourier  transform of integer ( n ) order derivatives is: 

{ } ( ) ˆ( ) (i ) ( )
n

n n
n

d f x
D f x k f k

dx+

⎧ ⎫
ℑ = ℑ =⎨ ⎬

⎩ ⎭
 

{ } ( ) ˆ( ) ( i ) ( )
( )

n
n n

n

d f x
D f x k f k

d x−

⎧ ⎫
ℑ = ℑ = −⎨ ⎬−⎩ ⎭

 

Staying with the definition of the positive direction fractional derivative that is: 

11
( ) ( ) ( ) ( )

( )

xq n
q n q

q n

d d
D f x f x x f d

n qdx dx
ζ ζ ζ− −

+
−∞

= = −
Γ − ∫ , 

substituting y x ζ= − , for 1 0p− < < , we have  

0
11

( ) ( )( )
( )

p pD f x y f x y dy
p

− −
+

∞

= − −
Γ − ∫ . 

We re-write this expression as 11
( ) ( ) ( )

( )
p pD f x y H y f x y dy

p

+∞
− −

+
−∞

= −
Γ − ∫ , where 

( )H y  is Heaviside’s step function with value 1  for 0y ≥  and 0  for 0y < . The 

Heaviside’s step function multiplied with the function in the integrand changes the 
limits of integration as −∞  to +∞ , required to perform Fourier transformation. 
This derived integral is convolution of product of Fourier transforms of two func-
tions namely 1 ( ) / ( )px H x p− − Γ −  and ( )f x . From the standard tables of Fourier 

transform we have  
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{ } ( )1 ( ) / ( ) exp (i / 2)sgn( )
ppx H x p k p kπ− −ℑ Γ − =  

Since [ ]exp (i / 2)sgn( ) i pp kπ = , when 0k >  and is equal to ( i) p−  when 0k < , 

we have: 

{ } ˆ( ) (i ) ( )p pD f x k f k+ℑ = . 

Similarly one can draw { } ˆ( ) ( i ) ( )p pD f x k f k−ℑ = −  

For other fractional values we can construct the Fourier identities as: 

{ } { } ˆ ˆ ˆ( ) ( ) ( i ) ( i ) ( ) ( i ) ( ) ( i ) ( )q n p n p n p qD f x D D f x k k f k k f k k f k+
± ± ±⎡ ⎤ℑ = ℑ = ± ± = ± = ±⎣ ⎦

 

The Fourier transform of Fractional derivative of Dirac delta is thus: 

{ }( ) ( i )q qD x kδ±ℑ = ±  

The convolution ( ⊗ ) of function f  and g with respect to Fourier transform is 

given by 

( ) ( ) ( ) ( )f x g x g x f dζ ζ ζ
+∞

−∞

⊗ = −∫ . 

One important convolution relation with Dirac delta function is,  

( ) ( ) ( ) ( ) ( )q q qD x f x x D f x D f xδ δ± ± ±⎡ ⎤ ⎡ ⎤⊗ = ⊗ =⎣ ⎦ ⎣ ⎦ . 

1.5.11   Composition and Property 

In this book the symbols for fractional differintegration have been standardized as 
follows. 

( )q
c tD f t  

Represents initialized q-th order differintegration of ( )f t  from start point c to t. 

( )q
c td f t  

Represents un-initialized generalized (or fractional) q-th order differintegral. This 
is also same as 
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[ ]
( )

( )
( )

q
q

c tq

d f t
d f t

d t c
≡

−
, 

shifting the origin of function at start of the point from where differintegration 
starts. This un-initialized operator can also be short formed as ( )qd f t . 

The index 0q >  is differentiation and index 0q <  is integration process. For 

q  as integer, the process is integer order classical differentiation and integration. 
Miller and Ross (1993) with sequential fractional derivatives tried to give for-

mal properties and to have composition methods for generalized differintegrals. 

Decomposition ( ) ( )m m
a t a t a tD y t D D y tα α −=  also to some extent the index com-

mutation (under certain conditions) ( )D D D D Dα β α β β α− − − + − −= =  well true for 
fractional integration. But fractional derivatives do not commute always i.e. 

D D D Dα β β α α β+ +≠ ≠ , (except at zero initial conditions). Integer operator (m) 

commutes with fractional operator ( )α  i.e. m mD D Dα α+= , are some of the basic 

composition properties. The desirable properties of fractional derivatives and inte-
grals are the following: 

a. If ( )f z  is an analytical function of z , then its fractional derivatives 

0 ( )zD f zα is an analytical function of z and α . 

b. For nα = , where n is integer, the operation 0 ( )zD f zα gives the same re-

sult as classical differentiation, or integration of integer order n . 

c. For 0α =  the operation 0 ( )zD f zα  is identity operator i.e. 
0

0 ( ) ( )zD f z f z=  

d. Fractional differentiation and fractional integration are linear operations: 

0 0 0 0( ) ( ) ( ) ( )z z z zD af z D bg z a D f z b D g zα α α α+ = +  

e. The additive index law:  

0 0 0 0 0( ) ( ) ( )z z z z zD D f z D D f z D f zα β β α α β+= = holds under some reason-

able constraints on the function ( )f z . 

The above desirable properties are valid under causality that is the function is differ-
integrated at the start point of function itself (with initialization function being zero).  

For a function f  differentiable in open-interval ( , )a b by fundamental theorem 

of calculus we can express the function as: 

1( ) ( ) ( ) ( ) ( )
x

a x

a

f x f u du f a I f x f a
⎛ ⎞

= + = +′ ′⎜ ⎟
⎜ ⎟⎝ ⎠
∫  

On the both sides carrying out fractional integral operation 1
a xI α−  where 0 1α< <  

and making use of commutation of fractional integration i.e., 1I α−  commuting 
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with 1I  we write the above expression as: 

1
1 1 1 ( )

( ) ( ) ( )
(2 )a x a x a x

x a
I f x I I f x f a

α
α α

α

−
− − −= +′

Γ −
 

Differentiating the above by one integer order, and applying Riemann-Liouvelli  
definition of fractional differentiation on LHS of the above we obtain: 

1 1 1( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

(1 ) (1 )a x a x a x a x
d x a d x a

D f x I f x I f x f a I f x f a
dx dx

α α
α α α α

α α

− −
− − −− −= = + = +′

Γ − Γ −
 

This shows that 1
a xI α−  and 1 /a xD d dx≡  do not commute, except when initial 

condition is zero. They are related by initial condition. The above expression also 
shows the relation between Riemann-Liouvelli and Caputo derivatives 
(for 0 1α< < ), that is: 

( )
( ) ( ) ( )

(1 )
C

a x a x
x a

D f x D f x f a
α

α α

α

−−= +
Γ −

 

1.5.12   Fractional Derivative for Some Standard Function 

The table lists Riemann-Liouvelle fractional derivatives of some functions, which 
are used very often. In most cases the order of differentiation α  may be real num-
ber, so replacing it with -α gives Riemann-Liouville fractional integral. The table 
can be used to find Grunwald-Letnikov, fractional derivatives, Caputo fractional 
derivatives and Miller-Ross sequential fractional derivatives. In such cases α 
should be taken between 0 and 1, and Riemann-Liouvelli fractional derivatives 
should be properly combined (composed) with integer order derivatives with con-
sidered definition (of composition). Table 1.1 gives RL derivative with lower ter-
minal at 0, and Table 1.2 gives fractional RL derivatives with lower terminal 
at ∞− . In the list H (t) is unit step Heaviside function. E is Mittag-Leffler func-
tion, ψ -is ‘psi’ function. These tables’ gives a feel of how fractional differintegra-

tion will look like in analytical expressions.  
We demonstrate the derivative calculation of Dirac’s delta function ( )x cδ −  

with b c d≤ ≤ , defined by  

( ) ( ) ( )
d

b

x c f x dx f cδ − =∫  

Using  

{ } ( 1)

( 1)
q u u q
x

u
D x x

u q
−

+
Γ +

=
Γ − +

. 
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The fractional derivative with order 0 q<  of ( )x cδ −  is directly obtained as  

follows. 

1
1

01 1
( ) ( )( )

( )( ) ( )

xn
q n q

qn

x cd
D x c c x d

x c x cn q qdx
δ δ ζ ζ ζ− −

+ − −
−∞

<⎧
− = − − = ⎨ − ≥Γ − Γ − ⎩

∫  

1
1 ( )( 1) 1

( ) ( )( )
( ) ( ) 0

x qn n
q n q

n

c x x cd
D x c c x d

n q qdx x c
δ δ ζ ζ ζ

− −
− −

−
−∞

⎧ − ≤− ⎪− = − − = ⎨Γ − Γ − >⎪⎩
∫  

The higher transcendental functions play important role in fractional calculus, as 
appearing in the tables. 

Table 1.1 RL Derivative with lower terminal 0 i.e. 0 ( )tD f tα for 0t >  

Function f (t) )(0 tfDt
α . Fractional derivative 

( )H t  
(1 )

t α

α

−

Γ −
 

( )H t a−  ( )
,( )

(1 )

0,(0 )

t a
t a

t a

α

α

−⎧ − >⎪Γ −⎨
⎪ ≤ ≤⎩

 

( ) ( )H t a f t−  ( ),( )

0,(0 )
a tD f t t a

t a

α⎧ >⎪
⎨

≤ ≤⎪⎩
 

( )tδ  1

( )

t α

α

− −

Γ −
 

( ) ( )n tδ  1

( )

nt

n

α

α

− − −

Γ − −
 

( ) ( )n t aδ −  1( )
, ( )

( )

0,(0 )

nt a
t a

n

t a

α

α

− − −⎧ − >⎪ Γ − −⎨
⎪ ≤ ≤⎩

 

vt  ( 1)

( 1 )
vv

t
v

α

α
+Γ +

Γ + −
        1v > −  

teλ  1,1 ( ) ( , )tt E t Eα
α λ α λ−

− = −  

cosh( )tλ  2
2,1 ( )t E tα

α λ−
−  

sinh( )t

t

λ
λ

 )( 2
2,2

1 tEt λα
α

−
−  

ln( )t  
( )ln( ) (1) (1 )

(1 )

t
t

α
ψ ψ α

α

−
+ − −

Γ −
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Table 1.1 (continued) 

1 ln( )t tβ−  ( )
1( )

ln( ) ( ) ( )
( )

t
t

β αβ ψ β ψ β α
β α

− −Γ
+ − −

Γ −
 

1
, ( )t E tβ μ

μ β λ−  1
, ( )t E tβ α μ

μ β α λ− −
−  

The 1,1 ( ), ( , ),tE t Eα λ α λ ψ− −  are higher transcendental functions, used in  

fractional calculus, namely Mittag-Leffler, Miller-Ross, and ‘psi’ functions. 

Table 1.2 RL derivative with lower terminal at −∞ i.e. ( )tD f tα
−∞ ,  

Function     ( )f t  ( )tD f tα
−∞ Derivative 

( )H t a−  ( )
,( )

(1 )

0,( )

t a
t a

t a

α

α

−⎧ −
>⎪

Γ −⎨
⎪ ≤⎩

 

( ) ( )H t a f t−  ( ),( )

0,( )
a tD f t t a

t a

α⎧ >⎪
⎨

≤⎪⎩
 

teλ  teλαλ  
μλ +te  μλαλ +te  

sin tλ  
sin

2
tα παλ λ⎛ ⎞+⎜ ⎟⎝ ⎠

 

cos tλ  
cos

2
tα παλ λ⎛ ⎞+⎜ ⎟⎝ ⎠

 

sinte tλ μ  sin( )tr e tα λ μ αφ+  

2 2r λ μ= +  tan
μφ
λ

=     ( , 0)λ μ >  

coste tλ μ  cos( )tr e tα λ μ αφ+  

2 2r λ μ= +     tan
μφ
λ

=     ( , 0)λ μ >  

1.6   Solution of Fractional Differential Equations 

Fractional differential equations appear in several physical systems. Solution to 
these is no more rigorous than its integer order counterpart. The Laplace transfor-
mation technique is very popular though yet several analytical approaches do exist. 
Numerical evaluation with “short memory principle” is one amongst them popular 
for computer programming and numerical regression. Mellin transform, power se-
ries expansion method approach using fractional Green’s function, Babenko’s 
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symbolic method, Orthogonal polynomial method, Complementary polynomial 
(changing fractional differential equation to integer order differential equations) 
Reisz fractional potential method, method with Wright’s function and finite-part 
integral method are some of the mathematician’s tool for obtaining the fractional 
differintegrals and solution of fractional differential equation. However in this book 
only Laplace is considered as most easily understood and being popular amongst 
engineers and scientists. A very recent approach to solve General Dynamic Sys-
tems with action reaction process is described in the Chapter-11, which gives  
approximate analytic solution close to physics; the mathematics of Adomian De-
composition Method is applied to describe the physical reaction chain. A simple 
examples in this section elaborates the concept of Fractional Differential equation. 

1.6.1   Abel’s Fractional Integral Equation of Tautochrone 

The Abel’s problem is to find a curve where the time of decent is same irrespec-
tive of the position of release of ball in frictionless system. S  is the arc length 
measured along curve C  from point O  (the origin) to an arbitrary point Q  on C  

(Figure 1.8). The gain in Kinetic Energy while the ball decends is loss in the 
potential energy and is given by:  

2
1

[ ]
2

2 ( )

ds
m mg y

dt

ds g y dt

η

η

⎛ ⎞ = −⎜ ⎟⎝ ⎠

= − −

 

( , )P x y

( , )Qξ η
s

C

(0,0)O

y

x  

Fig. 1.8 Abel’s tautochrone curve 



32 1   Introduction to Fractional Calculus
 

The negative square root indicates that the distance (arc-length) decreases as the 
time increases. 

The equation thus to be solved is 

1

2 ( )
dt ds

g y η
= −

−
 

The time of decent from ‘P’ to ‘O’ is T , which is constant and is 

1 1

2

O

P

T ds
g y η

= −
−∫  

Now taking, the arc length as a function ( )s h η= , where h  depends on the shape 

of ‘C’. We can write in differential form the curve as / ( )ds h dη η= , so this substi-

tution gives:  

0
1 /2

1
( ) [ ( ) ]

2 y

T y h d
g

η η η−= − −∫  

Re-writing above expression 

1 /2

0

( 2 ) ( ) ( )
y

g T y h dη η η−= −∫ . 

Meaning that the integral of RHS of above, when a constant will be solution to get 
constant time of decent ( T ). In the above expression writing, with k  as constant 
the integral of RHS is: 

1
2

0

( ) ( )
x

k x t f t dt
−≡ −∫ . 

This is Abel’s integral equation. 
With 

1
2

1
2

( )
d

k f x
dx

π= . 

Thus when half derivative of a constant is computed the function ( )f x , is obtained. 

Solution to  

1 /2

0

( 2 ) ( ) ( )
y

g T y h dη η η−= −∫ , 
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can be obtained when / ( ) dsh dη η= , and letting /( ) ( )f y h y≡ , then dividing 

both sides of expression by Gamma half and applying Riemann-Liouvelli defini-
tion of fractional integration, that is; as follows: 

1 1
2 2

0

1 1
2 2

0

1
( ) ( ) ( )

1( )2

( ) ( ) ( )

x

x

D f x x t f t dt

D f x x t f t dtπ

− −

− −

= −
Γ

= −

∫

∫
 

and thereby inverting the operator we get:  

( )
1

2

1
2

2
( )

1
2

2
( )

g
T D f y

g
D T f y

π

−=
Γ

=

 

Put half derivative of constant as: 

1
2 TD T

yπ
= , 

to get:  

2
( )

g T
f y

yπ
= . 

Doing algebraic manipulation the following is obtained. 

22 2
/

2

2

2
0

( ) ( ) 1

[ ( )] 1

2
1

y

dx dyds dx
f y h y

dy dy dy

dx
f y

dy

gT
x d cη

π η

+ ⎛ ⎞
≡ = = = + ⎜ ⎟⎝ ⎠

= −

= − +∫

 

Solution continuation with 

2

2
0

0, 0

2
1

y

c x y

gT
x dη

π η

= = =

= −∫
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Letting 
2

2
gTa π= , and change of variables 22 sinaη ξ= , gives 

2

0

4 cosx a d
β

ξ ξ= ∫ , with 1sin
2

y

a
β − ⎛ ⎞

= ⎜ ⎟⎝ ⎠
. The parametric equation of the cycloid 

is thus obtained as: 

2

2

2

1
2 ( sin 2 )

2
2 sin

2 ,

x a

y a

gT
a

β β

β

θ β
π

= +

=

= =

 

( sin )

(1 cos )

x a

y a

θ θ
θ

= +
= −

 

Cycloid is the tautochrone. 
A point be mentioned about the cycloid curve shape C  is that this is too a 

curve for brachistochrone problem solved by Bernoulli. That is determination of 
shape of the curve giving ‘minimum’ time of descent. Therefore, the constant time 
T  is also minimum time of descent in a cycloid. 

1.6.2   Fractional Damped Motion 

Consider a ball falling freely under gravity in viscous fluid having constituent 
equation as:  

( ) ( ) ( ) 1
d d

v t v t v t
dt dt

α

α+ + =  

With initial condition as: (0) 0v =  and with generalized Laplace Transformation 

(let us believe { }( ) ( )d f t s F sα α± ±≡L , with zero initial condition) and some alge-

braic manipulation the following is obtained: 

1 1 1

2

1 [1 ( )]
( )

(1 )

s s
V s

s s s s

α

α

− − −− − −= =
+ +

 

Expanding numerator as binomial series, where 1 1[( )] 1s sα− −+ <  and 1α < , for 

large s ; the expansion is: 

2
0 0

1
( ) ( 1)n

n r
n r

n
V s

r s α

∞ ∞

+ −
= =

⎛ ⎞
= − ⎜ ⎟⎝ ⎠∑ ∑  
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Using Laplace Inverse term and by consolidating term one obtains temporal  
response:  

1

0 0

( ) ( 1)
( 2 )

n r
n

n r

n t
v t

r n r

α

α

+ −∞ ∞

= =

⎛ ⎞
= − ⎜ ⎟⎝ ⎠ Γ + −∑ ∑  

Consider another fractional damping system where the inertia plays negligible role 
given by  

1

3 ( ) ( ) ( )D x t x t f t+ = , with (0) 0x =  and ( ) ( )f t H t=  Heaviside’s step input. 

The Laplace transforms gives 

1 13

1 4
3 3

1 [1 ( )]
( )

(1 )

s
X s

s s s

− −− −= =
+

 

With 1s << , the above is expanded as series, giving: 

34

( 1)
( )

n

n
n

X s
s

∞

=

−
=∑ , and using the Laplace pair 1

!n
n

n
t

s +↔ , the temporal expression 

for above fractional dynamics equation’s solution is: 

( ) 13

4

( ) ( 1)
( / 3)

n

n

n

t
x t

n

−∞

=

= −
Γ∑  

1.6.3   Formal Definition of Fractional Differential and Fractional 
Integral Equation 

Consider Ordinary linear differential equation (ODE), homogeneous one, with 
constant coefficients 2 ( ) ( ) ( ) 0D y t aDy t by t+ + = . Then if α  and β  are distinct 

zero’s (roots) of indicial polynomial 2( )P x x ax b= + + , then we know that 

exp( )tα  and exp( )tβ  are linearly independent solutions of the ODE and if α β=  

then exp( )tα  and exp( )t tα  are the linearly independent solutions of ODE. 

As an attempt to define a fractional differential equation (FDE), let 

1 1 0, ,.... ,m mr r r r−  be strictly, decreasing sequence of non-negative numbers. Then for 

1 2, ,.... ma a a  constants 
1 0

1 .... ( ) ( )m mr r r
mD a D a D y t x t−⎡ ⎤+ + + =⎣ ⎦  is candidate to represent general  

fractional differential equations. This equation too is complex looking, so we try to  
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simplify, by addition of imposed condition that jr  be rational numbers. Thus if q  is 

LCM of the denominators of the nonzero jr ’s, then we define formally the fractional 

differential equation as: 

( 1) 0
1 .... ( ) ( )nv n v

nD a D a D y t x t−⎡ ⎤+ + + =⎣ ⎦ , 0t ≥  where 1( )v q −=  

The order of this fractional differential equation is of ( , )n q , and is of constant 

coefficients. If 1q = , then 1v =  and the equation is simply ordinary differential 

equation of order n  with constant coefficients. The above definition is for Non-
Homogeneous, fractional differential equation with constant coefficients. With 

( ) 0x t = , vanishing source term the equation is Homogeneous Fractional Differ-

ential Equation with constant coefficients, first this has to be solved for obtaining 
Green’s function, and then for source term standard convolution of this Green’s 
function, with source function will yield solution. 

For convenience introduce the indicial polynomial  

1
1( ) ...n n

nP x x a x a−= + + + , 

then ( )vP D  is fractional differential operator as  

( ) ( 1) 0
1 ...v nv n v

nP D D a D a D−≡ + + + . 

With this, the FDE is compactly described as: 

( ) ( ) ( )vP D y t x t= . 

Consider a simple FDE of order (4,3)  as 
4

3 ( ) 0D y t = . Then if 1C  and 2C  are arbi-

trary constants 
1 2

3 3
1 2( )y t C t C t

−= +  is a solution. The first solution is 
1

3
1 1( )y t C t= . 

Using this in the FDE the following is obtained: 

( )
1 4

3 3

4 13
1 1 1

1
1 1

3 3( ) 0
1 4 (0)

1
3 3

t
D y t C C t

−

−

⎛ ⎞Γ +⎜ ⎟ Γ⎝ ⎠
= = =

Γ⎛ ⎞Γ − +⎜ ⎟⎝ ⎠

 

This satisfies as one solution. 
Derivative of first solution shall be second that is following from ODE. 

1 2

3 3
1 2( )Dy t Dt C t

−
= = , 

is the solution. The combination of these two gives solution for FDE as mentioned 
above. 
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One may draw parallel to ODE. Consider 1 ( ) 0D y t =  it has one solution, namely 

( )y t C= , a constant. Take 2 ( ) 0D y t =  it has two solutions, namely 1 1( )y t C t=  and 

2 2( )y t C= . Here 2 1( ) ( )Dy t y t=  and the composite solution is 1 2( )y t C t C= + .  

Similarly, 3 ( ) 0D y t =  has three solutions, and the combined solution is 
2

1 2 3( )y t C t C t C= + + . General n  order ODE has n  linearly independent solutions. 

The FED 1.333 ( ) 0D y t =  has two solutions and not 1.333..  solutions. Here 

4 / 3 1.333..nv = = must logically have integer number of solutions N nv≥ , in this 
FDE is two. 

Let m  and q  be positive integers and let 1( )v q −= . Then the Fractional Inte-

gral Equation is defined as: 

0
1 .... ( ) ( )v mv

mD a D a D y t x t−⎡ ⎤+ + + =⎣ ⎦  

1.7   Fractional Calculus and Law of Irreversibility Non-locality 

A large number of problems of physics and engineering, including Schrödinger’s, 
Maxwell’s, Newton’s, Fourier’s Heat Flow, Brownian Motion, Bio-Physical Systems 
etc. can be formulated as initial value problem for dynamical evolution equation as: 

( ) ( )
d

f t f t
dt

= Β  

where t ∈\  denotes time and Β  is an operator on Banach space. This classical 
equation of evolution represents basic symmetry, principle of locality and irre-
versibility. This state equation need not be of first order in time, and can be of 
wave equation of ( , )g x t  as: 

2 2
2

2 2

g g
c

t x

∂ ∂=
∂ ∂

 

It can be casted into the first order by taking  

20 1
;

1 0

g
f c

h x

⎡ ⎤ ⎡ ⎤ ∂= Β =⎢ ⎥ ⎢ ⎥ ∂⎣ ⎦ ⎣ ⎦
 

For example consider distributed loss less transmission line with repeated per unit 
series inductance and shunt capacitances. Then ( , ) ( , )g x t v x t=  is per unit cell 

voltage difference and ( , ) ( , )h x t i x t=  is the current, and 2 1( )c LC −= , gives, 

wave equation 2 1 2( )tt xxv LC v−∂ = ∂ . Depending on the initial data 0(0)f f=   
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describing the state or observables of the system at initial start time, the problem is 
to find the state or observables ( )f t  of the system at later times. The generaliza-

tion of the above evolution equation to fractional differential equation is: 

( ) ( )
d

f t f t
dt

α

α = Β  

where the order of derivative is of fractional order or complex order raises several 
fundamental questions regarding non-local behavior and symmetry and conserva-
tions. Let us postulate that all time evolutions of physical systems are irreversible. 
Obviously law of irreversibility must be considered to be an empirical law of na-
ture equal in rank with the law of energy conservation. Reversible behavior is ide-
alization; its validity or applicability in physical systems depends on the degree to 
which the system can be isolated from past history and its environment. The order 
of the fractional derivative 0 1α< <  classifies and quantifies the influence of past 
history. Note that Fractional Derivative definitions have inbuilt integration, mean-
ing that the operation is non-local, requires information about past states. For unity 
value of the fractional order (or integer order of one) the influence of past history 
is minimal, in the sense that, then the process (evolution) enters only through the 
present state. Small value of α  corresponds to a strong influence of past history. 
This is too embedded in definitions of  fractional differ-integrals by Grunwald-
Letnikov (GL), the lesser the order the more are the weights as compared to unity 
order of differentiation effect of past history and heredity comes in while fraction-
ally differentiating the function! 

1.8   Stable Random Variables and Generalization of Normal 
Probability Density Function 

1.8   Stable Random Variables Generalization 

De Movie’s central limit theorem (CLT) for finite variance, independent identi-
cally distributed (iid) random variables iX , with μ , σ  as constants, states that 

1 2
1/2

... nX X X n

n

μ
σ

+ + + −
 

converges to Z , as standard normal random variable, can be generalized by re-
moving the assumption of finite variance  

1 2
1/

... nX X X n

n α
μ

σ
+ + + −

, 

converges to Y  as a standard α -stable variable that has infinite variance. The 
CLT was generalized by Levy (1937). Power-law distributions are observed in  
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various fields of science, engineering, sociology, and economics and these are 
connected to fractional calculus. Densities of α  stable variables are generalization 
of the normal probability density function, the ‘characteristic function’ of which is 
defined as, 

[ ]{ }( ) exp 1 i sgn( ).tan( / 2) ik k k k
α αψ σ β πα μ= − − + ,1 2α< ≤ . 

The parameters σ , β  and μ  describe the spread, the skewness and the location of 

the density, respectively. The skewness can be viewed from picture of random walks, 
as this factor denotes the probability of particles moving either ahead or behind the 
mean. If the forward moving probability and the backward moving probabilities are 
same then there is no skewness. This expression of ( )kψ  is characteristic function 

(that is the Fourier transform with k  the Fourier (normal) coordinates changed to 
k− ), for the stable density. The sgn( )k  function is 1−  for 0k <  and 1+  for 0k > . 

The characteristic function for 1α =  the Cauchy distribution is slightly different 
from the above expression.  

When the density is symmetric, the skewness parameter 0β = , the symmetric 

characteristic function is ( )( ) exp ik k k
ααψ σ μ= − + . A standard α -stable density 

function has unit “spread” and is centered on the origin, so 1σ =  and 0μ =  is 

( ) exp( )s x k
α

α = − . A nonstandard α -stable density ( )f xα  is related to standard 

( )s xα  by [ ]1( ) ( ) /f x s xα ασ μ σ−= − . A standard symmetric α  stable distribution is 

characterized by ( ) exp( )k k
αψ = − . In this form it is easy to see that the Gaussian 

(normal) density is α -stable with 2α = . Note, however, that when the scale factor of 
the stable law, 1σ =  the standard deviation of the normal ( 2α = ) distribution (N ) 

is 2 . 

2 2( ) exp( 2 i )k k kσ μ= − +N  is normal distribution. 

The most important feature of α -stable distribution is the characteristic exponent, 
also called index of stability α . The value of α  determines how “non-Gaussian” 
a particular density becomes as the value of this index of stability decreases from a 
maximum of 2, more probability density shifts towards tail; that is the density be-
comes a long-tailed distribution or LRD (long range dependence). 

A simple test of infinite (diverging) variance is to plot running sample variance 
estimate nS  with respect to number of points n , where  

2 2

1
( ) / ( 1)

n

n k nk
S x x n

=
= − −∑  

and the average is  
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1
/

n

n kk
x x n

=
=∑ . 

If for large n , the value nS  does not converge (rather diverges) then the process 

is with infinite variance and a non-Gaussian one. In fact in non-Gaussian stable 
distribution with characteristic exponent α , only moments of order less than α  
are finite. Therefore, variance can no longer be used as a measure of dispersion in 
many standard signal processing techniques such as spectral analysis with least 
square based methods may give misleading results!   

1.9   Conservation of Probability 

The statement about the conservation of probability is that a particle will occupy a 
specific location that is at any particular time the sum of probabilities at all locations 
must be equal to unity. So if the probability changes in one location from one time 
moment to the next time moment, the probability must also change in vicinity to con-
serve the probability. An ensemble of particles that is very large numbers can fulfill 
the probabilities and this statement becomes conservation of mass. Fokker-Plank-
Equation (FPE) is the outcome of this statement of conservation of probabilities. 
Derivation of FPE starts with simple mathematical statement of how a random meas-
ure changes state from one moment to the next moment after some event has oc-
curred. In this case we are interested in the (probability) that a particle has moved 
from location 0x  to 2x  in time 0t  to 2t  or 2 0 2 0( ; )p x x t t− − . This probability will 

be referred to as transitional density, which is conditional on the initial position 0x  

and the time interval. The particle must move through an intermediate location 1x ; so 

the probability can be found by summing the over all possible intermediate points 1x . 

If the process is defined by Markovian process, in which the movement of a particle 
is independent of past movements; then the probability of making both transitions 
( 0x  to 1x  to 2x ) is the product of the single transition probabilities, giving the 

Chapman-Kolmogorov Equation. 

2 0 2 0 2 1 2 1 1 0 1 0 1( ; ) ( ; ) ( ; )p x x t t p x x t t p x x t t dx− − = − − − −∫  

The relationship between transition density and the particle position density (also 
called propagator or plume) is that the particle density has moved from (and must 
incorporate) the initial condition (position) and is defined as 0x  at time 0 0t = . 

Placing this in above expression we have 

0 1 1 1 0 1 1( ; ) ( ; ) ( ; )p x x t p x x t t p x x t dx− = − − −∫ . 

Similar to equation for conservation of mass, the FPE is a statement of conservation 
of probability of single particle’s location over a brief period of time. Using the short 
hand notation for propagator  



1.9   Conservation of Probability 41
 

0( ; ) ( , )p x x t P x t− ≡ , 

that is transition from initial condition to the present time and replacing 1x  with ζ  

and signifying the interval 1( )t t− by tΔ  gives a compact form of above obtained 

expression as, 

( , ) ( ; ) ( , )P x t t p x t P t dζ ζ ζ+ Δ = − Δ∫ . 

To make the next step of derivation, a requirement on the relative size of total time t  
versus the transition time tΔ  is needed. For a general transition density, tΔ  must be 
much smaller than the total time, and tΔ  is called a ‘mixing’ time. Then an appropri-
ate limit theorem such as central limit theorem (CLT) can be invoked, implying that a 
large number of transitions are integrated and the limit distribution is approached. 
The assumption of Markovian process requires that all time dependence is contained 
in this mixing time so that the convolution still holds. If the transitions are independ-
ent identically distributed (iid) stable variables, the standard normal for example; then 
no restrictions are placed on the transition time and the convolution is always satis-
fied. For example, iid Gaussian transitions results immediately in a Gaussian propa-
gator. 

By taking 0tΔ ≈ , we will know change in ( , )P x t  over a very short time pe-

riod, resulting in a differential equation. The time derivative of p  is defined as: 

0
0 0

0

( ; ) 1
lim ( ; ) ( ; )
t

p x x t
p x x t t p x x t

t tΔ →

∂ −
= − + Δ − −⎡ ⎤⎣ ⎦∂ Δ

 

The limits and moments of the particle transition probability must be correctly 
identified. One should expect that a particle that travels along a fractal path and/or 
requires power law times to complete individual walks will have different limiting 
behavior than a typical Gaussian or finite variance process. 

The density 0( ; )p x x t t− + Δ  can be replaced by Markov relation, that is 

0 0 0( ; ) ( , ) ( ; )p x x t t p x t p x t t dζ ζ ζ− + Δ = − Δ − −∫ . 

Using this in the above expression and recalling that 0( ; ) ( , )p x x t P x t− ≡ , gives 

the differential probability change: 

( )0

( , ) 1
lim ( ; ) ( , ) ( , )
t

P x t
p x t P t d P x t

t t
ζ ζ ζ

Δ →

∂
= − Δ −

∂ Δ ∫  

The instantaneous transition density has the limit 

0
lim ( ; ) ( )
t

p x t xζ δ ζ
Δ →

− Δ = − , 
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where ( )xδ ζ−  is the Dirac delta function, which means that as the transition time 

tends to zero, the probability that the particle does not move goes to unity. Equiva-
lently, the Fourier transform of the density has a limit of unity, that is 

0 0
ˆlim { ( ; )} lim ( ; ) 1

t t
p x t p k tζ

Δ → Δ →
ℑ − Δ = Δ = . 

This density has all the positive moments equal to zero. When 0tΔ ≠ , the density 
has higher order moments. The first moment of this instantaneous transition density is 
defined by the expected value of the particle’s new position minus the initial position; 
let it be called as ( )A tΔ  a function of tΔ , that is 

( ) ( ) ( ; )A t x p x t dxζ ζΔ = − − Δ∫ . 

The second moment of many power law functions and most of the Levy’s α -
stable instantaneous transition densities is infinite (diverging); therefore we 
choose a coefficient(again a function of tΔ ) as ( )B tΔ  that is measure of the 

spread of density similar to the second moment of a Gaussian distribution. A very 
general transition density with finite or infinite variance has Fourier transform, 

1
ˆ ( ; ) 1 ( )(i ) ( ) (1 )(i ) (1 )( i ) O( )

2
p k t A t k B t k k tα αβ β⎡ ⎤= − Δ + Δ + + − − + Δ⎣ ⎦  

where 1 1β− ≤ ≤  indicates the relative weight of forward versus backward transition 

probability and 1 2α< ≤  is the scaling exponent in 1-Dimensional space. The final 
term O( )tΔ  indicates higher-order terms that diminish to zero faster than tΔ . Since 

2exp( ) 1 / 2 ...x x x− = − + + , this density contains the expansion for the α -stables as 

subset. A finite variance density requires that 2α = , so the above Fourier transformed 
density reduces to the transition density used to derive classical FPE, and that is: 

2ˆ ( ; ) 1 ( )(i ) ( )(i ) O( )p k t A t k B t k tΔ = − Δ + Δ + Δ , 

where 2 ( )B tΔ  is equal to the second moment of particle excursion distance when 

2α = , related to mean squared displacement (MSD). This special case instanta-
neous transition density has an inverse transform that contains derivatives of the 
Dirac delta function: 

( ; ) ( ) ( ) ( ) ( ) ( ) O( )p x t x A t x B t x tζ δ ζ δ ζ δ ζ− Δ = − − Δ − + Δ − + Δ′ ′′  

This transition density when substituted into  

( )0

( , ) 1
lim ( ; ) ( , ) ( , )
t

P x t
p x t P t d P x t

t t
ζ ζ ζ

Δ →

∂
= − Δ −

∂ Δ ∫ , 
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leads to classical FPE for Brownian motion with advective drift.  The derivation is 
similar to that done for the generalized case below. Power law and α  stable tran-
sitions with 2α <  have a real space density for small time (that is inverse of  
General Fourier expansion), as: 

1
( ; ) ( ) ( ) ( ) (1 ) ( ) ( )

2
p x t x A t x B t D xαζ δ ζ δ ζ β δ ζ+− Δ = − − Δ − + + Δ −′  

1
(1 ) ( ) ( ) O( )

2
B t D x tαβ δ ζ−+ − Δ − + Δ  

where Dα
±  are the α  th order fractional derivative. The terms of these fractional de-

rivatives can be evaluated for the delta function as proportional to 
1

( )x
αζ − −− , 

which shows the power function density of the instantaneous transition approxima-
tions. For symmetric jumps 0β = . The coefficients ( )A tΔ  and ( )B tΔ  vanish as tΔ  

goes to zero, as required by  

0
lim ( ; ) ( )
t

p x t xζ δ ζ
Δ →

− Δ = − . 

We assume that the rate of change of the drift and scale coefficients for small time are 
constants, so ( )A tΔ  and ( )B tΔ  are linear with tΔ  for small transition times, leading 

to  

( )
0

lim ( ) /
t

v A t t
Δ →

≡ Δ Δ and ( )
0

lim ( ) /
t

B t t
Δ →

≡ Δ ΔD . 

Nonlinear power function scaling of ( )A tΔ  and ( )B tΔ  with tΔ  can be used to 

model non-Markovian, long-term temporal correlations (LRD) yielding fractional 
derivative of time; this will be elaborated in Chapter-4. For simplicity we assume 
that the time correlation is thin tailed and relative to spatial correlation, so that v  
and D as represented above are good approximates. Placing the expansion of 

( ; )p x tζ− Δ , expressed with fractional derivative of delta function in the expres-

sion of ( , ) /P x t t∂ ∂ we get: 

( )0

( , ) 1
lim ( ; ) ( , ) ( , )
t

P x t
p x t P t d P x t

t t
ζ ζ ζ

Δ →

∂
= − Δ −

∂ Δ ∫  

                

0

1
( ) ( ) ( ) (1 ) ( ) ( )

2 ( , )1
lim 1

(1 ) ( ) ( )
2
( , )

t

x A t x B t D x
P t d

B t D xt

P x t

α

α

δ ζ δ ζ β δ ζ
ζ ζ

β δ ζ

+

Δ → −

⎛ ⎞⎧ ⎫− − Δ − + + Δ −′⎪ ⎪⎜ ⎟⎪ ⎪
⎜ ⎟⎨ ⎬= ⎜ ⎟⎪ ⎪+ − Δ −Δ ⎜ ⎟⎪ ⎪⎩ ⎭
⎜ ⎟−⎝ ⎠

∫   
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Recognizing that  

( ) ( , )x P t dδ ζ ζ ζ−∫  

is convolution of delta function with ( , )P x t  giving ( , )P x t . Then, using, Fourier 

Identity 

( ) ( ) ( ) ( ) ( )q q qD x f x x D f x D f xδ δ± ± ±⎡ ⎤ ⎡ ⎤⊗ = ⊗ =⎣ ⎦ ⎣ ⎦ , 

and invoking the limits we get: 

( )
0 0

1
lim ( ) ( ) ( , ) lim ( ) ( , ) ( , )
t t

A t x P t d A t P x t vP x t
t x x

δ ζ ζ ζ
Δ → Δ →

∂ ∂
Δ − = Δ =′

Δ ∂ ∂∫  

and 

[ ]
0 0

1 1 ( , )
lim ( ) ( ) ( , ) lim ( ) ( , )

( ) ( )t t

P x t
B t D x P t d B t P x t

t t x x

α α
α

α αδ ζ ζ ζ±Δ → Δ →

∂ ∂Δ − = Δ =
Δ Δ ∂ ± ∂ ±∫ D

, 

 

substituting these we obtain the Fractional Fokker Plank Equation, a generalized 
conservation of probability. 

( ) ( )1 1
1 1

2 2 ( )

P
vP P P

t x x x

α α

α αβ β∂ ∂ ∂ ∂= − + + + −
∂ ∂ ∂ ∂ −

D D  

The function v  is the drift of the process, i.e. the mean advective velocity. If the 
particle transition is modeled by an infinite variance probability then the nonlinear 
growth of the particle propagator is incorporated by fractional derivative, rather 
than the leading parameter D . 

1.10   Half Order Fractional Differentiation Embedded in 
Standard Fick’s Law and Its Extension to Describe 
Anamolous Diffusion 

1.10   Ha lf Order fractiona l differentiation Embe dde d 

In the previous section, we have discussed in generalized Fokker Plank Equation; 
which in force free or field free situation reduces to Fick’s diffusion equation.  
In the above assume drift component is zero, then we get the classical and generalized 
diffusion in field free environment. Let us assume that ( , )P r t  represents density 

function per unit space r , then the mass is integral of ( , )P r t  represented as 
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0

( , ) ( , )
r

M r t drP r t= ∫ . 

The continuity equation is rate of change of mass and is related to mass current  
density as, 

( , ) ( , )
d

M r t j r t
dt

= −  

where constitutive equation is 

0
( , )

( , )
P r t

j r t
r

∂
= −

∂
D . 

From these two equations we obtain the Fick’s law of diffusing species as 

2

0 2
( , ) ( , )P r t P r t

t r

∂ ∂
=

∂ ∂
D  

This has got standard solution as Gaussian plume at any other r  and any other 
time t  , when at initial instant at 0t =  a delta function is placed at origin, 

(0,0) ( ,0)P rδ= ; that is 

2

04

0

1
( , )

r

t
P r t e

tπ

⎛ ⎞
−⎜ ⎟
⎝ ⎠= D

D
 

Taking Laplace of this Gaussian plume (refer Laplace table of Chapter-2), we get 

{ }
2

004

0 0

1 1
( , ) ( , )

sr
r

t
P r s P r t e e

t sπ

⎛ ⎞⎛ ⎞
−− ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎧ ⎫ ⎛ ⎞⎪ ⎪= = =⎨ ⎬ ⎜ ⎟

⎝ ⎠⎪ ⎪
⎩ ⎭

DD

D D
L L  

Differentiating the above we obtain 

0 0

0 00

1 1
( , )

s sr rd s
P r s e e

dr s

− −−
= = −D D

D DD
 

Using Laplace pair 

{ }1 1
2 2/s d dt↔ L , 

taking Laplace of constitutive equation, that is 0( , ) ( , ) /j r s P r s r= − ∂ ∂D , and substi-

tuting above obtained derivative that is ( , ) /dP r s dr , we obtain (after simplification 
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and simple algebra) 0( , ) ( , )j r s s P r s= D . The inverse Laplace transform gives, a 

constitutive equation expressed with half (fractional) derivative as:  

1
2

0 1
2

( , )
( , )

P r t
j r t

t

∂=
∂

D  

Using this fractional derivative equation for constitutive equation, we can recon-
struct easily the fractional derivative counterpart of Fick’s law as: 

1
2

01
2

( , ) ( , )P r t P r t

rt

∂ ∂= −
∂∂

D  

The half (fractional) derivative is imbibed in this isotropic uniform normal diffu-
sion equation of Fick’s law, where the continuous time random walk (CTRW) is 
Brownian Motion (BM). 

1.11   Fractional Brownian Motion 

Let us re-write the Gaussian plume (as expressed in previous section) with pa-
rameter wd , as following with FBM as full form of ‘Fractional Brownian Motion’. 

2

2

04
FBM 2

0

1
( , )

4

dw

w

x

t

d

P x t e

tπ

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎝ ⎠= D

D
 

Then the corresponding scaling of mean square displacement (MSD) is 

2
2

0( ) 2 wdx t t≡ D , 

With 2 wd≤ < ∞ . When 2wd =  , we get the Gaussian plume back with MSD 

scaling linearly with time, and we return to normal Fick’s law corresponding to 
normal brownian motion (BM) as obtained in previous section, that is: 

1
2

BM BM
01

2

( , ) ( , )P x t P x t

xt

∂ ∂
= −

∂∂
D  

For any type of anomalous transport, (diffusion) with exponent other than two we 
may write fractional diffusion equation from our above explanation as: 
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1

FBM FBM
1

( , ) ( , )
A

w

w

d

d

P x t P x t

x
t

∂ ∂
= −

∂∂
 

We may thus tempt to relate the brownian motion (BM) and fractional brownian 
motion (FBM), with integral transform as,  

FBM BM( ) ( ) ( )
t

Mx t K t dxτ τ
−∞

= −∫ , 

with kernel defined as follows: 

(1/ ) (1/2) (1/ ) (1/2)

(1/ ) (1/2)

( ) ( ) ; 0
( )

( ) ;0

w w

w

d d

M d

t
K t

t t

τ τ τ
τ

τ τ

− −

−

⎧ − − − <⎪− = ⎨
− < <⎪⎩

 

This is Mandelbrot’s kernel, relating BM and FBM, similar to singular kernel of 
Riemann-Liouvelli, fractional integral that is 

1

0

1
( ) ( ) ( ) ( )

( )

t

t tI f t d f t t f dφ φ φτ τ τ
φ

− −= = −
Γ ∫ . 

When the anomalous index 2wd = , then, memory kernel is ( ) 1MK t τ− =  and 

FBM BM( ) ( )x t x t= , that is walk without memory. However, this Mandelbrot’s kernel 

is different from memory kernel that we had formalized for fractional calculus previ-
ously, the concept of memory however remains the same. 

Thus a walker undergoing FBM remembers his past and its motion having mem-
ory kernel, while a walker undergoing BM does not remember its past. Well a walker 
can remember its past and have preferences in same direction giving persistence 
walk, or a walker remembering its past can change its direction giving anti-
persistence walks, which are the cases of anomalous transport. This gives concept of 
sub- or super-diffusion, in FBM context. The variable FBMx  could be computer  

network delay; could be price-index of stock market; could be random returns of in-
surance system; could be infected population by swine flu or could be stochastic 
noise. In general this could be variable for physical systems represented by random 
stochastic process. 

Dynamics of financial assets demonstrate stochastic behavior; the first attempt 
to describe stochastically financial dynamics was made by L. Bachelier in 1900. 
He proposed the Brownian motion to model the stochastic process of returns BMx  

as ( ) ( )tG t G tΔ≡ over time scales tΔ  as the forward change in the logarithmic of 

price or market index ( )S t , as ( ) ln ( ) ln ( )tG t S t t S tΔ = + Δ − . Thus BM( )tG t xΔ ≡  

as Bachelier’s approach is natural if one considers the return over time scale tΔ  to 
be result of many independent shocks which then lead by central limit theorem 
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(CLT) to a Gaussian distribution of returns. Well, with spiky nature of the returns 
where the fluctuations are too spiky will be different than Gaussian, with pro-
nounced tail and long range dependent (LRD), and in that case FBM( )tG t xΔ ≡  will 

be a Fractional Brownian Process. These cases will be taken up subsequently. 
The MSD, in case of Brownian motion scales as proportional to time, that is 

2
BMx t≅ . The fractional brownian case was stated as anomalous case, when 

MSD is non linear with time; can be expressed with Hurst exponent, H  as  

(2/ )2 2
FBM

wdHx t t≅ = . 

With 0.5H = , giving Brownian case, with 0 0.5H< <  indicating anti-persistent 
walk (slower diffusion than Brownian case), 0.5 1H< <  indicating persistent 
walk (faster diffusion than Brownian case). Persistent walk is case when walker 
remembers the step, and next step being in the same direction is more probable, in 
case of anti-persistent case the step is remembered and next step being in reverse 
direction is more likely. The Brownian case the walk is ‘without memory’. These 
concepts will be used in subsequent chapters and will be elaborated. 

1.12   A Thought Experiment 

From aircraft, we see the city roads and observe the vehicular traffic movement. The 
vehicle seems to move in one straight line. Therefore as an observer we draw the ve-
locity curve by simple one order integer derivative of displacement and find that 
maps straight lines. In Figure 1.9 the pair of straight lines gives the velocity trajectory 
of the up stream vehicle and down stream vehicle, as observed in macroscopic scale. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1.9 Macroscopic and Microscopic view of moving vehicles on road 
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The same vehicle when looked with enlarged view tells us its continuous 
movement but to avoid road heterogeneity travels in zigzag fashion. The curve in 
lower frame of the Figure 1.9 maps this picture. Here scale is enlarged. The ve-
locities for up stream and down stream vehicles are not pair of straight lines, but 
follow a continuous but nowhere differentiable curve. So will the /dx dt  give the 

true picture of velocity or will it be ( 1 1/d x dtα α+ + ), where 0 1α< < , give the rep-
resentation of the actual zigzag pattern, is the thought experiment. Now the ques-
tion about the dimensions of velocity, in the thought experiment when defined as 
fractional derivative of displacement, is matter of another thought. In the present 
understanding as per uniform time scales the quantity /dx dt is velocity and 

2 2/d x dt  is the acceleration, however the quantification of 1.23 1.23/d x dt is hard to 
visualize. This fractional differentiation is in between velocity and acceleration 
perhaps a velocity in some transformed time scale, which is non-uniform-
enriching thought for physical understanding of fractional quantities. The nature 
of zigzag pattern shown is somewhat called fractal curve, actually a continuous 
and nowhere differentiable function. Relation of fractal dimensions and the frac-
tional calculus is evolving field of science at present. The macroscopic view pre-
sented above gives a thought of explanation of discontinuity and singularity for-
mations in nature, in classical integer order calculus. Can fractional calculus be an 
aid for explanation of discontinuity formation and singularity formation- is enrich-
ing thought experiment.  

In this chapter definition of fractional derivative and fractional integration is given 
as brief outline. Note may be taken as fractional differentiation embeds the fractional 
integration (in both the cases of RL as well as Caputo definitions). Looking at the 
formulation of fractional integration one sees it as convolution of power function  

( )tαΦ  with the function ( )f t  giving fractional integration 0 ( )tI f tα . The Figure 1.3 

here demonstrates the nature of power function ( )tαΦ . Consider for a thought ex-

periment that ( )f t  is velocity of moving vehicle and ( )tαΦ  gives ‘time-interval’ 

flowing with time. Now in the limit 1α → , the Figure 1.3 shows that ( ) ( )t H tαΦ = , 

meaning that with the flow of time the ‘time-interval’ is always unity. This condition 
may also be viewed as ‘time-interval’ flow is uniform and the ‘speed of time-interval’ 
is zero! That is at every instant the ‘time-interval is unchanged’. In this scenario what 
we measure the distance as 

1 1
0 0

0

( ) ( ) ( )
t

t tI f t D f t f t dt−= = ∫  

which is normal way of estimating distance. This system has ‘homogeneous flow 
of time’. The above argument gives us a thought that there can be condition when 

1α <  giving rise to a convolution of velocity with power function as fractional 
integration of velocity as displacement! Well, in this particular case, then, the 
‘time-interval’ is not unity always and well, ‘time-interval’ has a variable velocity 
or we can say ‘time-flow’ is non-uniform! Here the distance traveled will be 
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0 0( ) ( )t tI f t D f tα α−= , in terms of fractional integral or we calculate velocity by 

fractional differentiation of distance traveled. Can ‘time-interval’ have dynamic 
speed? Perhaps in system where heterogeneity exists the movement of particles 
appears to have ‘non-homogeneous’ time flow! 

1.13   Quotable Quotes about Fractional Calculus 

Expressed differently we may say that nature works with fractional derivatives. 
We may express our concepts in Newtonian terms if we find convenient but if 

we do so, we must realize that we have made translation into a language, which is 
foreign to the system we are studying. 

All systems need a fractional time derivative in the equation describing them.  
System have memory of all earlier events is thus necessary to include this records 
of earlier events to predict the future. Conclusion is obvious and unavoidable: 
‘Dead matter has memory’. 

Fractional calculus is the calculus of XXI century. 

1.14   Concluding Comments 

This field of science is evolving and particularly as per author’s intuition, this cal-
culus will be the language of XXI century for physical system description and 
controls. In this chapter observation points towards evolving nature of the science 
of fractional calculus definitions, though born three hundred years ago. The ‘ifs 
and buts’ related to fractional calculus as on today, is due to our own limitation of 
understanding. This will have clearer picture tomorrow when products based on 
this subject will be used at industry. This introduction chapter has given the 
thought that there is wonderful universe of mathematics staying within the bound-
ary of ‘one complete differentiation’ and ‘one complete integration’. The science 
maturity will absorb the richness in this fractional calculus may be in coming 
years of XXI century. The chapter gives idea that this fractional calculus is as rig-
orous as its counterpart classical integer order differentiation and integration, with 
subject’s richness for scientific research for future. Also highlights the general 
laws of nature where integer order differential equation descriptions are idealism, 
and in real cases anomalous nature of physical behavior are a generalization with 
fractional differentiation or fractional integration.   
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2.1   Introduction 

This chapter presents a number of functions that have been found useful in the solution 
of the problems of fractional calculus. The base function is the Gamma function, 
which generalizes the factorial expression, used in multiple differentiation and 
repeated integrations, in integer order calculus. The Mittag-Leffler function is the basis 
function of fractional calculus, as exponential function is to integer order calculus. 
Several modifications of the Mittag-Leffler functions, along with other variants are 
introduced which are developed since 1903, for study of the fractional calculus. These 
functions are called Higher Transcendental Functions and its use in solving Fractional 
Differential Equations is as similar to use of transcendental functions for solving 
Integer Order Differential Equations. Use of these functions is demonstrated for 
solving Fractional differential equations with Laplace Transform Technique. Here, 
some interesting physical interpretation is given, for memory integrals for relaxation 
laws for generalized system dynamics (with memory); along with basic definition and 
physical interpretation of rough functions, and its fractal dimension. Several examples 
are solved to get fractional integration and fractional differentiation of standard 
function and use of introduced higher transcendental functions is demonstrated 
especially for solving Fractional Differential Equations.  

2.2   Functions for the Fractional Calculus 

2.2.1   Gamma Function 

One of the basic functions of the fractional calculus is Euler’s gamma function. 
This function generalizes the factorial !n , and allows n, to take non-integer 
values. 
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2.2.1.1 Representation of Gamma Function 

Definition of the Gamma function in integral form is: dttez zt∫
∞

−−=Γ
0

1)( , Which 

converges in the right half of the complex plane ( ) 0e zℜ >  considering z to be 

real number the above statement implies that gamma function is defined 
continuously for positive real values of z.  

For z , small, between 0 and 1, ( ) 1
( )z z

−Γ ≈ . 

2.2.1.2   Basic Properties of Gamma Function 

( 1) 1 1

0
0 0 0

( 1) ( )

( 1) ( )
tt z t z t z t z

t

z z z

z e t dt e t dt e t z e t dt z z
∞ ∞ ∞

=∞− + − − − − −
=

Γ + = Γ

⎡ ⎤Γ + = = = − + = Γ⎣ ⎦∫ ∫ ∫
 

The above is obtained by integration by parts. Obviously (1) 1Γ = , and using the 

above property we obtain values for 1,2,3,...z =  

(2) 1. (1) 1!

(3) 2. (2) 2!

(4) 3. (3) 3!

...........................

( 1) . ( ) .( 1)! !n n n n n n

Γ = Γ =
Γ = Γ =
Γ = Γ =

Γ + = Γ = − =

 

The above property valid for positive values of z. Another important property of 
the gamma function is that it has simple poles at 0, 1, 2, 3,...z = − − −  

The proof is explained as splitting the function in two intervals as indicated below: 

1
1 1

0 1

( ) t z t zz e t dt e t dt
∞

− − − −Γ = +∫ ∫              

The first integral can be evaluated by using series expansion for the exponential 

function. If ( ) 0e z xℜ = > , then ( ) 0e z k x nℜ + = + >  and thus 
0

0z k

t
t +

=
= . 

Therefore, 

1 1 1
1 1 1

0 0 00 0 0

( ) ( 1) ( 1)

! ! !( )

k k k
t z z k z

k k k

t
e t dt t dt t dt

k k k k z

∞ ∞ ∞
− − − + −

= = =

− − −= = =
+∑ ∑ ∑∫ ∫ ∫  

The second integral may be represented as an “entire-function” 
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1

1

( ) t zz e t dtφ
∞

− −= ∫  

0 1 2

0

( 1) 1 ( 1) 1 ( 1) 1 ( 1) 1
( ) ( ) ( ) .....

! 0! 0 1! 1 2! 2

k

k

z z z
k k z z z z

φ φ
∞

=

− − − −Γ = + = + + + +
+ + + +∑  

 
Clearly indicating simple poles at 0, -1, -2, -3…this means that at negative integer 
points the gamma function asymptotically approaches infinity and is discontinuous at 
those negative integer values. 

Besides the obvious relation ( 1) ( )z z zΓ + = Γ , we observe that if n  is an integer, 

then ( ) ( 1) ( 1) ( ) (1 )nz n z n z zΓ + Γ − − + = − Γ Γ − , for all n . Using ! ( 1)α α= Γ + , 

when α  is not a positive integer, then we may generalize the binomial coefficients 
as: 

(1 )

( 1) (1 )

z z

u u z u

−⎛ ⎞ Γ −
=⎜ ⎟⎝ ⎠ Γ + Γ − −

 

In particular if u  is nonnegative integer, say n  then using the above identity, we have: 

1(1 ) ( )
( 1) ( 1)

! (1 ) ! ( )
n nz z nz z n

n nn z n n z

− + −⎛ ⎞ ⎛ ⎞Γ − Γ +
= = − = −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠Γ − − Γ

 

The other properties of gamma function are: 
Duplication formula:  

1 2 12
1

(2 ) 2 ( )
2

zz z zπ − − ⎛ ⎞Γ = Γ Γ +⎜ ⎟⎝ ⎠
 

Reflection formula:  

( ) (1 )
sin

z z
z

π
π

Γ Γ − =  

For 0x > , the asymptotic representation of gamma function is  

( 1) 2x xx x e xπ−Γ + ∼  

The reciprocal gamma function is defined as 

1

1
1

( )

z
k

z

k

z
ze

z k
γ

−∞

=

⎛ ⎞= +⎜ ⎟⎝ ⎠Γ ∏ ,  

where 0.577215666....γ = is Euler’s constant. 
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This reciprocal gamma function is continuous everywhere for real values of z . 
The value of reciprocal Gamma function is zero at negative integer points and at 
zero, an important property. Whereas, the gamma function has discontinuities at 
all negative integer points at zero.  

The asymptotic representation is  

1

21

( ) 2

x
x

x π

−

Γ
∼  

The gamma function can also be represented as limit as follows: 

!.
( ) lim ,

( 1)...( )

z

n

n n
z

z z z n→∞
Γ =

+ +
 

Here we initially assume right half plane ( ) 0e zℜ > , or in case of real number 

positive values. 
Let us introduce an auxiliary function as below to prove this part, 

1

0

1
nn

z
n

t
f t dt

n
−⎛ ⎞= −⎜ ⎟⎝ ⎠∫ . 

Substitute /t nτ = , and then performing integration by parts we get the following: 

1
1

0

1
1

0

1
1

0

( ) (1 )

(1 )

!

( 1)...( 1)

!

( 1)...( 1)( )

z n z
n

z
n z

z
z n

z

f z n d

n
n d

z

n n
d

z z z n

n n

z z z n z n

τ τ τ

τ τ τ

τ τ

−

−

+ −

= −

= −

=
+ + −

=
+ + − +

∫

∫

∫
 

Taking into account the well known lim 1
n

t

n

t
e

n
−

→∞

⎛ ⎞− =⎜ ⎟⎝ ⎠
, we expect the following: 

1 1

0 0

lim ( ) lim 1 ( )
nn

z t z
n

n n

t
f z t dt e t dt z

n

∞
− − −

→∞ →∞

⎛ ⎞= − = = Γ⎜ ⎟⎝ ⎠∫ ∫  

The Stirling’s approximation for gamma function ratio is given by Stirling’s 
number as: 
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( )

0

( ) ( 1)

( ) ( 1) !

jj
m m

j
m

j q
S q

q j j =

Γ − −=
Γ − Γ + ∑ , ( )m

jS  

is Stirling’s number of first kind with recurring relation as: ( ) ( 1) ( )
1

m m m
j j jS S jS−
+ ≡ − , 

( ) (0)
0 1m

jS S= = , except (0)
0 1S = . The approximation, of ratio of gamma function as 

polynomial in q  establishes ratio of gamma function as finite and single value 

function for all q  and j . Two examples of this Stirling’s approximations are: 

1( )
1 ( )

( )
a bx a

x x
x b

− −Γ + ⎡ ⎤= +Ο⎣ ⎦Γ +
 and (1 ) 2( ) ( 1)

1 ( )
( 1) 2

qx q q q
x x

x x
− + −Γ − +⎡ ⎤= + +Ο⎢ ⎥Γ + ⎣ ⎦

, for 

x →∞ . 

The incomplete gamma function is defined, in series form as:  

*

0

( , )
( 1)

k
z

k

z
v z e

v k
γ

∞
−

=

=
Γ + +∑ .  

In particular  

* 1
( ,0)

( 1)
v

v
γ =

Γ +
 

If p  is nonnegative integer, the following properties are deduced from series 

definition as: 

* ( )
( , )

!

k p
at

k p

at
p at e

k
γ

−∞
−

=

= ∑  and * ( , ) ( ) pp at atγ − = . 

The special values of this incomplete gamma functions are: 

* 1
(1, )

ate
at

at
γ

−−
= , * (0, ) 1atγ = , and * ( 1, )at atγ − =  

Incomplete gamma function is an entire function of both z  and v  and its integral 
representation is: 

For 0evℜ > , 
def

* 1

0

1
( , )

( )

t
v u

v
v t u e du

v t
γ − −=

Γ ∫  and *lim 1v

t
t γ

→∞
= . 

Some elementary relations that exist among the incomplete gamma functions are: 
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1
* *

0 0

( 1, ) ( , )
( ) ( 1) ( )

k k t
t t

k k

t t e
v t t v t e e

v k v k v
γ γ

+ −∞ ∞
− −

= =

− − = − =
Γ + Γ + + Γ∑ ∑ , 

Replacing t , by at , we get 

* *( 1, ) ( ) ( , )
( )

ate
v at at v at

v
γ γ

−

− − =
Γ

; 

iterating this ( 1)p −  times we arrive at: 

* *

0

( )
( , ) ( ) ( , )

( 1)

k
p at

k

at
v at at v p at e

v k
γ γ

∞
−

=

= + +
Γ + +∑ . 

Using the series definition of incomplete gamma function on the above expression 
we get:  

*

0

( )
( ) ( , )

( 1)

k v
v at

k

at
at e v at

v k
γ

+∞

=

=
Γ + +∑  

and taking p -th derivative, leads to: 

* *

0

( )
( , ) ( , )

( 1 )

p k
v at v p v p at

p
k

d at
t e v at t t e v p at

v k pdt
γ γ

∞
− −

=

⎡ ⎤ = = −⎣ ⎦ Γ + + −∑ . 

From this and earlier identity we write: 

1
* *

0

( )
( , ) ( , )

( 1 )

pp k
v at p v at v p

p
k

d at
t e v at a t e v at t

v k pdt
γ γ

−
−

=

⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦ Γ + + −∑ . 

In this form we see that the incomplete gamma function on the both sides of equation 
has the same arguments. From this with 1p = , we find the integral form as: 

* 1 *

0

( , ) ( 1, )
t

v au v atu e v au du t e v atγ γ+= +∫ , ( ) 1e vℜ > −  

The incomplete Gamma function is used in obtaining fractional differentiation and 
fractional integration of periodic functions, used as sinusoidal response studies of 
fractional operators.  

Let us try to find fractional integral of order 0v >  of exponential function 

( ) atf t e=  
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1
0

0

1
( )

( )

t
v at v au

tD e t u e du
v

− −= −
Γ ∫ . 

Make substitution as x t u= − , then integral expression is: 

1
0

0( )

tat
v at v ax

t

e
D e x e dx

v
− − −=

Γ ∫ . 

Clearly this integral is not elementary function, but is closely related to incomplete 
gamma function and thus fractional integral of exponential function is:  

*
0 ( , )v at v at

tD e t e v atγ− =  

The derived functions from complete gamma function, is called Beta function 
defined as  

1
1 1

0

( ) ( )
( , ) (1 )

( )
p q p q

p q u u du
p q

− − Γ ΓΒ = − =
Γ +∫ , 

Also there is incomplete Beta function defined as:  

def
1 1

0

( , ) (1 )x yx y t t dt
τ

τ
− −Β = −∫ , 0 1τ< <  

If ( ) 0e vℜ >  and k  is nonnegative integer then 

1

0

( ) !
( ) ( 1, )

( 1)

t k v
v k k v v k t

u t u du k v t
v k

+
− + Γ− = Β + =

Γ + +∫ . 

Hence we may write the same as:  

1

0

1
( )

( 1)( ) !

t k
v k

v

t
u t u du

v kv k t
− − =

Γ + +Γ ∫  

Using the series definition of incomplete gamma function with integrating by 
parts, we obtain: 

* 1 1 ( )

00 0 0

1 1 ( ) 1
( , )

!( ) ( )

t t tj
t v v v t u

v v
j

t u
e v t u du u du u e du

v jv t v t
γ

∞
− − −

=

⎧ ⎫⎡ ⎤−⎪ ⎪= + =⎨ ⎬⎢ ⎥Γ Γ⎪ ⎪⎣ ⎦⎩ ⎭
∑∫ ∫ ∫  

Thus we see that integral representation of incomplete gamma function as 
described before. 
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The derivative of complete gamma function a ‘psi’ function is defined as: 

1 ( )
( )

( )

d x
x

x dx
ψ Γ

=
Γ

 or 
( )

( ) ln ( )
( )

D x
x D x

x
ψ Γ

= Γ =
Γ

 

The utility of these two functions is demonstrated for evaluating fractional 
derivatives of power function ( ) bf x x= , with 1b > −  and ( ) logf x x= . 

From Riemann-Liouvelli definition for fractional derivative, with 1m mα− ≤ < , 
where m ∈` , we write: 

1
1 1

0

0 0

1 1
( ) (1 )

( ) ( )

xm m
b m b m b m b

x m m

d d
D x x u u du x v v dv

m mdx dx
α α α α

α α
− − − + − −⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪= − == −⎨ ⎬ ⎨ ⎬Γ − Γ −⎪ ⎪ ⎪ ⎪⎩ ⎩⎭ ⎭

∫ ∫
 

Using  

1
1 1

0

( ) ( )
( , ) (1 )

( )
p q p q

p q u u du
p q

− − Γ ΓΒ = − =
Γ +∫  we get: 

     0

1 ( 1) ( )

( ) ( 1 )

m
b m b

x m

b m d
D x x

m b m dx
α αα

α α
− +⎛ ⎞Γ + Γ −= ⎜ ⎟Γ − Γ + + − ⎝ ⎠

 

               
( 1) ( 1)

( 1 ) ( 1)
bb m b

x
b m m b m

α α
α α

−Γ + Γ − + +
=
Γ + + − Γ − + − +

 

                                      
( 1)

( 1)
bb

x
b

α

α
−Γ +

=
Γ − +

 

For 0b = , we obtain [ ] 1

0 {1} (1 ) ( )xD xα αα − −= Γ − , for 0α >  thus fractional 

differentiation of a constant is ‘zero’; only for positive integer values of nα += ∈]  
as reciprocal of complete gamma function at zero point and negative integer points 

are zero [ ] 1
(1 ) 0n

−Γ − = . When α +∉] , [ ] 1

0 {1} (1 ) ( ) 0xD xα αα − −= Γ − ≠ . 

On the other hand for any arbitrary positive real number 0α >  the fractional 
derivative, of a function, is zero, when difference between the order of fractional 
differentiation and order of power function is integers 1, 2, 3…. 

That is, 0 { } 0b
xD xα = if bα +− ∈] ; for example ( ) b kf x x xα−= =  and 

1,2,...(1 )k α= + .  

Meaning that the difference between the order of fractional differentiation and the 
order of power function i.e. bα −  is integers 1, 2, 3…, then the fractional derivative of 
power function goes to zero. This also demonstrates the role of reciprocal gamma 
function, whose values at negative integer points and zero point are zero. 

Let ( ) logf x x= , we find first the Riemann-Liouvelli fractional integration 

with change of variable (1 )u x v= − : 
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1
0 0

0

1
( ) ( ) log( )

( )

x

x xD f x I x u u duα α α

α
− −= = −

Γ ∫  

                 
1 1

1 1

0 0

(log )
log(1 )

( ) ( )

x x x
v dv v v dv

α α
α α

α α
− −= + −

Γ Γ∫ ∫  

                 
1

0

log log(10 ) (1 )
( 1) ( )

x x
x v d v

α α
α

α α α
= − −
Γ + Γ ∫  

                 
1

1

0
0

1
log (1 ) log(1 )

( 1) 1

x v
x v v dv

v

α α
α

α
⎧ ⎫−⎪ ⎪⎡ ⎤= − − − −⎨ ⎬⎣ ⎦Γ + −⎪ ⎪⎩ ⎭

∫  

By doing integration by parts and noting 

1

0

( 1) ( 1)
1

x yv v
dv y x

v
ψ ψ− = + − +

−∫ , with ( ), ( ) 1e x e yℜ ℜ > − , with ‘psi’ function 

defined as above, obeys recursion.   

1( 1) ( ) ( )x x xψ ψ −+ − =  and (1) 0.5772156666...ψ γ− = = .  is Euler’s constant.  

We write  

{ }0 0log log log ( 1) (1)
( 1)x x

x
D x I x x

α
α α ψ α ψ

α
− = = − + +

Γ +
 

Thus for 1 ( )m e mα− ≤ ℜ ≤  

( )
0 0log log

m
m

x xm

d
D x D x

dx
α α− −=  

                 [ ]log ( 1) (1)
( 1)

m m

m

d x
x m

mdx

α

ψ α ψ
α

−⎧ ⎫
= − − + +⎨ ⎬Γ − +⎩ ⎭

 

Combining the result with [ ]0 log log ( 1) (1)
( 1)x

x
I x x

α
α ψ α ψ

α
= − + +
Γ +

 following 

is obtained: 

{ }0 log log (1 )
(1 )x

x
D x x

α
α ψ α γ

α

−

= − − −
Γ −

 

When nα = ∈`  the fractional derivative for RHS of above expression should be 
interpreted as the limit for nα → . In fact 

(1 )
lim ( 1) ( )

(1 )
n

n
n

α

ψ α
α

−

→

−
= − Γ

Γ −
, 
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the rule log [( 1)!]( )
n

n
n

d
x n x

dx
−= − − −  is fulfilled.  

However, for ;n nα = − ∈`  there holds the classical result.  

0 0
1

1
log log log

!

n n
n n

x x
j

x
D x I x x

n j
−

=

⎧ ⎫⎪ ⎪= = −⎨ ⎬
⎪ ⎪⎩ ⎭

∑ , 

also observing that 
1

1
( 1) (1)

n

j

n
j

ψ ψ
=

+ − =∑  and 
1

( 1) ( )x x
x

ψ ψ+ − =  are the 

properties of ‘psi’ function. The ‘psi’ function is also termed as ‘digamma’ 
function. The other interesting properties are (0.5) (1) ln 4 ln 4ψ ψ γ= − = − − . If 

z is not negative integer then 

1

( 1)
( )k

z
z

k z k
ψ γ

∞

=

+ = − +
+∑  

2.2.2   Hypergeometric Functions 

The hyper-geometric function and its generalization encompass an extensive class 
of analytical functions. The generalized hypergeometric series is defined as: 

( ) 1 1
1 1

01 1

( )... ( ) ( )... ( )
,..., , ,..., ;

( )... ( ) ( )... ( ) !

k
q p

p q p q
kp q

b b a k a k z
F a a b b z

a a b k b k k

∞

=

Γ Γ Γ + Γ +
=
Γ Γ Γ + Γ +∑  

Provided that the ib are not non positive integers. The series converges for all z  if 

p q≤ , converges for 1z <  if 1p q= +  and diverges for all nonzero z  if 

1p q> + .  If 2p =  and 1q = then:  

( )2 1
0

( ) ( ) ( )
, , ;

( ) ( ) ( ) !

k

k

c a k b k z
F a b c z

a b c k k

∞

=

Γ Γ + Γ +=
Γ Γ Γ +∑  

And all its analytical continuations are called the hypergeometric functions. The 
series converges for all z  with 1z < . If ( ) ( ) 0e c e aℜ > ℜ >  the integral 

representation is: 

( )
1

1 1
2 1

0

( )
, , ; (1 ) (1 )

( ) ( )
a c a bc

F a b c z t t tz dt
a c a

− − − −Γ= − −
Γ Γ − ∫  

In particular, if ( ) ( )e c e a bℜ > ℜ +  and c  is not a nonpositive integer, then  
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( )2 1

( ) ( )
, , ;

( ) ( )

c c a b
F a b c z

c a c b

Γ Γ − −
=
Γ − Γ −

 

The following are useful identities: 

( )2 1 2 1, , ; (1 ) ( , , ; )c a bF a b c z z F c a c b c z− −= − − − and

( )2 1 2 1, , ; (1 ) , , ;
1

a z
F a b c z z F a c b c

z
− ⎛ ⎞= − −⎜ ⎟⎝ ⎠−

. 

In particular if 1p q= = , then 

( )1 1
0

( ) ( )
, ;

( ) ( ) !

k

k

c a k z
F a c z

a c k k

∞

=

Γ Γ +=
Γ Γ +∑  

is confluent hypergeometric function. It converges for all z provided that 
0, 1, 2,...c ≠ − − . The name comes from the fact that it may be defined by limit as 

( )1 1 2 1, ; lim , , ;
b

z
F a c z F a b c

b→∞

⎛ ⎞= ⎜ ⎟⎝ ⎠
.  

If ( ) ( ) 0e c e aℜ > ℜ > , the integral representation is 

( )
1

1 1
1 1

0

( )
, ; (1 )

( ) ( )
a c a ztc

F a c z t t e dt
a c a

− − −Γ= −
Γ Γ − ∫  

Following are interesting identities: 

( )1 1 1 1, ; ( , ; )zF a c z e F c a c z= − , ( )1 1 1 1, ; ( 1, 1; )
a

D F a c z F a c z
c

= + +  

Relation of elementary functions to hypergeometric functions are for example: 

( )1 0(1 ) ;az F a z−− = , 1z <  

2
2 1

1 1 3
ln 2 ,1, ;

1 2 2

x
x F x

x

+ ⎛ ⎞= ⎜ ⎟⎝ ⎠−
, 0 1x≤ <  

( )*
1 1 1 1

1 1
( , ) , 1; (1, 1; )

( 1) ( 1)
zv z F v v z e F v z

v v
γ −= + = +

Γ + Γ +
 

1 1
2 1 2 1( , ) ( ,1 , 1; ) (1 ) ( ,1, 1; )x x yx y x F x y x x F x y xτ τ τ τ τ τ− −Β = − + = − + +  

2.2.3   Mittag-Leffler Function 

In the integer order calculus equations the exponential function exp( )z  plays 
important role. Similarly in the fractional order calculus the Mittag-Leffler 
function plays the important part.  
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For this new function [ ]qE az , 0q >  Mittag-Leffler considered, the parameter 

a to be a complex number, as exp( j )a a φ= . As he studied this function it became 

apparent that this function is either stable (decays to zero), or unstable (goes to 
infinity) as z increases depending upon how the parameter a and q are chosen. The 

result was that the function remained bounded for increasing z if 
2

q
πϕ ≥ . 

2.2.3.1   One-Parameter Mittag-Leffler Function 

Defined as  

0

( )
( 1)

k

k

z
E z

kα α

∞

=

=
Γ +∑  

The expanded form is infinite series looks as follows: 

2 3

( ) 1 ...
( 1) (2 1) (3 1)

z z z
E zα α α α

= + + + +
Γ + Γ + Γ +

 

This function was introduced by Mittag-Leffler in 1903. 
Mittag-Leffler function plays an important role in the study of fractional order 

systems and used to express several physical processes. This function incorporates 
between initially ‘stretched exponentials’ for small z  that is,  

( ) exp
(1 )

z
E z

α
α

α α
⎛ ⎞

− −⎜ ⎟Γ +⎝ ⎠
∼  and for large z the asymptotic approximation is 

‘inverse-power-law’ that is, ( )
(1 )

z
E z

α
α

α α

−

−
Γ −

∼ . This property is widely used to 

study relaxation in ‘condense matter’ physics, fractional Brownian motion and 
ordering the disordered system. The Mittag-Leffler function is a possible model 
for a long (fat) tailed survival function. For 1α = , the function coincides with 
ordinary exponential function. The following are some asymptotic expressions of 
Mittag-Leffler function useful in system identification: 

{ }( ) ( ) 1 exp / ( 1)
( 1)

E
β

β β
β

ττ τ τ β
β

Ψ = − ≅ − ≅ − Γ +
Γ +

, for small τ , 0 1τ≤ �  

sin( ) ( )
( ) ( )E β

β β
βπ βτ τ
π τ

Γ
Ψ = − ≅ , 0 1β< <  for large τ → ∞ ; power-law 

asymptote. 

(1 )

( ) ( )
( )

d
E

d

β
β

β
τψ τ τ

τ β

− −

= − − ≅
Γ

, for small τ , 0 1τ≤ �  
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1

sin( ) ( 1)
( ) ( )

d
E

d
β

β β
βπ βψ τ τ

τ π τ +

Γ +
= − − ≅ , 0 1β< < ,for large τ → ∞ . 

2.2.3.2   Two Parameter Mittag-Leffler Functions 

Two parameter Mittag-Leffler functions plays very important role in fractional 
calculus. This, function type was introduced by R P Agarwal and Erdelyi, in 1953-54  
The two-parameter function is defined as: 

,
0

( )
( )

k

k

z
E z

kα β α β

∞

=

=
Γ +∑                              ( 0, 0)α β> >  

,1
0

( ) ( )
( 1)

k

k

z
E z E z

kα αα

∞

=

= ≡
Γ +∑ , is one parameter Mittag-Leffler function. 

Following identities follows from the definition: 
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The above has general form as follows: 
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The trigonometric and hyperbolic are also manifestations of the two-parameter 
Mittag-Leffler function, indicated below: 
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Generalized hyperbolic function of order n, are represented below: 
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Generalized trigonometric function of order n, are represented below: 
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Mathematical handbooks describe erfc( )z  as following: 

Error function defined as:  
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And is represented by series as: 
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Complimentary error function is defined as: 
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The series asymptotic expansion of complimentary error function is: 
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Error function in terms of hypergeometric function is: 
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Error function and incomplete gamma function are related as: 
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This error function integral has no algebraic formula, so it is to be numerically 
evaluated and tabulated. This error function is a solution of classical Advection 

Dispersion Equation (ADE) ( )
t

C
vC C

∂
= ∇• − + ∇

∂
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initial condition. Say the step function initial condition is given as 0C , at 0t = , 

then the solution in terms of error function is  
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x vt
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For continuity with this widely used formula in ADE, a similar solution can be 
framed for ‘Fractional ADE’ that is  
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t

C
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∂
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for a continuous source initial condition same as for ADE. That is 
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where we define α -stable error function serfα  similar to the error function, call it 

generalized error function; that is twice the integral of α  stable density for 
argument 0 to z  as  

0

serf ( ) 2 ( )
z

z s x dxα α= ∫  

where ( ) exp( )s x x
α

α = −  is standard symmetric α  stable density. The error 

function is thus special case when the probability density function is normal 
(Gaussian) with 2.0α = , that is 2.0erf ( ) serf (2 )z z= . 

2.2.3.3   Variants of Mittag-Leffler Function 

1, 1
0

( )
( , ) ( )

( 1)

k

t
k

at
a t t E at

k
ν ν

νξ ν
ν

∞

+
=

= =
Γ + +∑  

This function is important for solving fractional differential equations. 
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This function is called Rabotnov function and one special variant too. 
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The fractional sine function form-I 
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The fractional cosine function form-I 
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The fractional sine function form-II 

2
2

, 2 , 1
0

( 1)
cos ( ) ( )

(2 1)

k k

k

z
z E z

kλ μ μ μ λμ μ λ

∞

− +
=

−= = −
Γ + − +∑  

The fractional cosine function form-II. 
Generalization of the Mittag-Leffler function to two variables was suggested 

and was further extended by Srivastava to the following type of symmetric form. 
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Several manifestations including several variables representation of Mittag-Leffler 
have been made for multi-dimensional studies on fractional calculus. 

2.2.3.4   Laplace Transforms of Mittag-Leffler Function 

Following expressions give some identities for Laplace transforms pairs of Mittag-
Leffler functions 

{ }
{ }

(1/ )( )1
, 1

( )0.5 0.5
(0.5),(0.5) 1

!
( ) ; Re( )

( )

!
( )

( )

kk
k

kk
k

s k
t E at s a

s a

k
t E a t

s a

α β
αα β α

α β α

−
+ −

+

−
+

= >
−

=
−

L

L
 

Here 
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k
k

k

d
E E

dtα β α β= . 

For 0k >  the operation is differentiation of Mittag-Leffler function, and for 
0k <  the operation is integration of Mittag-Leffler function. 
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2.2.4   Agarwal Function 

The Mittag-Leffler function is generalized by Agarwal in (1953). This function is 
particularly interesting to the fractional order system theory due to its Laplace 
transform given by Agarwal. The function is defined as follows: 
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2.2.5   Erdelyi’s Function 

Erdelyi (1954) has studied the generalization of Mittag-Leffler function as: 
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Where the powers of t are integers. 
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2.2.6   Robotnov-Hartley Function 

To effect the direct solution of the fundamental linear fractional order differential 
equations the following function was introduced by Robotnov and Hartley (1998) 
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This function is the ‘impulse-response’ of the fundamental fractional differential 
equation, and is used by control system analysis to obtain the forced or the 
initialized system reaction.  

2.2.7   Miller Ross Function 

Miller and Ross in 1993 introduced a function as the basis of the solution of 
fractional order initial value problem. It is defined as the v-th integral of the 
exponential function, that is: 
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Miller-Ross function in terms of hypergeometric function is: 
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The one-parameter Mittag-Leffler function is 
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Expanding this series as following grouping we get: 
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is relation between Mittag-Leffler and Miller-Ross functions. 
In terms of incomplete gamma function we define the Miller-Ross function as: 
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Where ( , )zC v a  and ( , )zS v a  are Generalized cosine and sine functions 

respectively, elaborated below. These identities of Miller-Ross expressions are 
similar to exponential function and its polar representation to get cosine and sine 
trigonometric functions. These functions plays crucial role in Fractional 
Differential Equation solutions, and are similar to the normal transcendental and 
trigonometric functions. In the above definition of Miller-Ross function let a be 

replaced by purely imaginary number ia , where i 1= − , Electrical Engineers 

call this imaginary unit as j 1= − . In the series form we can re-write organizing 

even and odd terms together as: 
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tE t e=  
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The above identities indicate similarity of Miller-Ross function with exponential 
function and trigonometric functions.  

Integration of Miller-Ross function is: 
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Differentiation of Miller Ross Function is: 
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Special values of Miller-Ross function are: 
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Recursive relations of Miller-Ross functions are listed as follows: 
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Integral representation of Miller-Ross function is 
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This Miller-Ross function ( , )tE v a  is solution of the Ordinary Differential Equation: 
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2.2.8   Generalized Cosine and Sine Function 

In the Miller-Ross modification above the Generalized Cosine function is defined as: 
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Laplace of Generalized cosine function is  
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In the Miller-Ross modification above the Generalized Sine function is defined as   
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Laplace of Generalized sine function is 
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Integral representation of generalized cosine and sine functions are: 
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Special values of generalized cosine and sine functions are 
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Recursive relation of generalized cosine and sine functions are: 
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Integration of generalized cosine and sine functions is: 
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Differentiation of generalized cosine and sine is: 
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t tD C v a C v m a= − and ( , ) ( , )m

t tD S v a S v m a= − , 0,1,2,...m =  

[ ]( , ) ( 1, ) ( , )t t tD tC v a tC v a C v a= − + and [ ]( , ) ( 1, ) ( , )t t tD tS v a tS v a S v a= − +  
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1( , ) ( 1, ) ( , )t t tD t C v a t C v a t C v aμ μ μμ −⎡ ⎤ = − +⎣ ⎦
1( , ) ( 1, ) ( , )t t tD t S v a t S v a t S v aμ μ μμ −⎡ ⎤ = − +⎣ ⎦  

This Generalized cosine and sine function ( , )tS v a  or ( 1, )taC v a+  is solution of 

the Ordinary Differential Equation: 

2 1
2

2 ( )

vd y t
a y a

vdt

−

+ =
Γ

, 0v >  

This detailed description of Miller-Ross tE  and Generalized cosine tC  and sine tS  

functions is given in order to draw attention toward their similarity with exponential, 
cosine and sine functions. These similarities in property encourage us to select these 
functions as solution to fractional differential equations. Similarly one can construct 
generalized hyperbolic cosine and generalized hyperbolic sine functions with similar 
properties as described above for generalized cosine and sine functions. 

Generalized Hyperbolic cosine and sine is constructed as follows: 

1

0

1
( , ) cosh ( )

( )

t
v

tHC v a u a t u du
v

−= −
Γ ∫  

1

0

1
( , ) sinh ( )

( )

t
v

tHS v a u a t u du
v

−= −
Γ ∫ , ( ) 1e vℜ > −  

2.2.9   Generalized R Function and G Function 

 It is of significant usefulness to develop a generalized function which when 
fractionally differentiated or integrated (differintegrated) by any order returns 
itself. Like exponential, trigonometric, hyperbolic functions of integer order 
calculus, the definitions of such generalized Mittag-Leffler functions are important 
in fractional calculus. In earlier section some variants of Mittag-Leffler is noted, 
here more generalized R function and G function is introduced. 

( 1) 1

, ,
0

( ) ( )
[ , , ] [ , ]

{( 1) }

n n q v

q v q v
n

a t c
R a c t R a t c

n q v

+ − −∞

=

−= ≡ −
Γ + −∑  

Here t is independent variable c is the lower limit of fractional differintegration. 
Our interest in this function will be normally for the range t c> . 

The Laplace Transforms of R function are: 

{ }

{ }
,

,

( ,0, ) ; Re( ) 0; Re( ) 0

( , , ) ; 0 Re( ) 0;Re( ) 0

v

q v q

cs v

q v q

s
R a t q v s

s a

e s
R a c t c q v s

s a

−

= − > >
−

= ≥ − > >
−

L

L
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2.2.9.1   Relation to Elementary Functions 

1,0

2 3 4 5
2

2,0

2 2 4 4
2

2,1

2
2,0

2
2,1

( ,0, )

( ,0, ) ... sin( )
3! 5!

( ,0, ) 1 ... cos( )
2! 4!

( ,0, ) sinh( )

( ,0, ) cosh( )

atR a t e

a t a t
aR a t a t at

a t a t
R a t at

aR a t at

R a t at

=

⎧ ⎫
− = − + − =⎨ ⎬

⎩ ⎭
⎧ ⎫

− = − + − =⎨ ⎬
⎩ ⎭

=

=

 

2.2.9.2   Relationship of R Function to Other Generalized Function 

Mittag-Leffler Function: 

{ }
11

, 0
q q

q
q q q

s s
E at q

s s a s a

−⎡ ⎤
⎡ ⎤− = = >⎢ ⎥⎣ ⎦ + +⎣ ⎦

L  

{ } { }
1

1
, 1 ,0( ) ( ,0, ) ; ( , , ) [ ( ) ]

q
q q q

q q q c t q qq

s
E at R a t d R a c t E a t c

s a

−
−

−− = = − − = − −
+

L L  

Agarwal Function:  

{ } { }, , , ,( ) (1,0, ) ; (1,0, ) ( )
1

q p
q q

q p q q p q q p q pq

s
E t R t R t E t

s

−

− −= = =
−

L L  

Erdelyi’s Function: 

1 1
, ,

0

( ) (1,0, )
( 1)

nq
q

q q q
n

t
t E t R t t

nq
β β

β β

∞
− −

−
=

= =
Γ +∑  

Robotnov and Hartley Function: 

{ } { }
( 1) 1

,0 ,0
0

1 ( )
( , ) ( ,0, ) ; ( ,0, ) ( , )

({ 1} )

n n q

q q q qq
n

a t
F a t R a t R a t F a t

n qs a

∞ + −

=

−
− = = − − = = −

Γ ++ ∑L L  

[ ]{ } 1
, , 0q q

F a t q
s a

= >
−

L  

{ } [ ]{ }1
,q q

q qE at s F a t
s
⎡ ⎤⎡ ⎤− = −⎣ ⎦ ⎣ ⎦L L  
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[ ]1
0 ,q q

t q qd F a t E at− ⎡ ⎤= ⎣ ⎦  

{ }1
0

1 1
( ) ( )

( )
q q q

q t qq
H t E at d E at

as s a
− −⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎡ ⎤ ⎡ ⎤= − − =⎨ ⎬ ⎨ ⎬⎣ ⎦ ⎣ ⎦+ ⎩ ⎭⎪ ⎪⎩ ⎭
L  

[ ] [ ]1 1 1
0 0, 1 ( ) ,

q
q q
t q t q qq q

s a
d F a t d E at t aF a t

s a s a
δ− −⎧ ⎫ ⎧ ⎫⎡ ⎤= − = − = − = − −⎨ ⎬ ⎨ ⎬⎣ ⎦+ +⎩ ⎭⎩ ⎭

L L  

Miller and Ross Function: 

{ } { }1, 1,
0

( )
( , ) ( ,0, ) ; ( ,0, ) ( , )

( 1)

v n n v

t v v t
n

s a t
E v a R a t R a t E v a

s a n v

∞− +

− −
=

= = = =
− Γ + +∑L L  

2.2.9.3   Further Generalized Function (G Function) 

{ }
( ) 1

, , , ,
0

{( )( 1 )...(1 )}( )
( , ) ; ( , )

(1 ) ({ } ) ( )

Re( ) 0 Re( ) 0 / 0

j r j q v v

q v r q v r q
j

q

r r j r a t s
G a t G a t

j r j q v s a

qr v s a s

+ − −∞

=

− − − − − −= =
Γ + Γ + − −

− > > >

∑ L  

2.2.10   Bessel Function 

Perhaps among all higher transcendental functions the Bessel functions are the 
most ubiquitous; they appear very frequently in theoretical physics and 
engineering. The Bessel function, ( )vJ z  of first kind and order v  is defined as 

infinite series: 

2

0

1 ( 1) 1
( )

2 ! ( 1) 2

v kk

v
k

J z z z
k v k

∞

=

−⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠Γ + +∑  

The ( )vJ z  is an entire function of v is solution of Bessel equation 
2 2 2 2( ) 0z D w zDw z v w+ + − = . The Bessel function ( )vY z  of second kind and 

order v  is also the solution of Bessel equation, linearly independent of ( )vJ z . 

One of the integral representations of Bessel function is by Poisson’s formula, as: 

1
2 1/2

0

2
( ) (1 ) cos

1 1 2
2 2

v
v

v

z
J z t ztdt

v

−⎛ ⎞= −⎜ ⎟⎝ ⎠⎛ ⎞ ⎛ ⎞Γ Γ +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∫ , 
1

( )
2

e vℜ > −  

Another representation is by Sonin’s formula, as: 

(1/2)1
1 2 1

1
0

( ) ( sin )sin cos
2 ( 1)

v
v

v v

z
J z J z d

v

π
μ

μ μ θ θ θ θ
+

+ +
+ + =

Γ + ∫ , ( ), ( ) 1e e vμℜ ℜ >  
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Some special relations of elementary function to Bessel functions are: 

1/ 2

2
( ) sinJ z z

zπ
= and 1/2

2
( ) cosJ z z

zπ− =  

The modified Bessel function ( )vI z of the first kind and order v defined as infinite 

series is: 

2

0

1 1 1
( )

2 ! ( 1) 2

v k

v
k

I z z z
k v k

∞

=

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠Γ + +∑ , 

is solution of modified Bessel Equation, 2 2 2 2( ) 0z D w zDw z v w+ − + = . The 

modified Bessel function ( )vK z of the second kind is also solution of modified 

Bessel equation and is linearly independent of ( )vI z . 

For 
1

( )
2

e vℜ > − and ( ) 0e zℜ > , the integral representation is: 

1/2

2 cosh cosh

0 0

1
2

( ) (sinh ) cosh
1
2

v

v z z
v

z
K z e d v e d

v

θ θ
π

θ θ θ θ
∞ ∞

− −

⎛ ⎞
⎜ ⎟⎝ ⎠

= =
⎛ ⎞Γ +⎜ ⎟⎝ ⎠

∫ ∫  

Particularly for nonnegative integer v we may write infinite series for ( )vK z . For 

example for 0v =  

2

0 0 2
0

1 ( 1) 1
( ) ln ( )

2 2( !)

n

n

n
K z z I z z

n

ψ∞

=

+⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∑  

Some relation special values in relation to the elementary functions are: 

1/2

2
( ) sinhI z z

zπ
= , 1/ 2

2
( ) coshI z z

zπ− =  and 1/2 1/2( ) ( )
2

zK z K z e
z

π −
−= =  

 
 
 
 
 
 
 
 
 



2.3   List of Laplace and Inverse Laplace Transforms Related to Fractional Calculus 77
 

Table 2.1 Lists of Higher Transcendental Functions with its Laplace Transforms 
 

Function Time Expression  )(tf Laplace
Transform )(sF
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2.3   List of Laplace and Inverse Laplace Transforms Related to 
Fractional Calculus 

Table 2.2 List of useful mathematical-physics functions with Laplace Transforms 

Laplace Transform ( )F s  Time Expression ( )f t  
1

1
, ( )

s
s

s

α
α

α λ
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ℜ >
∓

 ,1( )E tαα λ±  
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k s
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α β
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1 1
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2 2
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2 2
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2.4   Paradoxial Conditions for Using Generalized 

2.4   Paradoxial Conditions for Using Generalized Differentiation 
and Integration Expressions and Cautions 

2.4   Paradoxia l Condit ions for Using Generalized 

As with most mathematical expressions reasonable caution must be exercised. Let 
us try to see that if fractional derivative of order μ  be obtained from fractional 

integral of order v , by replacing v  with μ− . This works with Euler’s expression 

for bx , with 1b > − , but can this be generalized to any functions. That is 

0 0( ) ( )v
t t v

D f t D f tμ
μ

−
=−

⎡ ⎤= ⎣ ⎦ . For 0v > , the fractional integration expression for 

( )f t tλ= , 1λ > −  is: 
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By replacing v , with μ− ( 0μ > ) we get  
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( 1)

( 1)tD t tμ λ λ μλ
λ μ

−Γ +
=
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,  

which is correct result. 
But using this changed sign in integral expression, we get. 

1
0

0

1
( )

( )

t

tD t t u u duμ λ μ λ

μ
− −= −

Γ − ∫ , 

which diverges (is absurd). 
The conclusion is that Euler’s expression is meaningful for positive or negative 

v  (fractional differentiation and fractional integration); but the integral Riemann-
Liouvelli representation for fractional integration is meaningful only for 0v > . 

Let us find the paradoxical condition, that is first we find integer n -th 
derivative of a function f , namely ( )nD f t , 1, 2,...n = and then from here we 

derive integral of f  by replacing with negative one.  
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That is 1

0
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D f t f u du− = ∫ , this is incorrect.  
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Replacing 1n = −  yields 1

0

1
sin sin sin cos

2

t

D t udu t tπ− ⎛ ⎞= = − = −⎜ ⎟⎝ ⎠∫ .  

But as per integer order calculus 
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udu t= −∫ . This indicates paradox.  

For another function, ( ) lnf t t= , ( ) 1
ln 1 ( )

nn nD t n t
− −= − Γ , for 1,2,3,...n =  

Now letting 1n = − , we get 1

0

ln ln ( 1)
t

D t udu t− = = Γ − = ∞∫ , which is incorrect. 

The paradox stems from the fact that we are computing ordinary derivatives of 
integer order, and then attempting to derive a result based on replacing the order 
of derivative by negative integer number. Integer order derivative is subset of 
generalized differ-integration, thus what we should try is to derive expression for 
fractional derivative ( )vD f t  which is true for all v ∈\ , then deduce integer order 

expressions. In case of ( ) sinf t t= , the sin ( ,1)v
tD t S v= −  (obtained from Higher 

Transcendental Miller-Ross expression).  

Now if 1v = −  , we have 1

0

( ) sin (1,1) 1 cos
t

tD f t udu S t− = = = −∫ , which is 

correct result. Putting 1v = , we get sin ( 1,1) costD t S t= − = , again correct result. 

For the case ( ) lnf t t= , [ ] [ ]1
ln (1 ) ln (1 )v vD t t v t vγ ψ−−= Γ − − − − .  

If we put 1v = −  then [ ] [ ]11

0

ln ln (2) ln (2) (ln 1)
t

D t udu t t t tγ ψ−− = = Γ − − = −∫  

is correct expression. Here the property of ‘psi’ function is used that is 
1( 1) ( )z z zψ ψ −+ − = .  

Now letting 1v =  in the expression obtained above for lnvD t , the RHS of this 
becomes indeterminate. However, by using the property of ‘psi’ function and 
writing 1z v= − , and with, 1(1 ) (1 ) ( )v v v−Γ − = − Γ  we obtain 1lnD t t −=  again 

getting correct result. 
Consider the function ( ) tf t e= , then 

0 0

( ,1)
! ( 1)

k k v
v t v

t
k k

t t
D e D E v

k k v

−∞ ∞

= =

= = = −
Γ − +∑ ∑ , for arbitrary v . 

Now if v is nonnegative integer say v n= , then  
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0 0( 1) !

k n j
n t t

k j

t t
D e e

k n j

−∞ ∞

= =

= = =
Γ − +∑ ∑ , 

which is independent of n . Here if we replace n  by 1− , we get 1 t tD e e− = , 
which is not correct. 

Thus if we replace 1v = − , we get 
1

1

0

1
( 2)

k
t t

k

t
D e e

k

+∞
−

=

= = −
Γ +∑ , 

and is correct result, namely 1

0

1
t

t u tD e e du e− = = −∫ . 

2.5   Non-exponential Relaxation Power Law and Memory Integrals 

Maxwell Debye relaxation process is standard process of reaction that is formulated as 

( )
( )

d t
t

dt

φτ φ= − , 

for 0t >  and with initial condition 0(0)φ φ= , 

The solution of this relaxation equation is 0( )
t

t e τφ φ −= . In Integral formulation 

(Integrating the above differential equation) we re-write the standard relaxation 
law as 

1
/ /

0 1
0

1 ( ) 1
( ) ( )

td t
t t dt

dt

φφ φ φ
τ τ

−

−− = − = − ∫  

These equations from integer order representation can be generalized with 
following replacement 

1

1

1 ( ) 1 ( )d t d t

dt dt

β

β β
φ φ

τ τ

− −

− −− → − . 

This leads to fractional integral equation as: 

0 0

1
( ) ( )tt D tβ

βφ φ φ
τ

−− = − . 

This is non-exponential relaxation process. The curve of which can be fitted by 
Kohlrash-Williams-Watts (KWW) stretched exponential law as:  

0( ) exp[( / ) ]t t αφ φ τ= −  , with 0 1α< < , 

or via asymptotic power law (Nutting Power Law)  
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( )0

1
( )

1
n

t
t

φ φ
τ

=
+

, with 0 1n< < , 

and also via Mittag-Leffler or higher transcendental function types. This type of 
generalized relaxation processes are Non-Debye or Non Exponential relaxation 
processes. For sufficiently large experimental window, it is generally possible to 
observe transition from KWW to the Nutting-behavior or vice-versa. Glockle and 
Nonnenmacher in 1991 for the first time interpolates relaxation data by Mittag-
Leffler (ML) function, 

0 ,1( )
t t

t E
β α β

α β βφ φ
τ τ

− −

− −

⎛ ⎞⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
  ; 

encompassing both KWW and Nutting-behavior. This is one special example of 
asymptotic fractal.  Often one encounters functional relation in frequency domains 
of the form ( )Fβω ω− . Such relations back-transformed to time (space) by 

generalized differential theorem that gives fractional integral equation 0 ( )tD f tβ−  

and the temporal (special) relaxation of which can be put as asymptotic fractal 
expression of the form 

( )( )( ) ,
t tt

β

φ γ β ττ

−
⎛ ⎞
⎜ ⎟⎝ ⎠

∼ , 

where γ  is incomplete Gamma function. 

Non exponential relaxation implies memory, i.e. the underlying fundamental 
relaxation process is Non-Markovian. Natural way to incorporate memory effect is 
via fractional calculus, the involved convolution integral in time (space), where 
the present state of the system has been running through at times / 0,1, 2...t t= . 
The memory integrals defined as: 

/ / /

0

( )
( ) ( )

td t
K t t t dt

dt

φ φ= − −∫ , 

encompassing all instances from / 0t =  to /t t= , contributing to the situation at 
/t t= . Following are interesting cases for memory kernel. 

(i) Markovian Case i.e. memory breaking down (system without memory): 
The kernel in this case is 0( ) ( )K t t K t tδ− = −′ ′ , putting this kernel in the 

memory integral one gets  

/ / /
0 0

0

( )
( ) ( ) ( )

td t
K t t t dt K t

dt

φ δ φ φ= − − = −∫ , 
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and the relaxation expression is exponential law of Maxwell-Debye type 

0 0( ) exp( )t K tφ φ= − , with 0(0)φ φ= for the corresponding homogeneous 

differential equation that is: 

0

( )
( ) 0

d t
K t

dt

φ φ+ =  

This relaxation process is like standard radioactive decay having one 
decay constant, and decay process is having no memory. Well if say the 
radioactive decay comprises of intermittent discharges with no average 
decay constant, then the system identification is of different kind, and 
there Fractional Differential Equation will play role to indicate degree of 
intermittency in relaxation process. Similarly this simple law will change 
if there are variety of paths for the relaxation (or decay). 

(ii) Constant Memory Case, where kernel is 0( )K t K= , independent of time, 

leads to oscillatory solution as 0 0( ) cos( )t K tφ φ= ; with 0(0)φ φ= , for 

the corresponding homogeneous differential equation that  is: 

2

02

( )
( ) 0

d t
K t

dt

φ φ+ =  

Here the system remembers or holds its state (say energy); examples 
include one perfect L C circuit holding forever the electromagnetic 
energy, oscillating between pure electrical energy and pure magnetic 
energy and a lossless ideal pendulum remembering its initial excitation 
force, that is ( ) ( )f t tδ= .  

(iii) Slowly varying kernel as 0( ) ( )K t K t tγ δ−= , gives KWW or stretched 

exponential law as:  

( )1
0( ) exp /1t K t γφ γ−= − −  

If 0γ = , we have exponential relaxation, and memory kernel as delta 

function (as in (i)). For above law taking the Kernel as 

0( ) ( ) ( )K t t K t t tγ δ−− = −′ ′ ′ , gives non-linear homogeneous differential 

equation as: 

0( ) ( ) 0
d

t K t t
dt

γφ φ−+ =  

(iv) Suppose the kernel is of type 2
0( ) qK t K t −= , with 0 2q< ≤ , then for 

0t > , the Memory Integral is with RL fractional integral equation that 
can be casted as: 
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1
0

( )
( )q q

t

d t
D t

dt

φ τ φ− −= − , 

with 0 ( 1)q K qτ − = Γ − . Now in the above equation we apply 1
0 tD− , i.e. 

integrating both sides, we obtain 0 0( ) ( ) ( )q q
tt t D tφ φ τ φ− −− = − ; that is 

fractional integral equation. Now we apply fractional derivative operator 

0
q
tD , to the both sides of fractional integral equation, with formula of 

fractional derivative of a constant 0φ  as 1
0 [ (1 )]qt qφ − −Γ − , and obtain 

fractional differential equation as: 

0
0 ( ) ( )

(1 )

q
q q
t

t
D t t

q

φφ τ φ
−

−− = −
Γ −

 

Thus we have derived the above fractional integral and fractional differential 
equations for a power-law memory kernel. All these concepts will be used in 
system identification with disorder, in Chapter 10. 

2.6   Boltzmann’s Superposition Principle 

Another physical basis to come up with memory integrals is to start from 
Boltzmann’s superposition principle, which formally incorporates memory via 
causal convolution. Power law relaxation observation ( )t t αφ −∼  is wide spread in 

natural systems, and the asymptotic decays can be expressed as several forms of 
higher transcendental functions of Mittag-Leffler or related types. Consider an 
arbitrary history of external perturbation ( )tψ , and let us denote ( ) ( )SG t tφ=  the 

response of the system to step like external perturbation ( ) ( )t H tψ = ;( Heaviside 

step function). Then causal convolution system response is: 

( )
( ) ( )

t d t
t dt G t t

dt

ψφ
−∞

′= −′ ′
′∫  

( )tφ  is through variable like current, stress and flow, ( )tψ  is across variable like 

voltage, strain and pressure. In the above causal convolution the ( )tψ  field starts 

at −∞ , at the distant past, and the above integral representation is of Weyl’s 
notation. Whereas limiting ( ) ( ) 0t tψ φ= =  for 0t ≤  leads to Riemann-Liouvelli 

formulation, in this case it is initial value problem. The above convolution 
expression is popular among control system engineers. The ( )G t  is the ‘impulse-

response’ for the control system block, where ( )tψ ′  is the input, and ( )tφ  is the 

output. Obviously ( )tψ ′  is impulse function for ( )tψ  as step input expressed 

above. In pure mathematics this ( )G t  is Green’s function; solution to 



2.7   Motivation to Use Higher Transcendental Functions 87
 

homogeneous system of differential equation system. In mathematics after 
evaluating Green’s function, its convolution with source function gives particular 
solution to the system of non-homogeneous differential equation system. 
Specifically let ( )G t  obey a power law as: 

( ) ( )
(1 )S

C t
G t t

α

φ
α τ

−
⎛ ⎞= = ⎜ ⎟⎝ ⎠Γ −

, and comparing this with the causal convolution 

above, we find the response ( )tφ  to arbitrary history ( )tψ  as: 

( )
( ) ( )

(1 )

tC d t
t dt t t

dt

α
ατ ψφ

α
−

−∞

′= −′ ′
Γ − ′∫ , which is fractional integral expression. 

Thus the causal convolution for this specific power-law decay is. 

1

1

( )
( ) ( )

d d t d
t C C t

dtdt dt

α α
α α

α α
ψφ τ τ ψ

−

−= =  

Thus the system response ( )tφ  follows by fractional differentiation of external 

perturbation ( )tψ . Such power law ( )G t  as taken here can be found in practical 

systems of Electrical, Electronics, Mechanical Engineering and various other physical 
system dynamic behaviors. If one chooses the constituent elements (spring, dashpot, 
resistance, capacitance and inductances) to follow scaling law, one obtains the 
expression like chosen ( )G t  -the basic idea leading to memory integral. 

Let us exchange the roles of ( )tφ  and ( )tψ  and re-write the above obtained 

fractional differential equation, by applying tD α−  to both the sides, to get: 

1( ) ( )
d

t C t
dt

α
α

αψ τ φ
−

− −
−= , which can be further decomposed as: 

1 1
1

1

( ) ( )
( ) ( )

(1 )

td d t C d t
t C dt t t

dt dtdt

α α
α α

α
φ τ φψ τ

α

− − −
− −

−
−∞

′= = −′ ′
Γ + ′∫ , 

we can infer immediately from this expression that ‘impulse response’ ( )G t  for a 

step like perturbation of  

( ) ( )t H tφ =  is 
1

( ) ( )
(1 )S

C t
G t t

α

ψ
α τ

− ⎛ ⎞= = ⎜ ⎟⎝ ⎠Γ +
. 

2.7   Motivation to Use Higher Transcende ntal F unctions 

2.7   Motivation to Use Higher Transcendental Functions to Solve 
Fractional Differential Equations 

2.7   Motivation to Use Higher Transcende ntal F unctions 

If we have ordinary differential equation (consider homogeneous ODE), of order n , 

as 1 0
1 ... ( ) ( ) ( ) 0n n

nD a D a D y t P D y t−⎡ ⎤+ + + = =⎣ ⎦ , 
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where 1 0
1( ) ...n n

nP D D a D a D−≡ + + + . We try, a solution ( ) exp( )y t ct= , and by 

doing so we find that ( )[exp ] ( )expP D ct P c ct= , where 1
1( ) ...n n

nP x x a x a−= + + + , 

is the indicial polynomial of order n . In other words if c is a root of indicial 
polynomial ( ) 0P x = , then expct  is solution of the ODE. This is so because 

differentiations of exponential function return itself. If we apply fractional 

differentiation to exponential function i.e. ( , )u ct
tD e E u c⎡ ⎤ = −⎣ ⎦ , we observe that the 

exponential function changes to Higher Transcendental function, does not retain itself 
on fractional differentiation. Therefore, exp ct  will not be very useful candidate to try 

to solve fractional differential equation (FDE). However, if we try to fractionally 
differentiate Higher Transcendental Function (Miller-Ross) we observe that 

( , ) ( , )u
t tD E w c E w u c= − , retaining its form. Perhaps, this could be a candidate for 

solving FDE. Also from earlier section we take one more differentiating property of 
Miller-Ross function as ( , ) ( , ) ( 1, )u

t t tD tE w c tE w u c uE w u c= − + − + , 2w > − . 

These two expressions are similar to ct ctDe ce=  and ct ct ctDte cte e= + . We also 

bring the special value of Miller-Ross function as (0, ) ct
tE c e=  so that 

(0, ) ( , )u
t tD E c E u c= − . Thus we are tempted to try a function ( , )tE kv c  where k  is 

integer for FDE, (like cte , c  an integer for ODE). 
Consider a sample FDE 0.5 0[ ] ( ) 0D aD bD y t+ + = , which has indicial 

polynomial as 2( )P x x ax b= + + . This is FDE of order (2, 2) as described in 

Chapter 1, with 2n =  and 2q = , and operator as 0.5 1 0.5 0( )P D D aD bD≡ + + . By 

analogy of ODE let us try linear combination of (0, )tE c , ( 0.5, )tE c− .  

That is 1( ) (0, ) ( 0.5, )t tt AE c E cψ = + −  as possible candidate solution. Simple 

arithmetic by using the above mentioned properties of Miller-Ross function yields 

3
2

0.5
1( ) ( ) ( ) (0. ) ( ) ( 0.5, )

( 0.5)t t

t
P D t cA ac bA E c c aA b E cψ

−

= + + + + + − +
Γ −

 

Now letting A λ=  and 2c λ= , where λ  is arbitrary (may be complex number) gives 

3
2

0.5 2 2
1( ) ( ) ( ) (0, ) ( ) ( 0.5, )

( 0.5)t t

t
P D t P E P Eψ λ λ λ λ λ

−

= + − +
Γ −

. 

In particular if λ  is root of ( )P x  then ( ) 0P λ =  and the above expression takes 

the form: 

3
2

0.5
1( ) ( ) 0

( 0.5)

t
P D tψ

−

= ≠
Γ −

. 
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Thus 1( )tψ  is still not the solution of this FDE (but perhaps a close one). Suppose 

that α  and β  are two roots of ( )P x . Then with λ α= , we write: 
2 2

1( ) (0, ) ( 0.5, )t tt E Eψ α α α= + − .  

If we define 2 2
2 ( ) (0, ) ( 0.5, )t tt E Eψ β β β= + − , then proceeding as above we 

have: 

3
2

0.5
2( ) ( )

( 0.5)

t
P D tψ

−

=
Γ −

. 

Letting 1 2( ) ( ) ( )t t tψ ψ ψ= −  

                     2 2 2 2(0, ) (0, ) ( 0.5, ) ( 0.5, )t t t tE E E Eα α β β α β= − + − − −  

Gives 0.5 1 0.5 0( ) ( ) ( ) 0P D t D aD bD tψ ψ⎡ ⎤= + + ≡⎣ ⎦ . Thus if α β≠  the ( )tψ  is 

solution of FDE. With described properties of Miller-Ross function, the solution may 

also be expressed as 
2 2

( ) erfc( ) erfc( )t tt e t e tα βψ α α β β= − − − . From the solution 

we observe that (0)ψ α β= − , 0.5 (0) 0D ψ− =  , 0.5 (0)D ψ = ∞  and (0)Dψ = ∞ . 

For equal roots α β=  similar analogy as in ODE that solution is combination of 
teα  and tteα , makes us to take linear combination of 2(0, )tE α , 2( 0.5, )tE α− , 

2(0, )ttE α , 2( 0.5, )ttE α− , 2(0.5, )tE α  and 2(0.5, )ttE α , as possible logical 

candidate for FDE when roots are equal. Doing elaborate calculations, the solution to 
FDE when roots of the indicial polynomial are equal is obtained as: 

2 2 2 2( ) (1 2 ) (0, ) (0.5, ) 2 ( 0.5, )t tt t E Eψ α α α α α α= + + + −  

22 2
(1 2 ) erfc( )

(0.5)
t t

t e tα αα α= + − +
Γ

. 
2.8   Fractiona l Derivatives and Integrals of Important F unctions 

2.8   Fractional Derivatives and Integrals of Important Functions 
with Use of Higher Transcendental Functions 

2.8   Fractional Derivatives and Integrals of Important Functions 

Here in this section number of examples of fractional integrals and derivatives are 
tabulated. These are useful functions for physics and engineering. For simplicity 
assume that all variables are real and that x  is positive and 0x > . The fractional 
order v  is assumed to be arbitrary (positive, negative or zero) unless stated explicitly. 
The constants a , c , λ  and μ  are assumed to be unrestricted unless otherwise 

indicated. The section demonstrates the use of Higher Transcendental functions 
( )xΓ , τΒ , 2 1F , tE , ( )xψ , and others described in this chapter. The derivative  

in the table is Riemann-Liouvelli type. 
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Function ( )f x   Fractional Derivative /Fractional Integral expression. 

( )x a λ− , x c a> > and 

0c ≥  2 1

( )
( ) ( ) ,1,1 ;

(1 )
v v

c x

c a x c
D x a x c F v

v c a

λ
λ λ−− −− = − × − − −

Γ − −
 

( )x a λ− , x c a> > , 0c ≥  

0v >  

( )
( ) ( , 1)

( )

v
v

c x

x a
D x a v

v

λ
λ

χ λ
+

− −− = Β +
Γ

, 
x c

x a
χ −=

−
 

( )x a λ− , 0x c a> = ≥ ,

1λ > −  

( 1)
( ) ( )

( 1)
v v

c xD x a x a
v

λ λλ
λ

−Γ +− = −
Γ − +

 

xλ , 0x c a> = = , 1λ > −  
0

( 1)

( 1)
v v
xD x x

v
λ λλ

λ
−Γ +=

Γ − +
 

( ) 1f x = , 0x c> ≥  
( ) ( )
1

(1 )

v
v

c x

x c
D

v

−−=
Γ −

 

( ) 1f x = , 0x c> =  
( )0 1

(1 )

v
v
x

x
D

v

−

=
Γ −

 

( )a x λ− , 0a x c> > ≥  
2 1

( )
( ) ( ) ,1,1 ;

(1 )
v v

c x

a c x c
D a x x c F v

v a c

λ
λ λ−− −− = − × − −

Γ − −
 

( )a x λ− , 0a x c> > ≥ ,

0v >  

( )
( ) ( , [ ])

( )

v
v

c x

a x
D a x v v

v

λ
λ

χ λ
+

− −− = Β − +
Γ

, 
x c

a c
χ −=

−
 

1/ 2( )a x −− , a x>  1/ 2 1/ 2
0

1
( ) lnx

a x
D a x

a xπ
− − +− =

−
 

1/ 2( )a x −− , a x>  1/ 2 1/ 2
0

1
( )x

a
D a x

t a xπ
−− =

−
 

exp ax  
0 ( , )v ax

x xD e E v a= −  

exp ax , 0a >  11/ 2 2
0 erf ( )ax ax

xD e a e ax
−− =  

exp ax , 1λ > −  
0 1 1

( 1)
( 1, 1; )

( 1)
v ax v
xD t e x F v ax

v
λ λλ λ λ

λ
−Γ += + − +

Γ − +
 

expx ax  
0 ( , ) (1 , )v ax

x x xD xe xE v a vE v a= − + −  

( , )xE aμ , 1μ > −  
0 ( , ) ( , )v

x x xD E a E v aμ μ= −  

( , )xx E aλ μ , 1λ μ+ > −  
0

( 1)
( , )

( 1) ( 1)

v
v
x x

x
D x E a

v

λ μ
λ λ μμ

μ λ μ

+ −Γ + +=
Γ + Γ + − +

 

                                   2 2 ( 1,1, 1, 1; )F v axλ μ μ λ μ× + + + + − +
( , )xxE aμ , 2μ > −  [ ]0 ( , ) ( , ) ( 1, )v

x x x xD xE a xE v a vE v aμ μ μ= − + − +  

cos ax  
0 cos ( , )v

x xD ax C v a= −  

cos ax , 0a >  
[ ]1

2
0

2
cos ( ) cos ( )sinxD ax C z ax S z ax

a

− = + , 
2ax

z
π

=  
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2cos ax  2
0

1
cos ( ,2 )

2 (1 ) 2

v
v
x x

x
D ax C v a

v

−

= + −
Γ −

 

cosx ax  [ ]0 cos ( , ) (1 , )v
x x xD x ax xC v a vC v a= − + −  

( , )xC aμ , 1μ > −  
0 ( , ) ( , )v

x x xD C a C v aμ μ= −  

( , )xxC aμ , 2μ > −  [ ]0 ( , ) ( , ) ( 1, )v
x x x xD xC a xC v a vC v aμ μ μ= − + − +  

1
2 cosx x

−
 ( ) 1/ 21

2
0 1/ 2cos 2 ( )

v
v
x vD x x x J xπ

− −−
− −=  

1
2 coshx x

−
 ( ) 1/ 21/ 2 1/ 2

0 1/ 2cosh 2 ( )
vv

x vD x x x I xπ
− −−

− −=  

sin ax  
0 sin ( , )v

x xD ax S v a= −  

sin ax , 0a >  
[ ]1

2
0

2
sin ( )sin ( ) cosxD ax C z ax S z ax

a

− = − , 
2ax

z
π

=  

2sin ax  2
0 sin (1 ,2 )v

x xD ax aS v a= −  

sinx ax  [ ]0 sin ( , ) (1 , )v
x x xD x ax xS v a vS v a= − + −  

( , )xS aμ , 2μ > −  
0 ( , ) ( , )v

x x xD S a S v aμ μ= −  

( , )xxS aμ , 3μ > −  [ ]0 ( , ) ( , ) ( 1, )v
x x x xD xS a xS v a vS v aμ μ μ= − + − +  

sin x  ( )1/ 21/ 2
0 1/ 2

1
sin 2 ( )

2

vv
x vD x x J xπ

−

−=  

sinh x  ( )1/ 21/ 2
0 1/ 2

1
sinh 2 ( )

2

vv
x vD x x I xπ

−

−=  

lnx xλ , 1λ > −  [0

( 1)
ln ln ( 1) ( 1)

( 1)
v v
xD x x x x v

v
λ λλ ψ λ ψ λ

λ
−Γ += + + − − +

Γ − +
 

ln x  
[ ]0 ln ln (1 )

(1 )

v
v
x

x
D x x v

v
γ ψ

−

= − − −
Γ −

 

1
2 lnx x

−
 

1 1
2 2

0

1
ln ln

4xD x x xπ− − =  

ln x  1
2

0 ln 2 (ln 4 2)x

x
D x x

π
− = −  

 

( )2
lnx xλ , 1λ > −  ( ) [2

0

ln ( 1) (( 1)
ln

( 1) ( 1) (

v v
x

x v
D x x x

v D D v

λ λ ψ λ ψ λλ
λ ψ λ ψ λ

− + + − −Γ +=
Γ − + + + − − +

 

2 ( )x J x
λ

λ , 1λ > −  ( ) / 22
0 ( ) 2 ( )v v v

x vD x J x x J x
λ λ

λ λ
− −

−=  

2 ( )x I x
λ

λ , 1λ > −  ( ) / 22
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2. 9   Irregular Functions and Measure of Irregularity (Roughness) 

2.9   Irregular Functions and Measure of Irregularity 
(Roughness) with Box Dimension, Holder and Hurst’s 
Exponents  Irregular 

2.9   Irregular F unctions and Measure of Irregularity (Roughness) 

In fractal geometry, (irregular geometry) the fractal dimension is a statistical 
quantity that gives an indication of how completely a fractal appears to fill space, 
as one zooms down to finer and finer scales. The term fractal was coined in 1975 
by Mandelbrot, from the Latin ‘fractus’, meaning "broken" or "fractured”. A 
fractal is a geometric shape which is self-similar and has fractional (fractal) 
dimension. Fractals can be classified according to their self-similarity properties. 

There is precise nature of connection between the dimensions of the curve (graph) 
of fractal (uni-fractal or multi-fractal) curve and fractional derivative. Here concept of 
local fractional derivative (LFD) at point will signify the nature of irregularity. The 
LFD gives notion to study fractional differentiability properties of irregular functions.  

Numerous experimental and theoretical results suggest the response function 
diverge near ‘critical point’. For instance in phase transition points of thermodynamic 
studies of material or at Curie point of studies for magnetism. Equivalently the 
response function ( )f x  is found to vary as power law near critical point 0x . More 

precisely for almost all directions of approach to the critical point at 0x  one can find 

that at 0lim( )x x→  the function is 
1

1

0 0( ) ( )f x f x x x δ
+− ≈ −  with 1δ ≥  as ‘state 

exponent’ in thermodynamics. The irregularity of this graph at the critical point is the 
idea of study and there exists relation to the measure of irregularity (or roughness) of 
graph at a point to the Fractional Derivative of that function at that point. 

There are many self-similar structures in nature and several ways to describe them. 
A random walk in free space, or on a periodic lattice, a linear or branched polymer, is 
just few examples. When considering the vast category of these self-similar 
geometrical spaces it is tempting to regard them as basic spaces. Standard Euclidian 
space has translational symmetry while self similar space has dilation symmetry. As a 
consequence whereas Euclidian space is well characterized by one dimension d , 
integer number, self-similar space require the definition of (at least) three dimensions: 
d , the dimension of the embedding Euclidian space, fd , the Hausdroff’s dimension 

(of the irregular geometry and non-integer number), and the sd , the Spectral 

dimensions giving the density of states of Spectral Graph (network) where the time 
series (space series) asymptotically gives power law relaxation to an excitation.  The 
decay exponent for late times ( t α− ) for Green’s function, or relaxation modulus 
function for solution of the system, gives indication of this spectral dimension. For 

instance a viscoelastic system described by ( )( ) / ( )tt cT K D t
α ασ ζ ε= , has 

asymptotic relaxation modulus as ( ) ( )( ) / /G t cT t K
αα ζ≅ , has spectral dimension as 

2sd α= . The phenomena occurring in fractal lattice has this kind of constitutive 

equations, with fractional derivatives. 
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When the phenomena occur in Euclidian lattice then all the dimensions are 
same f sd d d= = . Wide range of natural phenomena occur in space of non-

integer fractal Hausdroff’s dimension. However, it is of greater importance to seek 
to discover how fundamental laws of nature are modified for fractal object. A 
fractal is described by various metric properties, like Hausdroff’s dimension, 
which measures the density of (sites of) the fractal embedded in the Euclidian 
space. The physical phenomena occurring in fractal thus have length scale of non 
Euclidian non integer value, and the governing equations do get modified as 
fractional differential equations. Long-range dependent (LRD) time series (signal) 
say { ( )} { (0), (1), (2)........ ( )....}Y k Y Y Y Y k=  that has slowly decaying auto-

correlation function  

/ 2

/2

1
( ) lim ( ) ( )

T

YY TT
R t Y t Y t t dt

T

+

−→∞
= + ′ ′∫  

can also be described by a fractal dimension fd  which is related to the Hurst 

parameter H  through 2fd H= − .Here, the fractal dimension fd  can be interpreted 

as the number of dimensions the signal fills up. This Hurst index or (parameter H ) 
signifies the degree of long range dependence (LRD), and pattern persistence for the 
time series { }( )Y t , and has relevance in subject Fractional Order Signal Processing. 

This will be elaborated in Chapter 4 and 5 subsequently, and its estimate in  
Chapter 10. 

2.9.1   Measure of Roughness of Graph 

Holder exponent or Box Dimensions of curve is related to maximum order of 
fractional derivative (LFD) which exists at a point. The LFD is explained in Chapter 
5. An irregular function, of one variable at a particular point is best characterized by 
Holder exponent. For a function ( )f x  if there exists a polynomial nP  of degree 

n h<  and a constant C  such that 0 0( ) ( )
h

nf x P x x C x x− − ≤ − , the supremum of 

all exponents 0( )h x  such that 0( ) 1n h x n< < +  describes the ‘local’ regularity of 

( )f x  at 0x . For 1h = , the function satisfies Lipschiltz’s condition; and for 0h = , 

the function is simply bounded. The rapid changes in the time series are called 
singularities of the signal and the singularity strength is measured by the local Holder 
exponent 0( )h x . Higher the value of Holder exponent h  more regular is the local 

behavior. The irregular functions are characterized by Holder exponent. Some curves 
(graphs) have a range of Holder exponents, and such graphs are called multi-fractal 
graphs. While a curve having same Holder exponent is uni-fractal (fractal) graph. If a 

function has same Holder exponent ( h ) at every point then the ‘box-dimension’ of 

the graph is 1Bd h= − . This box-dimension expression is derived in following 

sections. The Holder exponent is related to Hurst exponent as 1h H= − . 
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Say, we generate a one-dimensional Brownian motion or ‘white noise’ with 

square root scaling law ( ) 1
2

i iy tΔ = Δ , then the Hurst exponent is 

( )
log 1

log 2
i

i

y
H

t

Δ
= =

Δ
, 

with ‘box-dimension’ as, 32 2Bd H= − = . 

The irregular functions are continuous everywhere but no-where differentiable 
and classical example is sine or cosine Weierstrass Function defined as: 

( 2)

1

( ) sins k k

k

W x xλ λ λ
∞

−

=

=∑ , 

with x ∈\  (real number) and 1λ > . Here if 1 2s< < , this curve is no-where 
differentiable but continuous everywhere. This will be described in Chapter 5.  

This function has box-dimensions s . The cosine Weierstrass Function is 

( )
0

( ) cosn n

n

f x a b nxπ
∞

=

=∑ , 

With 0 1a< < , 0b > and 
3

1
2

ab π> + , with 
log

log 2B

a
d

b
=

+
. 

2.9.2   Generation of Irregular Graph 

Now we generate a uni-fractal function a ‘fractal noise’ and non-Brownian motion 

with Hurst exponent H . The scaling law is 
H

i iy tΔ = Δ , with generator as 

( ) ( ) ( )1 2 1 21 1
H H H

t t t tΔ − Δ + − Δ − Δ = . Generator starts at (0,0)  and ends at (1,1) . 

The Y-axis denotes the distance traveled in this motion at i -th jump with X-Axis 
denoting the time. The satisfying conditions for itΔ and iyΔ  are: 

1 2 3 1t t tΔ + Δ + Δ =  and 1 2 3 1y y yΔ + Δ + Δ = . Here we impose uni-fractal scaling 

( ) ( )H

i iy tΔ = Δ  and take into account that generator segment (motion 

displacement) should alternatively go up, down, up and down so on, then the 

relation for Y-axis becomes ( ) ( ) ( )1 2 3 1
HH H

t t tΔ − Δ + Δ = .  

From this relation we get ( ) ( ) ( )1 2 1 21 1
H H H

t t t tΔ − Δ + − Δ − Δ = . Once we 

specify Hurst exponent H  and interval 1tΔ  only one value of 2tΔ  satisfies the 

scaling condition. Moreover scaling requires 0 1H< < . 
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Take 0.25H =  and 1 0.3tΔ =  solve for 2tΔ  from  

( ) ( ) ( )0.25 0.250.25

2 20.3 1 0.3 1t t− Δ + − − Δ = , 

to get 2 0.135608tΔ = .  

From the equation 1 2 3 1t t tΔ + Δ + Δ = , we get  

3 1 21 1 0.3 0.135608 0.564392t t tΔ = − Δ − Δ = − − = . 

Now we calculate the iyΔ  from the fractal scaling ( )H

i iy tΔ = Δ , with up, down, 

up, down rule and write.  

0.25
1 0.3 0.740083yΔ = = , ( )0.25

2 0.135608 0.606836yΔ = − = −  and  

( )0.25

3 0.564392 0.86675yΔ = = . 

The turning points are: 

1. (0,0)  

2. 1 1( , ) ( , ) (0.3,0.740083)a b t y= Δ Δ =  

3. 1 2 1 2( , ) ( , ) (0.435608,0.133247)c d t t y y= Δ + Δ Δ + Δ =  

4. Now 3tΔ has become new 1tΔ with (0,0) shifted at ( , )c d . Proceed to get 

further points as repeat of above steps, and continue. 

The plot of the above process is zigzag curve going regularly up and down 
sequentially, and when large number of points are plotted and then the curve is scaled 
down the graph looks like a plot of a highly irregular function. If a higher Hurst 
exponent is taken say 0.75H =  and the same steps are repeated to get same number 
of points, the graph will look smoother than with the lower Hurst exponent.  

Note though Holder exponent h  and Hurst parameter H  are related to fractal 
dimensions but they are different. The h  gives measure of local irregularity 
(character of local singularity) and scaling whereas H  relates to spectral density 
and then fractal time series and its auto-correlation properties, relating to Long or 
Short Range Dependency. These will be elaborated in Chapter 4 and 5.  

2.9.3   Determination of Box-Dimension of an Irregular Graph 

Given an irregular shape curve or graph, what we do is cover with boxes and find 
how the number of boxes ( )N r  changes with the size of the box r . Say for simple 

1-dimmensional line-segment we expect ( ) 1/N r r= . It is 1/ r  instead of r  

because as the square boxes get smaller more will be needed to cover it. For a 2-
dimmensional unit square we expect 2( ) (1/ )N r r= , and for radius the number of 
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boxes will lead to a power law ( )( ) 1/
d

N r K r= . The box dimension (with this 

method) is defined as: 

log ( )

log(1/ )B

N r
d

r
= , with ( )N r →∞  and 0r →  

Let us write a procedure; of determining the box-dimension of a graph irregular 
graph (as generated in earlier section with Hurst exponent H  is given). First take 
a section of graph and scale (map) the X-axis onto 0 to 1.00. Call this as function 

( )y f x=  (refer Figure 2.1). Then divide the X-axis (mapped onto 0-1.00) into 

r equal intervals. Above each interval make a column of width r . In this situation 
of scaling condition ( )H

i iy xΔ = Δ , means in each of these columns of width r  (as 

constructed) the graph (or normalized graph ( )y f x= ) passes through a height of 

about Hr . So the number of boxes (square boxes of each edges of size r ) needed 
to cover the part of graph in that particular column is about (Height of graph) ÷  
(Height of box)= 1/H Hr r r −= . 
 

r

r

1.0
0

Hr≤

r intervals

( )f x

x

 

Fig. 2.1 Determination of the box dimensions (fractal dimension) of irregular curve 

The height and width of the box is r . The number of columns in the X-axis of 
unit length is 1/ r . Therefore the number of boxes required of size r needed to 

cover the entire graph ( )y f x=  is ( ) ( )1 21( ) H HN r r rr
− −= × = . Thus the box-

dimension is: 
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( )
2log

2
log 1/

H

B

r
d H

r

−

= = −  

Actually a note may be taken that box-dimension is actually box counting 
dimension; since we count the boxes. For graph or curve to be of fractal self 
similar nature this figure should be greater than one ( 1Bd > ). 

Geometrically one can arrive at same fractal dimension Bd , by ‘Mandelbrot-

Richardson’ method, or ‘Divider Step Method’. In this method the length of graph 
is measured by a scale, moved along the graph. When scale is reduced the more 
new features of the graph (irregularity) are observed and again length is 
determined. The length of ‘divider’ kept on decreasing and length is determined. 
The slope of log-log plot of total-length and length of divider step gives the idea 
of fractal dimension. The box counting method or this divider step method gives 
the same fractal dimension Bd . This Bd  is Hausdroff’s dimension of fractal graph 

fd . The fractal dimension is physically described as how many new segments of 

an object are found as object is observed at finer resolution. For instance if N  
new pieces are revealed when the scale is reduced by factor F  then 

log / logfd N F= . An example of self-similar fractal is say take a line segment to 

start with; then you divide the segment into three equal parts and take out the 
middle portion and call it second stage. From this second stage you perform the 
above operation the two segments to get four segments, call it the third stage. 
Keep repeating this to get next stages one observes that each stage can be scaled 
(dilated) and can be overlapped to previous stage. This way we get self-similar 
pattern. Above divided line segment has fractal dimension as 

log ( ) / log(1/ )Bd N r r= − , with ( ) 2nN r = a nd (1/ ) (1/ 3)nr = , for n stages. Thus 

log 2 / log(1/ 3) 0.631 1Bd = − = < , which is less than Euclidian dimension in the 

case of line segment is 1. We talked of self-similar fractals, where the dilation 
symmetry is uniform. The generalization to self-similar fractal is self-affine 
fractal, where scaling by different amounts in X and Y directions is required. A 
structure is called self similar if the structure is invariant under the isotropic scale 
transformation that is, enlarging uniformly in every direction. The self–affine 
fractal is invariant under anisotropic transformation that is, rescaling is required 
with different scaling in different directions. 

2.9.4   Difference in Persistent Anti Persistent Noise and Motion 
from Power law of Power Spectral Density 

Fractional Gaussian Noise is defined by ‘power-spectral’ density of the form 
( )S f f β−∝ , for a signal or random variable say position which scales as 

( ) ( )HX t c X ct−= . H  is called Hurst exponent and 2 1Hβ = − , valid for uni-

fractal series. With 1H =  the time series { ( )}X t  is ‘pink’ noise with power 
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spectral density as ( ) (1/ )S f f≅ . This type of 1/ f  noise is important since it is 

kind of threshold between persistent stable noise where 0.5 1H< < , with 
0 1β< <  and non stationary noise 1β > .  

A white noise (random noise) is characterized by 0β =  and 0.5H = . The noise 

characterized by 0 0.5H< <  is called anti-persistent, and characterized by 
0.5 1H< <  is called persistent, whereas a random walk or Brownian motion (BM) is 

characterized by power spectral density 2( )S f f −≅  that is, 2β = . Its Fourier Inverse 

is 2 ( )X t t≅  giving indication of Mean Squared Displacement scales proportional to 

time. In the similar way as for persistent and anti-persistent noise the walks may be 
classified as a persistent walk if the spectral density index or the fluctuation is given by 
1 2β< <  and anti-persistent walk given by 2 3β< < . We call these walks for 

fluctuating characteristic exponent 1 3β< <  because these walks may be obtained by 

‘integrating’ the fractal noise defined by 0 1H< < . 
Well the random walk in a continuous time can be expressed as 

[ ( ) / ] ( )dX t dt tξ= ; where ( )tξ  is a stochastic quantity. If ( )tξ  is a white-noise, as 

we generated the same in previous section, with 0.5H = , then the walk 

is
0

( ) ( )
t

X t dξ τ τ= ∫ . The generation of Brownian motion is thus as described now. 

Take a initial position (0)X  at 1t  add the stochastic quantity 1( )tξ  (a white noise 

in time is 1 1( )a t tδ −  to (0)X ). This will give 1( )X t . Continuing it with several 

time intervals, this gives a time series as a ‘white-noise’ train. Integrate this to get 
Brownian motion. Now if the noise is 1/ f  or a fractal noise the same steps will 

generate train of pulses of fractal noise and integration of that curve will give 
Fractional Brownian Motion. 

2.10   Concluding Comments 

In this chapter the basis functions that are important in the study of the fractional 
order systems is introduced. Mostly the fundamental form is the Mittag-Leffler 
function can be stated as generalized exponential function. As the exponential 
function play basis role in integer order calculus, so does Mittag-Leffler function has 
role in the fractional calculus. Other compacted forms of the, variants of Mittag-
Leffler variety is also listed, which find several applications of solution of fractional 
differential equations. All of these functions are of power-series expansions and fits 
variety of power law following processes. In conclusion the readers will be put to 
think about following reality. In circuit theory experiment we have made a low pass 
filter, with lumped resistance and lumped capacitor. The step response to this should 
have a pure exponential reaction, and mostly the recorders will show the similar 
reaction. The question is are we observing a pure exponential curve uniquely 
determined by unique time constant the product of lumped resistance and lumped 
capacitor used. We tend to believe that the observation is pure exponential and ode  
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the aberration to non-linearity, instrument error, leakages, distributed effects and 
various others like parametric drifts of components. The aberration to exponential 
curve, if fitted by power series function of Mittag-Leffler type then naturally we ask a 
question about the descriptor equation which classically is integer order differential 
equation. The Mittag-Leffler type function is solution of fractional differential 
equation, thus if the basic circuit descriptor were of fractional order differential 
equation then we explain the reality, closely. However no capacitor is pure capacitor, 
no resistance is pure resistance and no system can have lumped characteristic, and the 
distributed parametric spread is reality. The same thoughts can be extended to various 
other relaxation processes of the nature about diffusion, reactor kinetics, 
electrochemistry and several others. The variants of Mittag-Leffler functions 
introduced here are developed in last four decade; several others may be developed in 
future to explain the physical processes of nature. The irregularity can be quantified 
by an irregularity exponent and we have seen the fractal dimension. The relation 
between the fractional derivatives of local character where the irregular function is 
not conventionally differentiable plays a role in characterizing various physical 
processes especially at the phase change. A regular irregularity is normal Brownian 
motion with fractal dimension 1.5, well a motion with memory can be regarded as 
Fractional Brownian Motion then, where the ‘random’ jumps remembers past and 
makes next jump accordingly! The relaxation (to stimulus) of natural phenomena 
well are not happening ‘strongly’ but has memory associated with it, giving ‘weak’ 
relaxation with long tailed responses; memory lingers; unlike conventional relaxation 
without memory. Well the nature is having disorder and thus the basic equations of 
integer order differential equations get changed to fractional differential equations 
(FDE); well is the order of FDE represent the background disorder, where the 
physical process is taking place? Here also we have observed that FDE can be solved 
in similar manner with same difficulty as Integer Order Differential Equations, and 
there lies these ‘special functions’ which are generalizations of the functions of 
ordinary calculus. 
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3   Observation of Fractiona l Calculus in Physical System Description 

3.1   Introduction 

Fractional calculus allows a more compact representation and problem solution for 
some spatially distributed systems. Spatially distributed system representation allows 
a better understanding of the fractional calculus. The idea of fractional integrals and 
derivatives has been known since the development of regular calculus. Although not 
well known to most engineers, prominent mathematicians as well as scientists of the 
operational calculus have considered the fractional calculus. Unfortunately many of 
the results in the fractional calculus are given in language of advanced analysis and 
are not readily accessible to the general engineering and science community. Many 
systems are known to display fractional order dynamics. Probably the first physical 
system to be widely recognized as one demonstrating fractional behavior is the semi-
infinite lossy (RC) transmission line. The current into the line is equal to the  
half-derivative of the applied voltage. That is impedance is  

1
( ) ( )V s I s

s
=  

many studied this system, Heaviside (1871) considered it extensively using the 
operational calculus. He states that, “there is universe of mathematics lying in 
between the complete differentiations and integrations, and that fractional operators 
push themselves forward sometimes, and are just as real as others.” Another 
equivalent system is diffusion of heat into semi-infinite solid. Here temperature 
looking in from the boundary is equal to the half integral of the heat rate there. Other 
systems that are known to display fractional order dynamics are viscoelasticity, 
colored noise, electrode-electrolyte polarization, dielectric polarization, boundary 
layer effects in ducts and electromagnetic waves. Because many of these systems 
depend upon specific material and chemical properties, it is expected that wide range 
of fractional order behaviors are possible using different materials. The classical 
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Bode’s integral is introduced and discussed, which is a stepping stone for realization 
of fractional order element, giving constant phase for a band of (selected) frequency. 
This Bode’s integral is a useful technique in plotting the gain and phase plots for 
system identification and controls, in frequency domain analysis. Fick’s law is 
discussed and its modification by considering relaxation times (Catteneo’s law) is 
discussed here; with derivation of its memory kernel and generalizing the same to 
have fractional diffusion equation. Also, concept of non-integer numbers  
in the generalized Laplacian operator is considered to be a possibility of defining 
‘fractional geometrical dimensions’. The fractional order behavior for semi-infinite 
system and its truncated version are discussed and developed in this chapter, also 
synthesizing the half-order fractional element and its relation to ‘continued fraction 
approximation’ is developed, along with dynamics of chain network and its fractional 
order behavior.  
3.2   Te mperature Heat Flux Relationship for Heat Flowing 

3.2   Temperature Heat Flux Relationship for Heat Flowing in 
Semi-infinite Conductor 

3.2   Te mperature Heat Flux Relationship for Heat Flowing 
 

The thermocouple consists of two pair of dissimilar metals with a common  
junction point. Because the wires are long and insulated they will be treated as “semi-
infinite” heat conductors. The Figure 3.1 represents one such wire of thermocouple 
pair. The thick line in Figure 3.1 represents the semi-infinite heat conductor, the 
thermocouple wire measuring the temperature at 0x =  the furnace wall, called as 

)(tTsurf , which dynamically varies with the time. The initial temperature is denoted 

by 0T . 
 

T )(tsurf

x 0x x

THERMOCOUPLE 

                                         DIRECTION OF 
                                         HEAT FLOW  

Fig. 3.1 Heat flow in semi-infinite wire thermocouple 

 

The problem of heat conduction in the thermocouple wire is obviously  
one-dimensional. The following derivation shows how fractional calculus appears 
in the problem, of relating the conduction heat flux through semi-infinite 
thermocouple wire to the body temperature at the origin. 
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2

2

0

,

( 0,& 0)
(0, )
( ,0) ( )

lim ( , )

surf

x

T T
c k

t x
t x

T x T
T t T t

T t x

ρ

→−∞

∂ ∂=
∂ ∂
> −∞ < <

=
=

< ∞

 

Where: 
 t: is time[s], x is the spatial direction in the direction of heat flow [m], c is the 
specific heat or heat capacity [J kg-1K-1], ρ is density [kg m-3], ( , )T t x  is the 

temperature [K], and k is coefficient of heat conduction [W m-1K-1]. 
Let 0( , ) ( , )u t x T t x T= − . Substituting this, in above set we get equations as: 

2

2

0

,

( 0,& 0)
(0, ) 0
( ,0) ( )

lim ( , )

surf

x

u u
c k

dt x
t x

u x
u t T t T

u t x

ρ

→−∞

∂ ∂=
∂

> −∞ < <
=
= −

< ∞

 

Taking Laplace transforms for the above equation gives: 

2

2

2

2

( , )
. ( , )

( , )
( , ) 0

U s x
c sU s x k

x
U s x c s

U s x
kx

ρ

ρ

∂=
∂

∂ − =
∂

 

The bounded solution for x tends to ∞−  be 

( , ) ( ,0) exp
sc

U s x U s x
k

ρ⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
, 

differentiating this we find 

( , )
( ,0) exp

dU s x sc sc
U s x

dx k k

ρ ρ⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
. 

From these two expressions we get the following by putting 0x =  and taking the 

inverse Laplace of 0.5 1/2( ) ( )s F s d f t− −→ , i.e. semi-integration, we obtain semi 

differential equation in time variable: 
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1/2

1/2

1/2

1/2

1
( ,0) ( ,0)

( ,0)
( ,0)

( ,0)
( ,0)

d c
U s U s

dx ks
d u t c

u t
x kdt

u t c d
u t

x k dt

ρ

ρ

ρ

−

−

=

∂ =
∂

∂ =
∂

 

Returning from ( , )u t x  to ( , )T t x we get 

1/2

01/2

( ,0)
( { } )surf

T t d
k c k T t T

x dt
ρ∂ = −

∂
. 

The term ( ,0) ( )k T t Q t
x

∂ =
∂

, be termed as heat flux, flowing through the 

thermocouple wire at the interface of the furnace wall and point of contact (the 
origin). Therefore the heat flux expression is  

( ) ( )
1/2 1/2

1/2
0 01/2 1/2

( ) ( ) ( ) ( )surf surf a t b
d k d k

Q t c k T t T T t T D T t
dt k dt

c

ρ
α

ρ

= − = − =  

The normal integer order diffusion equation contained half (fractional) derivative that 
was demonstrated in Chapter 1, the similar half derivative appeared in this case too.  

3.3   Single Thermocouple Junction Temperature in Measurement 
of Heat Flux 

From the derivation as in above section we can write a general heat flow equation 
relating the heat-flux conducted through a semi-infinite conductor of heat to the 
temperature at the origin as time varying constitutive relation: 

1/2

1/2
1/2

1/2

( ) ,

[ ( )]

i a t b

a t

k
Q t D T

d
D

d t a
k

c

α

α
ρ

=

≡
−

=

 

The semi-derivative is shown for initial time point a. When initial forcing 
conditions (states) are zero, the operator then is  
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1/2
1/2

0 1/2t
d

D
dt

≡ , 

here α is thermal diffusivity; bT  is the body temperature, at the point of contact of 

thermocouple to the furnace wall. 

k1, 1                               Q1(t)

Tg                                       Tb        

Qi (t) .k2, 2 Q2(t)
 

Fig. 3.2 Thermocouple junction for temperature (heat flux) measurement 

The following equations define the time domain behavior. 
Input heat flux to the thermocouple from steam temperature to the tip of the 

thermocouple junction ( ( ) ( ))i g bQ hA T t T t= − . At the tip of the thermocouple this 

input heat flux flows into two thermocouple wires as shown in Figure 3.2. Thus  

1 2( ) ( ) ( ) b
i

dT
Q t Q t Q t mc

dt
− − = . 

Converting this expression to integral form we obtain the thermocouple node 
temperature is related two heats fluxes as,  

1
1 2

1
( ) ( ( ) ( ) ( ))b a t iT t D Q t Q t Q t

mc
−= − − . 

The two semi-infinite heat conductors have constitutive equations in semi-
differential form as derived for Figure 3.1, as 

1/21
1

1

( ) ( )a t b
k

Q t D T t
α

= , and 1/22
2

2

( ) ( )a t b
k

Q t D T t
α

= . 

Where hA, is product of convective heat transfer coefficient and surface area, and 
mc is product of the mass and specific heat. The constitutive equation is obtained 
by substituting values of 'Q s , as: 

( ) 1/2 1/21 1

1 2

( )
( ) ( ) ( ) ( ) b

g b a t b a t b
dT tk k

hA T t T t D T t D T t mc
dtα α

− − − = , 
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after taking Laplace Transforms of the constitutive equations we have the 
following expression: 

1/2 1/21 2

1 2

( ) ( )b g
k k

mcs s s hA T s hAT s
α α

⎛ ⎞
+ + + =⎜ ⎟⎜ ⎟

⎝ ⎠
 

The transfer function is as follows: 

1/ 21 2

1 2

1 2

1 2

1
( ) 1

( ) 1
1

1
;

b

g

T s mc
hA

T s s b s Ck kmc
s s

hA hA

k k hA
b C

mc mc

α α

α α

⎛ ⎞
⎜ ⎟⎝ ⎠

= =
⎛ ⎞ + +⎛ ⎞ + + +⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠

⎛ ⎞
= + =⎜ ⎟

⎝ ⎠

 

The value of fractional calculus is clearly demonstrated in this analysis. 
Conventional approaches require the solution of two simultaneous partial 
differential equations with ordinary integer order differential equation. The Bode 
plots show two distinct asymptotes one of slope –10 db/decade (corresponds to 

semi-pole 2/1s  behavior) and the next one as –20 db/decade at higher frequency. 
The diagram is shown in Figure 3.3 with ( / ) 0.005mc hA = , and 

1 2

1 2

1
5.0

k k

hA α α

⎛ ⎞
+ =⎜ ⎟⎜ ⎟

⎝ ⎠
. 

One more observation may be drawn from this analysis. In order to estimate heat-
flux in any thermal system, classical method of utilizing two thermocouples, can 
be replaced by one thermocouple and from the temperature values obtained as 
function of time instantaneous semi-differential equation as indicated above may 
be solved to estimate flowing heat-flux.to estimate flowing heat-flux. 

0

-50

db -100

-150

10-5 100 105 1010

Frequency (rad/s)  

Fig. 3.3 Frequency response amplitude frequency Bode plot 
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Observing the transfer function of this system, ( ) / ( )b gT s T s , obtained earlier, it 

appears as per integer order calculus theory that is a first order system. The first 
order system responses to a step input is a damped output, with out any oscillation 
and overshoot. The presence of fractional order terms makes somewhat 
anomalous, argument (which is detailed in Chapter 10). Though the system 
appears to be of first order yet the presence of the half order term, in denominator, 
may give a system response, to a step input as oscillatory with overshoot. 
Therefore definition of the system order for fractional order system is different, 
than that in integer order calculus.  

The time evolution of ( )bT t  can be obtained for Heaviside step 

input, ( ) ( )gT t H t= thus ( ) (1/ )gT s s= put into the obtained transfer function and with 

help of partial fraction and R -function; ,{ ( ,0, )} ( ) / ( )v q
q vR a t s s a−= −L  as: 

2 22 1 2 1
1 2

1 2

(1/2), 1 1 (1/2), 1 2
2 1

1 1

1 1
( ) ( ); 4 4

2 2 2 2

( ) ( ,0, ) ( ,0, )
( )

b g

b

hA b b
T s T s b C b C

mc s s

hA
T t R t R t

mc

β β β β β β
β β

β β
β β − −

⎛ ⎞
⎜ ⎟− −

= − = − + − = − − −⎜ ⎟
+ +⎜ ⎟

⎜ ⎟⎝ ⎠

⎡ ⎤= − − −⎣ ⎦−

The output, ( )bT t  to a ramp input ( )gT t t= , thus 2( ) (1/ )gT s s= similarly is: 

(1/2), 2 1 (1/ 2), 2 2
2 1

( ) ( ,0, ) ( ,0, )
( )b

hA
T t R t R t

mc
β β

β β − −⎡ ⎤= − − −⎣ ⎦−
 

3.4   Heat Transfer 

System identification is the part of control practice, in which the parameters that 
enter into mathematical model of the system are determined. This is especially 
important in thermal system with convection, because of presence of heat transfer 
coefficient, which is never really known with great exactitude, and may vary with 
time due to physical or chemical changes at the heat transfer surface. There are 
also other parameters like the thermal capacity of the conductive body, its surface 
area, and its thermal diffusivity that have to be determined. 

Rather than find each of the parameters separately it is more practical to estimate 
non-dimensional expression that best fits the observed data. In this heat transfer 
example, consider the cooling (or heating) of a one-dimensional plane wall of 
thickness L , with spatial uniform initial temperature iT . There is convective heat 

transfer coefficient h  from one wall to fluid at temperature T∞ . The exact solution 
with partial differential equation is as follows with the boundary and initial conditions: 

The temperature field is ( , )T x t , where x  the coordinate is measured from the 

wall and t  is the time. The transient heat conduction equation in the wall is given by: 
2

2

( , ) ( , )T x t T x t

t x
α∂ ∂=

∂ ∂
, 
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Where α  is thermal diffusivity. 
The initial and boundary conditions are: 

( , )
0

T x t

x

∂ =
∂

at 0x =  

( )( , )
{ , } 0

T x t
k h T x t T

x ∞
∂ + − =
∂

, at Lx =  

( , ) iT x t T= , at 0t =  

Where k  is the thermal conductivity of wall material. With change of variable to 
make dimensionless equation we get the following transformed unit less variables as: 

x

L
ξ = ,

2

t

L

ατ =  

and unit less temperature as  

( , )

i

T x t T

T T
θ ∞

∞

−
=

−
, 

we obtain dimensionless equation as:  
2

2

θ θ
τ ξ
∂ ∂=
∂ ∂

, 

With 0
θ
ξ
∂ =
∂

, at 0ξ =  and 0iB
θ θ
ξ
∂ + =
∂

at 1=ξ , and 1=θ  for 0τ = . 

Where the ‘size-factor’ i

hL
B

k
= , is called Biot’s-number. 

Solution to this dimensionless equation, which is exact representation of heat 
transfer, is: 

( ) ( )2

1

( , ) exp cosn n n
n

x C xθ τ λ τ λ
∞

=

= −∑ , 

where  

( )
4sin

2 sin 2
n

n
n n

C
λ

λ λ
=

+
 

and nλ  are positive roots of transcendental expression tann n iBλ λ = . 

The dimensionless mean temperature is 
1_

0

( ) ( , )dθ τ θ ξ τ ξ= ∫ . 

The exact solution is obtained above, by considering various Biot’s number  
(0.1-10). However the first way to approximate this heat transfer phenomena is by 
having spatial average of the temperature i.e.  
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_

0

1
( ) ( , )

L

T t T x t dx
L

= ∫  

be taken as dependent variable. In terms of this average temperature the heat 
balance equation is 

_
_( )

0
d T t h

T T
dt cρ ∞

⎛ ⎞
+ − =⎜ ⎟

⎝ ⎠
, 

where ρ  is the density and c is specific heat of the wall material. The convective 

heat transfer initial and boundary conditions are:  

0
T

x

∂ =
∂

, at 0x = , and ( ) 0
T

k h T T
x ∞
∂ + − =
∂

, at 1x =  

have been used to derive the above average expression as approximation. The 

equation iT T=  at 0t =  gives 
_

(0) 1T = . Using dimensionless variables as done for 

exact solution case one obtains: 

_
_

0i
d

B
d

θ θ
τ
+ = , 

with 
_

(0) 1θ = . Now numerical experiments points toward an interesting observation 

that the solution with 0.1iB = , the exact solution and this approximation match 

closely, where as for 10iB = , the deviations are large.  

An improvement to above approximation is to write a fractional order 
differential equation as: 

_
_

0
q

iq

d
pB

d

θ θ
τ

+ = , 

with 
_

(0) 1θ = . Here q and p be varied to minimize 

max

2

0

( )E e d

τ

τ τ= ∫ , 

where ( )e τ  is difference between the exact solution and approximate solution 

of
_

( )θ τ . maxτ  is the maximum value of τ to which integration is carried out. 

Here the effect of iB  is to be discussed. The fractional order 1q →  and the 

multiplier of the Biot’s number 1p → , as 0iB → . 
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This example works well with dynamic system modeling where measurements 
enable simultaneous time-dependent system identification as well as provide an 
error signal for feed back controls. In the present heat transfer example, for the 
wall with simple geometry, a lumped parameter energy balance in which 
temperature of the system is assumed to be spatially uniform is commonly used to 
model transient conductive systems exposed to convective heat fluxes at their 
boundaries. It is simple to fit experimental data and the integer order (in this case 
first order) differential equation that is easy to solve. For larger size (Biot’s 
number) there is difference between actual temperature field and the spatial 
average used in lumped model. This necessitates the solution of the partial 
differential equations for the transient heat conducting in the body which is made 
difficult by shape, heterogeneity, or the unknown nature of the convective heat 
transfer coefficient at the boundaries. 

This argument is true for any realistic process with transport phenomena. Here 
a practical method to describe the system with fractional order differential 
equation aims at reality in system identification and control, as real systems are 
distributed phenomena. 

3.5   Driving Point Impedance of Semi-infinite Lossy Transmission 
Line 

Assuming a lossy RC line the boundary value problem can be defined in terms of 
the current or voltage variables. Since a semi-infinite line is considered, the 
measurable inputs or outputs are @ 0x = , at the left while right end x = ∞  is at 
finite value. In terms of the voltage variable the equations can be written as: 

( , )
( , )

( , ) ( , )

v x t
i x t R

x
i x t v x t

C
x t

∂ = −
∂

∂ ∂= −
∂ ∂

 

,R C  are resistance and capacitance per unit length. 
Differentiating first with respect to x and then substituting second in the first 

one we get  

2

2

v i v
R RC

x tx

∂ ∂ ∂= − =
∂ ∂∂

, 

choosing 1/RC as α we get the problem formulation as: 

2

2

( , ) ( , )
, (0. ) ( ), ( , ) 0. ( ,0)I

v x t v x t
v t v t v t v x

t x
α∂ ∂= = ∞ =

∂ ∂
 

          Given with 
1 ( , )

( , )
v x t

i x t
R x

∂= −
∂
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In this formulation (v) is the voltage, (i) is the current, (vi) and is a time-dependent 
input variable. At ∞=x , the condition is of short circuit. A classical solution 
using iterated Laplace Transform is used to solve this problem. 

x

R C

)(ti

)(tv
0x

 

Fig. 3.4 Semi-infinite lossy transmission line  

Taking Laplace transform with respect to time and using s as temporal Laplace 
variable gives: 

2

2

( , )
( , ) ( ,0)

d V x s
sV x s v x

dx
α− = , 

  with 
1 ( , )

(0, ) ( ), ( , ) 0, ( , )I

dV x s
V s V s V s I x s

R dx
= ∞ = = − .  

Then taking the Laplace transform with respect to spatial position x, and using p 
as the ‘spatial’ Laplace variable gives: 

21 (0, )
( , ) ( ,0) ( , ) (0, )

s dV s
V p s V p p V p s pV s

dxα α
⎡ ⎤− = − − ⎢ ⎥⎣ ⎦

. 

Substituting  

*(0, )dV s
V

dx
⎡ ⎤ =⎢ ⎥⎣ ⎦

, 

this equation can be manipulated to give ( , )V p s as: 

2 *1
( , ) ( ,0) (0, ) (0, )

s
p V p s V p pV s V s

α α
⎡ ⎤− = − + +⎢ ⎥⎣ ⎦

,  

or 

*

2

1 1
( , ) ( ,0) (0, ) (0, )V p s V p pV s V s

s
p α

α

⎡ ⎤
⎢ ⎥ ⎡ ⎤= − + +⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥−
⎣ ⎦
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The first term of the transform, here, of the initial spatial distribution ( ,0)V p  is 

problem-dependent. After rearrangement and partial fraction the above expression 
can be expressed as: 

*

2

1 1 1 1
( , ) ( ,0) (0, ) (0, )

2 2

V p s V p pV s V s
ss s s s pp p

α
αα α α α

⎡ ⎤
⎡ ⎤⎢ ⎥
⎢ ⎥⎡ ⎤⎢ ⎥ ⎡ ⎤= − − + +⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎣ ⎦⎛ ⎞ ⎛ ⎞ ⎣ ⎦ ⎢ ⎥−⎢ ⎥− + ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎣ ⎦⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

Here the first term represents the effect of any initial spatial voltage distribution, 
while the second term represents the voltage and current present at 0x =  end of 
the line. The first term is now inverse-Laplace-transformed with respect to the 
variable p using convolution, and the second is inverse-Laplace transformed using 
standard transform pairs. 

( ) ( )

0
0

*

1 1 1 1
( , ) ( ,0) ( ,0)

2 2

(0, )
(0, ) cosh sinh

s sx
x xx

V x s e v d e v d
s s

s V s s
V s x x

s

λ λ
α αλ λ λ λ

α α
α α

α α
α

+ − − −⎡ ⎤ ⎡ ⎤= − − − +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎛ ⎞ ⎛ ⎞
+⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

∫ ∫

 

Equivalently: 

0

0

*

1 1
( , ) ( ,0)

2

1 1
( ,0)

2

(0, ) (0, )

2
2

s sx
x

s sx
x

s s s s
x x x x

V x s e e v d
s

e e v d
s

V s V s
e e e e

s

λ
α α

λ
α α

α α α α

λ λ
α

α

λ λ
α

α

α

+ −

− +

+ − + −

⎡ ⎤= − −⎢ ⎥⎣ ⎦

⎡ ⎤− +⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤
+ + −⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫

∫  

Collecting the like exponentials gives the following: 
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*

0

*

0

(0, ) 1
( , ) (0, ) ( ,0)

2

(0, ) 1
(0, ) ( ,0)

2

s
x sx

s
x sx

e V s
V x s V s e v d

s s

e V s
V s e v d

s s

α λ
α

α λ
α

λ λ
α

α α

λ λ
α

α α

+
−

−
+

⎡ ⎤
⎢ ⎥
⎢ ⎥= + − +
⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥− +
⎢ ⎥
⎢ ⎥⎣ ⎦

∫

∫

 

It should be recognized that the coefficients multiplying the two exponential 
functions are unknowns. Although the integral and either (0, )V s  or * (0, )V s are 

given in the problem statement, the other condition ( *V or V, respectively) at 0x =  is 
determined as a response to these two given terms. Imposing the boundary condition 
at x = ∞ , allows the determination of a relationship between these three terms at 

0x = , and thus allows the impedance and initial condition response of the system.  
It is required to evaluate the above equation in the limit x →∞ . In this limit 

second term in the above equation go to zero due to exponential behavior, 
however the integral inside the bracket will diverge. That is 

0

1
lim ( ,0) 0.

s sx
x

x
e e v d

s

λ
α α λ λ

α
α

− +

→∞

⎛ ⎞
⎜ ⎟⎛ ⎞
⎜ ⎟ = ∞⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟
⎝ ⎠

∫  

We are thus left with indeterminate form and this can be solved by L’Hopital’s 
rule as follows (after rearrangement): 

0

1
( ,0)

2
lim

sx

sx x

e v d
s

e

λ
α

α

λ λ
α

α

+

→∞ +

∫

 

The L’Hopital rule says that this ratio has the same value as the ratio of the 
derivatives (with respect to x) of the numerator and denominator. Differentiating 
the denominator is easy, but differentiating the numerator with respect to x 
requires Leibniz’s rule. Performing the differentiation gives: 

0

1
( ,0)

2
lim

sx

sx
x

d
e v d

dxs

s
e

λ
α

α

λ λ
α

α

α

+

→∞ +

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

∫
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Combining the leading constants, and applying the Leibniz’s rule to the numerator 
gives: 

1
( ,0)

2lim

s
x

sx x

e v x
s

e

α

α

+

→∞ +
. 

It can now be seen that the exponential terms cancel, which leaves the result  

1 ( ,0)
lim ( ,0)

2 2x

v
v x

s s→∞

∞= . 

The problem statement however requires that the boundary condition ( , ) 0v t∞ =  

be satisfied for all time. Thus it is shown that the first term of the main equation 
equals zero for x →∞ . 

From above limit derivations: 

*

0

(0, ) 1
( , ) (0, ) lim ( ,0) 0

2

s
sx

x

e V s
V s V s e v d

s s

α λ
α λ λ

α
α α

+∞
−

→∞

⎡ ⎤
⎢ ⎥
⎢ ⎥∞ = + − =
⎢ ⎥
⎢ ⎥⎣ ⎦

∫  

Dropping the limit notation we have  

*

0

(0, ) 1
(0, ) ( ,0) 0

sxV s
V s e v

s s

λ
α λ

α
α α

−
+ − =∫ . 

Remembering that the current anywhere in the line is related to the voltage, then at 
0x =   

*1 (0, ) (0, )
(0, )

dV s V s
I s

R dx R
= − = −  

and solving for voltage in terms of source current gives: 

0

(0, ) 1 ( ,0)(0, )
sxRI s e v dV s

s s

λ
α λ λ

α
α α

−
= + ∫  

In evaluating the integral on the right it is now recognized that this term is 
equivalent to a Laplace transform integral with  
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s
s q

α
→ = . 

Thus the Laplace transform tables can simplify the evaluation of this term as 
follows: 

[ ]
0

1 1
( ,0) ( ,0)

sx

s
q

e v d V q
s s

λ
α

α
λ λ

α α
α α

−

=
=∫  

The notation here on the right hand side of this equation is used to indicate the 
evaluation procedure. First the initial spatial distribution ( ,0)v x  is Laplace 

transformed with respect to the spatial Laplace variable p to give ( ,0)V p  The 

integral on the left side of the above equation here is then easily calculated by 
replacing spatial variable p with  

s
q

α
= . 

The voltage equation thus becomes 

[ ](0, ) 1
(0, ) ( ,0) s

p

RI s
V s V p

s s αα
α α

=
= + . 

Notice that this contains driving point impedance function ( )Z s , which is 

obtained by setting the initial condition, terms to zero. 

(0, )
( )

(0, )

V s R
Z s

I s s

α

= =  

or as 1/ RCα = , the impedance is  

(0, ) 1
( )

(0, )

V s R
Z s

I s C s
= = . 

Note that in the impedance expression of ( )Z s  there are two parts, the forced 
response due to (0, )I s  and the initial condition response due to the initial voltage 

distribution in the lossy line. The final expression of voltage anywhere in the line as 
function of the applied voltage at the terminal ( )IV s  and the initial condition on the 

line, as: 
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[ ]

[ ]
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( , ) ( ,0) ( ,0)

2

( ,0)
1

2 ( ) ( ,0)
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s
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s
x s sxp
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−

=
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⎡ ⎤
= − +⎢ ⎥

⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥− +
⎢ ⎥
⎢ ⎥⎣ ⎦

∫

∫

 

Furthermore the current at any point in the line can be determined directly from 
the above equation as  

1 ( , )
( , )

dV x s
I x s

R dx
= −  

By applying inverse Laplace transforms, for the driving point impedance 
expression the voltage-current behavior (with zero initial condition) is obtained as: 

1/2

1/2

1/ 2

1/ 2

1 ( )
( )

( )
( )

d v t
i t

dtR

d i t
v t R

dt

α

α
−

−

=

=
 

More compactly the voltage-current relation with the initial condition expressed as: 

[ ]
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1 1
1

0
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1 1
( ) ( ,0) ( ,0)
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⎡ ⎤
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⎣ ⎦
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or 
1/2

21/2

1/2
1

2 1/2

1 ( )
( ) ( )

( )1
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d v t
i t t

dtR

d t
t

dtR

φ
α

φφ
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= +

= −
 

3.5.1   Practical Application of the Semi-infinite Line in Circuits 

3.5.1.1   Semi-integrator Circuit 

The circuit shown in the Figure 3.5 performs the function of semi-integration of the 
input voltage ( )iv t . The half order element (semi-infinite lossy line) is based on one 

dimensional diffusion equation 
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2

2

v v

t x
α∂ ∂=

∂ ∂
, 

which is depicted by a ladder of discrete resistance, and capacitance as shown in 
Figure 3.4 and its connection is shown in Figure 3.5 in an operational amplifier 
circuit. The terminal characteristic or the driving point impedance as obtained is 
described as  

1/ 2

11/2

( )
( ) ( )

d i t
v t r t

dt
α φ

−

−= +  

or  

1/2

21/2

1 ( )
( ) ( )

d v t
i t t

dtr
φ

α
= +  

fi

R _       

iv ii ov

+

 

Fig. 3.5 Semi-Integrator 

Here ( )v t and ( )i t  are the voltage and current respectively, at the terminal element,  

r is the resistance per unit length and α  is the product of r and c (the capacitance per 
unit length of the line). The initial condition functions are determined by the initial 
state of charge and voltage or current that exists on the infinite array of elements. For 
operational amplifier negative feed back configuration: 
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1/2
1/2

0 1/2

( ) 0 ( )

( )
0 ( ) ( ) ( )

( ) ( )

i i

f

I c t f

i f

v t i t R

d i t
v t r t r D i t

dt
i t i t

α φ α
−

−
−

− =

− = + =

=

 

Solving for 0 ( )v t  

1/ 2
0

1/2
0

1
( ) ( )

( ) ( )

c t i

c t i

v t r D v t
R

r
v t D v t

R

α

α

−

−

⎧ ⎫= − ⎨ ⎬
⎩ ⎭

= −

 

Note the symbolism change from small case differential operator to uppercase one, 
where the initialization function got included. This will be taken in detail while 
elaborate explanation of the initialization of fractional differintegrals in Chapter 6. 

This is the basis of semi-integrator computing element. The equivalent 

(uninitialized) impedance form may also be calculated as 1/2/ ,f iZ r s Z Rα= = . 

The transfer function (uninitialized) form is thus is  

0
1/2

( )

( )i

v s r

v s Rs

α= −  

3.5.1.2   Semi-Differentiator Circuit 

fi

R
_

+ ov

iv ii
 

Fig. 3.6. Semi-differentiator 
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For the circuit in Figure 3.6 the negative feedback configuration gives: 

1/2

1/2

1
( ) ( ( ) 0)

0 ( ) ( )

( ) ( )

( ) ( ) ( )

i c t i

o f

i f

o f c t i

i t D v t
r

v t Ri t

i t i t

R
v t Ri t D v t

r

α

α

= −

− =

=

= − = −

 

This formation with the leading coefficients specialized to one, is the basis of 
semi-differential computing element. Figure 3.7 gives a practical circuit for semi-
integration with operational amplifiers. 

KR 22
FC 47.0

07OP
 

Fig. 3.7 Practical circuit for semi-integrator 

The Figure 3.7 circuit is to realize the fractional order PID analog control 
system. In this circuit the offset adjustment parts are not explicitly shown. The 
semi integral control will have transfer function as 

0

1
( )

( )
f

i i

RZV s KCs
V s Z R s

= = = . 

By replacing s  with jω  one gets the relation as 

j /40 ( j )

( j )i

V K
e

V
πω

ω ω
−= . 
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This circuit behaves as constant phase element of angle 045− , meaning to a 
sinusoidal input the circuit will give a constant phase lag to the output by 045 . By 
using values of the impedances the transfer function constant  

3

6

3

22 10
0.47 10 9.8
22 10

K
−

×
×= =
×

, 

and the transfer function is 

0.5 j / 40 ( j )
9.8

( j )i

V
e

V
πω ω

ω
− −= . 

The practical results are tabulated below in Table 3.1, where almost a constant 
phase is demonstrated (around 055− ). The circuit is excited by sinusoidal voltage 
and the phase lag was recorded along with the peak-peak amplitude. 

Table 3.1 Practical Results from semi-integrator circuit measurement 

Input
frequency
(Hz) f

Input
frequency
(radian)

Phase
Angle
(degree)

iV

Volt
0V Volt

iV

V
G 0 GK )log(20 G

dB

50 314 -50.4 3.8 2.0 0.5263 9.32 -5.57
100 628 -45.0 3.8 1.5 0.3947 9.89 -8.07
150 942 -56.25 3.8 1.2 0.3158 9.69 -10.01
200 1257 -55.40 3.8 1.00 0.2632 9.33 -11.59
250 1571 -60.00 3.8 0.80 0.2105 8.19 -13.53
400 2513 -41.50 3.8 0.75 0.1974 9.89 -14.09
450 2827 -49.10 3.8 0.70 0.1842 9.79 -14.69
600 3770 -51.40 3.8 0.65 0.1710 10.49 -15.34
700 4398 -52.94 3.8 0.60 0.1578 10.46 -16.03
750 4712 -56.25 3.8 0.58 0.1526 10.47 -16.32
900 5655 -69.23 3.8 0.56 0.1473 11.07 -16.63
950 5969 -60.00 3.8 0.54 0.1421 10.9 -16.95  

3.5.2   Application of Fractional Integral and Fractional Differentiator 
Circuit in Control System 

Analog or digital realization can give a control system design for fractional order 
control system. Figure 3.8 gives block diagram representation of a classical 
integer order system (DC-Motor) being controlled by a fractional order feedback 
controller. 
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Fig. 3.8 Block diagram of fractional order control system 

System transfer function of DC motor is  

( )
( 1)

K
G s

Js Ts
=

+
, 

J is payload (inertia). Phase margin of the controlled system is 
arg ( j ) ( j )m G Hω ω πΦ = + , the controller characteristics is  

2
1

1
( )

K s
H s K

sα
+

= . 

Here chose 2K T=  Note that ( )H s  is composed of a differentiator of fractional 

order (1 )α−  and an integral controller of order α. This gives constant phase margin 

as: 

(1 )1
1

arg ( j ) ( j )

/ 1
arg arg ( j ) (1 ) ( )

2 2( j )

m

m

G H

K K J α
α

ω ω π

ππ ω π α π π πα
ω

− +
+

Φ = +

⎡ ⎤
⎡ ⎤Φ = + = + = − + + = −⎢ ⎥ ⎣ ⎦

⎣ ⎦

 

The close loop transfer function is 

1
1

1

/( j ) ( j )

1 ( j ) ( j ) ( / )c

KK JG H
G

G H s KK Jα
ω ω
ω ω += =

+ +
. 

The step input response will be:  

( )
1 1 11 1 1

1 ,21
1

/
( )

/

KK J KK KK
y t t E t

J Js s KK J
α α

α αα
− + +

+ ++

⎡ ⎤ ⎛ ⎞ ⎛ ⎞⎢ ⎥= = −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥+⎣ ⎦
L  
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This is “iso-damping” meaning, that the overshoot is same for various payloads 
(inertia), to have this type of control system is robust and efficient. Figure 3.9 
gives the concept of isodamping.  

0

TIME

1.

OUTPUT

 
Fig. 3.9 Isodamping in fractional order controlled system. 

This feature is of remarkable in field of control science indicating that a system 
need not be of fractional order to have a fractional order controller. An integer 
order system gets a robust and efficient feed back control if fractional calculus 
applied in the field of control science. This concept is dealt in detail in Chapter 9. 

3.5.3   Bode’s Integrals 

The transfer function is a frequency domain representation and is convenient to be 
described as 

j ( )( ) ( ) G sG s G s e ∠= , 

in magnitude and phase angle ( ( ) arg ( )G s G s∠ = ) in complex frequency domain. 

For plotting the Bode’s magnitude and phase diagrams, log magnitude and angle 
versus log of frequency, we put js ω= , where the angular frequency (radians/s) is 

ω . Thus we have ln ( j ) ln ( j ) j ( j )G G Gω ω ω= + ∠ . The derivative of this log of 

transfer function that is  

ln ( j )ln ( j ) 1 ( j ) ( j )
j

( j )

d Gd G dG d G

d G d d d

ωω ω ω
ω ω ω ω ω

∠= = + , 
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is important in control systems design. This derivative of transfer function has two 
parts, derivative of magnitude and derivative of phase angle, called Bode’s 
integrals. 

The feature of iso-damping described in Figure 3.9 requires shaping of the 
Bode’s phase curve, to have constant phase over desired band of frequencies 
around gain cross over points. The method uses classical Bode’s integral formulas, 
to shape the phase curves. The relation between the phase and amplitudes of a 
stable minimum phase system has been derived by Bode. The result is based on 
Cauchy’s residue theorem. The first integral is derivative of amplitude. The 
minimum phase transfer function ( j )G ω and  the phase of system ( j )G ω∠  at any 

0ω  is defined as Bode’s first integral formula: 

0

ln ( j )1
( j ) ln coth

2

d G u
G du

du

ω
ω

π

+∞

−∞

∠ = ∫ , where 
0

lnu
ω
ω

= . 

Since ln coth
2

u
 decreases rapidly as ω  deviates from 0ω , the integral mostly 

depends on 

ln ( j )d G

du

ω
, 

that is slope of Bode magnitude plot near 0ω . This 0ω  could be even gain cross 

over frequency gcω .We assume that slope of Bode’s plot is almost constant in the 

neighborhood of 0ω  , and then 0( j )G ω∠  is approximated as: 

0 0 0

2

0

ln ( j ) ln ( j ) ln ( j )1 1
( j ) ln coth

2 2 2

d G u d G d G
G du

du du du
ω ω ω

ω ω ωπ πω
π π

+∞

−∞

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
∠ ≈ = × =⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦
∫  

This property is often used in loop shaping of control system. Here measured 
phase of a system at 0ω  is used to determine approximately the slope of Bode’s 

magnitude plot. 

0 0

0 0 0

ln ( j ) ln ( j ) 2
( ) ( j )a

d G d G
s G

du d
ω ω

ω ω
ω ω ω

ω π
⎡ ⎤ ⎡ ⎤

= = ≈ ∠⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

The derivative of phase is the second formula of Bode’s integral. The logarithm of 
stable system amplitude, at frequency 0ω , given by Bode is: 

( )0
0

( j ) /
ln ( j ) ln ln coth

2g

d G u
G k du

du

ω ωωω
π

+∞

−∞

∠
= − ∫ , 
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gk  is the static gain of system at 0ω = .Assume 0( ( j ) / )G ω ω∠  is linear in the 

neighborhood of 0ω , and then the above integral is approximated as: 

( )
0

2
0

0

( j ) /
ln ( j ) ln

2g

d G
G k

du
ω

ω ωω πω
π

⎡ ⎤∠
≈ − ×⎢ ⎥

⎣ ⎦
 

0

2
0 0

0 2
0 0

( j )1 ( j )
ln ( j ) ln

2g

Gd G
G k

d ω

πω ωωω
ω ω ω

⎛ ⎞∠∠⎡ ⎤≈ − −⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠
 

This gives slope of phase as  

0

0 0 0 0

( j ) 2
( ) ( j ) ln ln ( j )p g

d G
s G k G

d ω

ωω ω ω ω
ω π

∠⎡ ⎤ ⎡ ⎤= ≈ ∠ + −⎢ ⎥ ⎣ ⎦⎣ ⎦
 

These are useful formulations for shaping the phase curve to get desired response, 
and are is further demonstrated in Chapter 9. 

3.6   Semi Infinite Lossless Transmission Line 

Above discussions in earlier sections elaborates on semi-differentiation and semi-
integration obtained for driving point impedance of semi-infinite lossy line. A loss 
less transmission line constitutes of L and C distributed through out its length. In 
the Figure 3.4 the element L will replace R. The line considered here is the semi-
infinite lossless line whose impedance is constant or an operator of zero order. The 
problem is written as: 

2 2

12 2

( , ) 1 ( , )
, (0, ) ( ), ( , ) 0, ( ,0) & '( ,0)

v x t v x t
v t v t v t v x v x

LCt x

∂ ∂
= = ∞ =

∂ ∂
, 

is wave equation. 
Given with 

( , ) ( , ) ( , ) ( , )
&

i x t v x t v x t i x t
C L

x t x t

∂ ∂ ∂ ∂= − = −
∂ ∂ ∂ ∂

, 

where v is the voltage i is the current )(tvI is time-dependent input variable, L is 

inductance per unit length and C is capacitance per unit length. A classical 
solution to this problem is obtained through iterated Laplace transforms as done 
for semi-infinite lossy line in section 3.5. The main results are given below: 

[ ] [ ]
*

*

(0, ) 1 1
(0, ) ( ,0) '( ,0)

(0, ) ( ,0)
(0, ) & '

p s LC p s LC

V s
V s V p V p

LCs LC LCs
dV s dv x

V s V
dx dt

= =

−
= + +

= =
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This contains transfer function of driving point (not impedance) as  

*

(0, ) 1

(0, )

V s

V s LCs
= −  

and in time domain  

1

1 (0, )
(0, ) ( )

dv t
v t dt t

dxLC
φ= − +∫  

1( )tφ  is time dependent initial condition. The transfer function consists of two 

parts, the forced response due to * (0, )V s  and the initial condition response due to 

the initial voltage distribution in the loss less line. Using current expression as 
given the driving point impedance is obtained as follows: 

[ ] [ ] [ ](0,0) 1 1
(0, ) (0, ) ( ,0) '( ,0)

p s LC p s LC

IL L
V s I s V p V p

C C s LC LCs= == − + +  

Notice that the voltage is composed of two parts, the forced response due to 
(0, )I s , and the initial condition response due to the initial voltage distribution in 

the loss less line. Considering only the first term it can be seen that the impedance 
looking into this line is thus:  

(0, )
( )

(0, )

V s L
Z s

I s C
= =  

which is simply a constant. Mathematically the impedance expressed in time 
domain as 

2(0, ) (0, ) ( )
L

v t i t t
C

φ= + , 

has a time dependent initial condition response due to initial voltage and current 
distribution and can be obtained by Laplace inverse of the last three terms of 
equation showing (0, ), (0, )V s I s  relationship i.e. 

[ ] [ ] [ ](0,0) 1 1
(0, ) (0, ) ( ,0) '( ,0)

p s LC p s LC

IL L
V s I s V p V p

C C s LC LCs= == − + +  

Thus it can be seen that a simple constant gain operator (zero-order operator) can 
also have time-varying initial condition terms. Figure 3.10 gives the diagram of a 
loss less semi-infinite transmission line (a zero-order element). Though the order 
of operation is zero i.e. it returns the input function (variable) unaltered (except 
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gain or attenuation) yet in the theory of generalized calculus the initial distributed 
charges and voltage stored will be returned to the output. This initial function is 
time varying into future. The initial conditions on the distributed L and C, along 
the infinite line that gives rise to initialization functions (of time). Note that this 
particular element (of zero-order) does not call for differintegrations but the initial 
conditions φ  associated with this distributed characteristics is very important to 

generalized theory of initialized (fractional) calculus. Operational amplifier circuit 
realized with zero-order distributed element will give practical understanding for 
generalized (initialized) calculus, is dealt in detail in Chapter 6 and 7.  

…
)(ti
)(tv

 

Fig. 3.10 Semi-infinite loss less transmission line 

In the Figure 3.6, the input element is a lumped resistor R  and the feed back 
element is a lumped capacitor C .  Then this circuit configuration gives lumped 
integrator circuit. The input voltage ( )iv t  to the circuit, let be switched on at some 

time a , before that time t a=  the voltage is zero, and we start the circuit process 
(of integration) at time t c a= > . This implies that the capacitor is pre-charged 
with ( )q c  Coulombs, from time a  to c  with initial voltage ( )ov c . This constant 

is thus initial condition for this lumped element integrator circuit. 
The describing equations for this configuration are as follows: 

( ) 0i fv t i R− =  

[ ]1 1 1 ( ) 1
0 ( ) ( ) ( ) ( ) ( ) 0 ( )

t t c t t

o f f f f o

t c t a c c

q c
v t i t dt i t dt i t dt i t dt v c

C C C C C

=

= =

− = + = + = + −∫ ∫ ∫ ∫  

         11
( )c t fD i t

C
−= .  

The 1
c tD−  is integer order ‘one’ integration process starting from time t c=   

which includes the initialization, process that is charging of the capacitor C  from 
time t a=  to t c=  represented as: 

/ 1
( ) ( ) ( )

c

f o

a

t i dt q c v c
C

ψ = = = −∫  
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Therefore, the total process is, un-initialized integration starting from time ct =   
that is: 

1
t

c t f f

c

d i i dt− = ∫  

plus initialization integration process from a to c that is: 

1 / ( )
c

a c f f

a

d i i dt tψ− = =∫  

These equations yield the final result by putting ( ) ( )i fi t i t= , as: 

11 1
( ) ( ) ( ) ( )

t

o i o c t i

c

v t v t dt v c D v t
RC RC

−= − + = −∫  

With ( ) ( )ot RCv tψ = − . This is classical integer order calculus, with initialization 

as constant. 
In the circuit of Figure 3.5 now we replace the input element with semi-infinite 

loss less ( )LC  transmission line, a zero order element, and the feed back element 

with lumped capacitor fC . The transmission line terminal equation is re-written as: 

( ) ( ) ( )
C

i t v t t
L

φ= +  

with ( )tφ  as initial charge distribution on the distributed element. 

The defining equations of this circuit are: 

[ ]( ) ( ) 0 ( )i i

C
i t v t t

L
φ= − +  

[ ]1
0 ( ) ( ) ( )

t

o f o
f t c

v t i t dt v c
C =

− = + −∫  

as done for the lumped integrator case above. 

( ) ( )i fi t i t=  

Therefore solving for ( )ov t  we obtain: 

11 1 1
( ) ( ) ( ) ( ) ( )

t t

o i o c t i
f f ft c t c

C C
v t v t dt t dt v c D v t

C L C C L
φ −

= =

⎡ ⎤ ⎡ ⎤
= − − + = −⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
∫ ∫
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where,  

( ) ( ) ( )
t

f o

c

L L
t t dt C v c

C C
ψ φ= +∫  

Here the initialization function is not a constant but a function of time. 
This is also expression is similar to classical integer order integrator with 

lumped parameters as obtained earlier. Here the integrator is realized with 
distributed element. The important difference in the values of initialization 
function. For a distributed element integrator, the effect of past history is 
contained, not only in a constant ( )ov c , which is charge on the capacitor fC , but 

also carried in the remainder of the ( )tψ  function, which accounts for the 
distributed charge along the semi-infinite line. It is also observed here that the zero 
order input element since is a wave equation 

2 2

2 2

( , ) 1 ( , )v x t v x t

LCt x

∂ ∂
=

∂ ∂
, 

will simply propagate any perturbations in ( )iv t  along the semi-infinite line, never 
returning, thus never seen again. The only effect being proportional variations in 
the ( )ii t . This behavior is true for terminal charging. However for side charging 
(arbitrary charging with voltages on the distributed line) an additional time 
function may return to the circuit output, which is dependent on initial voltage 
distribution on the line. 

The circuit of Figure 3.6 when configured with input element as lumped 
capacitor C  and the feedback element as lumped resistance R  behaves as integer 
order differentiator. The constituent equations are: 

       

11 1 1 ( ) 1 1
( ) 0 ( ) ( ) ( ) ( ) ( ) ( )

t t c t t

i i i i i i c t i

t c t a c c

q c
v t i t dt i t dt i t dt i t dt v c D i t

C C C C C C

=
−

= =

− = + = + = + =∫ ∫ ∫ ∫
 

     
0 ( )o fv t i R− =  

          
)()( titi fi =  

This gives: 

( ) 1 1( ) ( ) ( ) ( ) ( ) ( )o i i c t i c t i

d
v t RC v t v c RC D v t RC d v t t

dt
ψ⎡ ⎤ ⎡ ⎤= − − = − = − +⎣ ⎦⎢ ⎥⎣ ⎦

 

The initialization term  

( ) ( )i

d
t v c

dt
ψ =  
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is taken normally as zero. However presence of initial charge in the input 
capacitor gives an impulse output at the start of differentiation process at t c= . 

Modifying the circuit of Figure 3.6 with input element as capacitor iC  and the 

feedback element with distributed LC  zero-order element gives the integer order 
differentiator transfer character, with the concept of initialization function and 
generalized calculus. The defining equations are: 

11 1
( ) 0 ( ) ( ) ( )

t

i i i c t i
i ic

v t i t dt v c D i t
C C

−− = + =∫  

For the distributed feedback zero order elements the expression in the circuit is: 

0 ( ) ( ) ( ) ( ) ( )o f f

L L L
v t i t t i t t

C C C
φ ψ− = + = +

 

Putting ( ) ( )i fi t i t= , yields the final result as: 

( ) 11
( ) ( ) ( ) ( ) ( ) ( ) ( )o i i i i i i c t i

i

L d L d L
v t C v t v c t C v t t C D v t

C dt C dt C C
ψ ψ

⎡ ⎤⎡ ⎤= − − + = − + = −⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦  

The generalized differentiation requires an initialization function. However for 
terminal charging case for integer order differentiation this initialization is zero 
but for side charged transmission line, an additional time function will be returned 
to the circuit output. 

A simple gain (memory) less zero order operators is realized by configuring the 
circuit of Figure 3.6 with iR  as lumped resistor at input leg, and fR  as lumped 

resistor at the feedback. The transfer characteristics will be then: 

0 0( ) ( ) ( ) ( ) ( )f f f

o i c t i c t i
i i i

R R R
v t v t D v t d v t t

R R R
ψ⎡ ⎤= − = − = − +⎣ ⎦  , with ( ) 0tψ = , 

Clearly this circuit has no memory. 
Zero order circuit may me realized by employing semi infinite distributed loss 

less transmission lines at input leg and one lumped resistor R  at feedback, of 
circuit of Figure 3.6.  

The input leg equation with LC  line is: 

[ ] 0( ) ( ) 0 ( ) [ ( ) 0]i i i c t i

C C
i t v t t D v t

L L
φ= − + = −  

The feedback leg equation is: 

0 ( ) ( )o fv t Ri t− =
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and ( ) ( )i fi t i t=  gives: 

{ }0 0( ) ( ) ( ) ( ) ( )o f c t i c t i i

C C
v t Ri t R D v t R d v t t

L L
ψ= − = − = − +

 

                     where ( ) ( )i i

L
t t

C
ψ φ=  

This zero order operation in general returns the input function ( )iv t  (with 

amplification or attenuation), but also provides the extra time function (associated 
with the memorized charges on the distributed element). This zero order circuit has 
memory. 

3.7   Partial Differential Equations and Operational Calculus 

In earlier discussions what we have seen elaborate detailed derivation of partial 
differential equations (PDE) leading to half derivative and thus fractional 
differential equations. The early theory was developed by Oliver Heaviside (1871) 
for these ‘semi-infinite’ systems-described by partial differential equations-one 
dimensional diffusion equation is given as: 

2
2

2

u u
a

tx

∂ ∂
=

∂∂
 

with parameters, 

2 2;pc
a a RC

k

ρ
= =  

for semi-infinite heat conductor and for semi-infinite lossy transmission lines as 
described in previous sections of this chapter. The equation is standard Fick’s 
diffusion equation in one dimension with diffusing quantity as: ( , )u x t , variable of 

position and time. The initial condition is: ( ,0) 0, 0u x x= > , and the boundary 

condition is: 0(0, )u t u= . 

Let the operator s t
∂≡ ∂ , (choice by O. Heaviside to solve Differential 

equations). Putting this operator in the PDE we obtain differential equation in 
position variable only as: 

2
2

2 0
u

a su
x

∂
− =

∂
 

The roots of the above linear differential equation are: m a s= ± , giving standard 
solution as: 
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( , ) exp( ) exp( )u x s A a sx B a sx= − + +  

Putting the initial condition we get: , ( ,0) 0, 0x u x B→∞ = = , and putting the 

boundary condition we get: 00, (0, )x u t u A→ = = ; giving solution as: 

0( , ) exp( )u x s u a sx= − .We expand this exponential solution as power series to get: 

2

0 0 0 0
1 1

( ) ( ) ( )
( , )

! !

n
n n

n n

ax s ax s
u x s u u u u

n n

∞ ∞

= =

− −= + = +∑ ∑  

Segregating odd and even terms and with re-arrangement we get: 

2 1 2
1

2
0 0 0

0 0

( ) ( )
( , ) ( )

(2 1)! (2 )!

m n
m n

m n

ax ax
u x s u s s u s u

m n

+∞ ∞

= =

= − +
+∑ ∑  

Use the operator(as above) and  use half (time) derivative of 0u  as a constant as 

0 /u tπ , and recognizing the fact that n -th integer derivative of constant 0u  is 

zero then thereby putting the values of  identities as: 

1 1
02 2

0 0 0 0; 0n nu
d u s u d u s u

tπ
→ ≡ → = ,with /n n ns d dt→ n +∈]  

we obtain the solution: 

12 1 2 1
10 02 2

0 0
0 0

1
( 1)( ) ( ) 2( , )
1(2 1)! (2 1)! ( 1)
2

m m m
m

m
m m

u uax d ax
u x t u t u t

m mdt mπ π

+ +∞ ∞ − −−

= =

Γ − +⎡ ⎤
= − = −⎢ ⎥+ +⎣ ⎦ Γ − − +

∑ ∑  

( )2 1
0

0 1
20

1
( ) 12( , )

1(2 1)!
2

m

m
m

u ax
u x t u

m tmπ

+∞

+
=

Γ
= −

+ ⎛ ⎞Γ −⎜ ⎟⎝ ⎠

∑  

Using the property of Gamma function as  

[ 4] !1( )2 (2 )!

m m
m

m

π−Γ − + = , 

we simplify the solution as: 

2 1
0

0 1
0 2 2

( 1) ( )
( , )

!
(2 1)2

m m

mm m

u ax
u x t u

m
m t

π

+∞

+=

−= −
+

∑  
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Writing  

22 1
2

1
2 02

( )
2

(2 1)2

ax
y

tm
m

mm

ax
y dy

m t

=
+

+
≡

+
∫  

and using 

2 2

0

( 1)
( ) exp( )

!

m
m

m

x x
m

∞

=

− ≡ −∑ , 

we get exact solution as: 

2
20

0 0

0

2
( , ) exp( ) 1 erf

2

ax
tu ax

u x t u y dy u
tπ

⎡ ⎤⎛ ⎞= − − = −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
∫  

This is work of Heaviside and his Operational Calculus on PDE defining diffusion. 

3.8   Fick’s Diffusion Discussion 

In all the above sections we have derived the expressions for fractional ½ order or 
integer order differential equations, relating ‘through variables’ with ‘across 
variables’; by use of Fick’s law of diffusion. Here we elaborate few salient 
observations regarding classical Fick’s law, and then in the next section we try to 
modify the same.    

For ( , )C x t  the diffusion quantity into media and ( , )J x t  denoting the flux of the 

diffusing quantity, we relate first a continuity equation, (also called Fick’s second 
law) as: 

( , ) ( , )C x t J x t
t x

∂ ∂
= −

∂ ∂
, 

followed by constitutive equation, (also called Fick’s first law-similar to Fourier’s 
Heat conduction law) as: 

( , ) ( , )J x t C x t
x

∂
= −

∂
D . 

Combining these two equations we obtain the Fick’s Diffusion Equation as: 

2

2
( , ) ( , )C x t C x t

t x

∂ ∂=
∂ ∂

D  



3.8   Fick’s Diffusion Discussion 133
 

This is the equation we have often used in the previous sections of this chapter. 
The Fourier Laplace Transforms are used to analyze the partial differential 
equations, which are noted as:  

{ }{ }( , ) ( , ); ;C k s C x t t s x k= ℑ → →L  

The Fourier transformed diffusion equation using  

{ }2 2 2( , ) (i ) ( , ) ( , )xxC x t k C k t k C k tℑ ∂ = = −  

is 2( , ) ( , )C k t k C k t
t

∂
= −

∂
D  

The individual modes (wave numbers k ) decays or relaxes as 

2( , ) exp( )C k t k t= −D . 

The Laplace Transformed of this is 

02

1
( , ) ( )C k s C k

s k
=

+D
. 

From this one can calculate mean squared displacement (MSD) as: 

( ){ }2 1 2 2

0
lim / ( , )
k

x d dk C k s−

→
⎡ ⎤Δ = −⎢ ⎥⎣ ⎦

L . 

For this ( , )C k s , with initial condition as ( ,0) ( )C x xδ=  , 0 ( ) 1C k =  the following 

steps demonstrates how to get MSD 

2

2 20

2
lim ( , )
k

d
C x t

dk s→

⎡ ⎤ ⎛ ⎞− =⎢ ⎥ ⎜ ⎟⎝ ⎠⎢ ⎥⎣ ⎦

D
, 

the subsequent inverse Laplace gives  

( )2 1 22 (2 )x s t− −Δ = =D DL  

Well, the normal Brownian motion also has the same MSD, as linearly growing, 
that is: 

2x tΔ ≈ . 

This Fick’s diffusion is valid in continuous time random walk (CTRW) approach 
where the diffusing species (particles, walker) in random Brownian motion, has finite 
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average wait time (or no wait time) as well as finite jump lengths with well defined 
variance or standard deviation that is, wait time statistics give finite average wait time 
and jump length statistics give well defined finite MSD (variance and standard 
deviation). However, if any of these wait time and or jump length statistics are having 
diverging (not finite) average and or standard deviation we will have anomalous 
diffusion. These cases either lead to sub-diffusion or super-diffusion phenomena 
described by fractional diffusion equations. These issues will be elaborated in next 
chapters. 

The Fick’s diffusion equation 

2

2
( , ) ( , )C x t C x t

t x

∂ ∂=
∂ ∂

D , 

when put in integral form is expressed as: 

0

0

( , ) ( , )
t

xC x t C x t dtδ= + Δ ′ ′∫D , 

Where 2 2/ xΔ ≡ ∂ ∂ , Laplacian operator. This integral is very reminiscent of the 
integral equation of CTRW. In CTRW one imagines a random walker that starts at 

0x =  and at time 0t = , and proceeds by successive jumps. The probability density 
for a time interval of length t  between two consecutive jumps is ‘wait-time’ denoted 
by ( )w t  and the probability density of displacement by a vector x , in a single jump 

is denoted by ( )xλ ; then the integral equation of CTRW reads: 

0

0

( , ) ( ) ( ) ( ) ( , )
t

xf x t t w t t x x f x t dx dtδ χ λ
∞

−∞

= + − −′ ′ ′ ′ ′ ′∫ ∫ , 

where ( )tχ  is the probability that the walker survives at the origin for a time of 

length t . Here, the walker is assumed to be prepared in its initial position, from which 
it develops according to ( )w t . The survival probability ( )tχ  is related to ‘wait-time’ 

density by 

0

( ) 1 ( )
t

t w t dtχ = − ′ ′∫  

The formal similarity between the probability evolution equation ( , )f x t  and the 

integral representation of Fick’s diffusion suggests there exists a relation between 
them. If one normalizes the observation ( , )C x t  to unity at (0,0) 1C =  then, they are 

the same ( , ) ( , )C x t f x t≡ . Substituting the ( )tχ , survival probability into the 

CTRW expression, we obtain: 
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0

0 0

( , ) 1 ( ) ( ) ( ) ( , )
t t

xf x t w t dt w t t x x f x t dx dtδ λ
∞

−∞

⎡ ⎤
⎢ ⎥= − + − −′ ′ ′ ′ ′ ′ ′ ′
⎢ ⎥⎣ ⎦
∫ ∫ ∫  

0

0 0

( , ) ( ) ( ) ( , ) 1 ( )
t t

xf x t w t t x x f x t dx dt w t dtλ δ
∞

−∞

⎡ ⎤
⎢ ⎥− − − = −′ ′ ′ ′ ′ ′ ′ ′
⎢ ⎥⎣ ⎦

∫ ∫ ∫  

For the above expression the double integral in the LHS is Fourier-Laplace 
convolution, which when transformed returns multiplicative terms.  

Taking Laplace-Fourier of the above expression, with { }0 1xδℑ = , { } 11 s−=L  

we get: 

1 ( )
( , )[1 ( ) ( )]

w s
F k s w s k

s s
λ− = −  , 

which gives 

1 ( )
( , ) ( , )

[1 ( ) ( )]

w s
F k s C k s

s w s kλ
−

= =
−

. 

This expression will be used in Chapter 4. 
For initial delta function excitation ( ,0) ( )C x xδ=  and for natural semi-infinite 

boundary conditions ( ), 0C x t→∞ = , the solution is obtained as Gaussian 

solution, namely: 

21
( , ) exp

44

x
C x t

ttπ
⎛ ⎞

= −⎜ ⎟⎝ ⎠DD
 

This solution (or distribution function) states that for a very small time 0t +→ , 
that is just after the delta function was placed at the origin for excitation, a finite 
amount of diffusing quantity is available far from origin! That is, that there exists 
‘infinite velocity’ of propagation for the diffusing element in the media! 

The Diffusion equation can be written in vector form by use of Laplacian 
operator as: 

( ) ( )2, ,C t C t
t

∂
Χ = ∇ Χ

∂
D . 

For isotropic case this can be written as: 

1 1( , ) ( , )d dC r t r r C r t
t r r

− −∂ ∂ ∂
=

∂ ∂ ∂
D  
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With d  representing integer order Euclidian dimensions, say for one-dimension 
case 1d =  the diffusion equation is 

2

2
( , ) ( , ) 0C r t C r t

t r

∂ ∂− =
∂ ∂

D , 

for spherical three-dimensional case ( 3d = ) the diffusion equation is  

2
2

2 2

1 2
( , ) ( , ) ( , ) ( , )C r t r C r t C r t C r t

t r r r rr r

∂ ∂ ∂ ∂ ∂⎡ ⎤= = +⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦
D D D  

For two dimensional cases 2d =  (Cylinder Geometry) the diffusion equation is: 

2

2

1 1
( , ) ( , ) ( , ) ( , )C r t r C r t C r t C r t

t r r r r r r

∂ ∂ ∂ ∂ ∂⎡ ⎤= = +⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦
D D D  

In terms of parameter say geometry g , we may re-write the same as: 

2

2

2
( , ) ( , ) ( , ) 0

g
C r t C r t C r t

t r rr

∂ ∂ ∂− − =
∂ ∂∂

DD  

The above three cases will be recovered for planer one dimensional with 0g = , 

for spherical three dimensional with 1g = , and with g  as ½ we get two 

dimensional cylindrical case.  
In simple way let us ask a question. Whether Euclidian geometrical parameters 

what we have considered should always be positive integers of dimensional values 
1, 2, 3? Well can the geometrical parameters in the Laplacian operator be of only 
0, 1, and ½ for the integer order geometry? The answer to this is very well yes; 
these dimensional number d , and g  can be arbitrary real numbers.  

Let us give physical reasoning to our hypothesis that fractional Euclidian 
dimensions or fractional geometrical parameters may be possible in reality. Consider 
the diffusing species (charges, temperature, particles, solution concentration etc.) 
travel in a media with lot of heterogeneous microscopic obstacles or attractors. The 
diffusing species may get to see smeared out media in presence of these 
inhomogeneous obstacles, and may thus diffuse at faster rate, or it may so happen that 
the obstacles are traps (singularities) and the diffusing species fall into these and do 
take longer time to diffuse through. This reasoning thus opens up the possibility that 
the dimension numbers can be of fraction or even geometric number that can be 
arbitrary opening up possibility of having fractional order differential diffusion 
equation for Fick’s equation. Note that in previous sections what we have derived as 
½ order differential equations is for all semi-infinite diffusing media, without any 
heterogeneous traps or obstacles. The anomalous case was discussed in chapter 1 
with anomalous coefficient wd , which was one way to describe anomalous case. 



3.9   Cattaneo Diffusion 137
 

3.9   Cattaneo Diffusion 

The diffusing flux is allowed some relaxation time τ  in this formulation (1948). This 
is in order to give ‘finite velocity’ to the diffusing element. What we had observed in 
Fick’s diffusion is that the velocity of the species assumed to be infinite at the start 
time of diffusing process. The flux equation (Fick’s first law) gets modified as: 

( , ) ( , ) ( , )J x t J x t C x t
t x

τ ∂ ∂
+ = −

∂ ∂
D , 

writing this with the continuity equation 

( , ) ( , )C x t J x t
t x

∂ ∂
= −

∂ ∂
, 

we obtain the Catteneo Equation as: 

2 2

2 2
( , ) ( , ) ( , )C x t C x t C x t

t t x
τ∂ ∂ ∂+ =

∂ ∂ ∂
D  

This equation is a hyperbolic equation, compared to Fick’s equation which is a 
parabolic equation. This Catteneo equation is a ‘damped wave equation’ also called 

as Telegrapher’s equation. Here the propagation velocity is /v τ= D  and is finite. 
In a media with memory, the diffusing flux ( , )J x t  is related to the previous 

history of diffusing species (density, concentration, temperature etc.) ( , )C x t  through 

relaxation function (memory kernel) as: 

0

( , )
( , ) ( )

t
C x t

J x t K t t dt
x

∂ ′= − − ′ ′
∂∫ . 

This is similar to Boltzmann’s superposition law, and Memory Integrals. Put this 
convolution expression in Catteneo’s equation, that is  

( , ) ( , ) ( , )J x t J x t C x t
t x

τ ∂ ∂
+ = −

∂ ∂
D , 

to obtain  

0 0

( , ) ( , )
( ) ( ) ( , )

t t
C x t C x t

K t t dt K t t dt C x t
x t x x

τ∂ ∂ ∂ ∂′ ′− − − − = −′ ′ ′ ′
∂ ∂ ∂ ∂∫ ∫ D  

0

1 ( ) ( , ) ( , )
t

K t t C x t dt C x t
t x x

τ ∂ ∂ ∂⎛ ⎞+ − =′ ′ ′⎜ ⎟⎝ ⎠∂ ∂ ∂∫ D  
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Applying Leibniz’s rule for differentiation of an Integral i.e.  

[ ]1 1 (0)D D f D Df f− −⎡ ⎤ = +⎣ ⎦  

we get: 

0

(0) ( ,0) ( ) ( ) ( , ) ( , )
t

K C x K t t K t t C x t dt C x t
x t x x

τ τ∂ ∂ ∂ ∂⎡ ⎤+ − + − =′ ′ ′⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦∫ D  

We can take from above (0)Kτ =D  and ( ) ( ) 0K t K t
t

τ ∂
+ =

∂
; that is done by 

equalizing the like terms of LHS and RHS. Above sets give solution for memory 
kernel as: 

( ) exp
t

K t
τ τ

⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
D

 

This is relaxation function or Memory Kernel of Catteneo diffusion. 
The objective now is to embed by similar computation a generalize Catteneo 

equation with power-law type memory kernel, like: 

1

( )
(1 )

K s
K s

sα α ατ τ

−

− −=
+

D
 

in Laplace domain, or  

,1( ) K t
K t E

α

αα ττ

⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎣ ⎦

D
 

in Mittag-Leffler functional form in time domain. 
This new (power-law) Kernel gives rise to: 

1 2 1 2

1 2 1 2
( , ) ( , ) ( , )KC x t C x t C x t

t t t t x

α α
α

α ατ
− −

− −
∂ ∂ ∂ ∂ ∂+ =
∂ ∂ ∂ ∂ ∂

D . 

A Fractional Differential Equation for diffusion, with power law Kernel for long 

time decay as ( )K t t α−∼ , (0 1)α< < . The generalized Catteneo equation, for flux 

relaxation of Mittag-Leffler type is thus: 

1

( , ) ( , ) ( , )KJ x t J x t C x t
xt t

α α
α

α ατ
−∂ ∂ ∂+ = −
∂∂ ∂

D . 

Few generalizations to anomalous diffusion are considered in next section. 
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3.10   Anomalous Diffusion 

The anomalous diffusion situation can arise if the two equations that is continuity and 
constitutive equations in Fick’s law do not hold at the same time. Either one or the 
other or both ought to be generalized. First we generalize the continuity equation as: 

( , ) ( , )C x t J x t
xt

α

α
∂ ∂= −

∂∂
, with 1α <  

This means that the system is in a situation where the number densities of 
diffusing species are not conserved. The constitutive equation of Fick’s law 
remains the same. This generalization gives generalized diffusion equation as: 

2

2
( , ) ( , )C x t C x t

t x

α

α
∂ ∂=
∂ ∂

D  

In the second case we consider that the only equation that differs from ordinary 
diffusion is the constitutive equation, that is 

1

1
( , ) ( , )J x t C x t

xt

α

α

−

−
∂ ∂= −

∂∂
D . 

This constitutive equation is derived from stochastic scheme (continuous time 
random walk CTRW) in macroscopic limit. In a random walk the diffusing species 
(particle, walker) jumps and waits at the lattice position and that waiting times are 
drawn from a ‘long-tailed’ power-law distribution. This implies that the waiting times 
of the diffusing species have no finite average or mean and variance; whereas the 
jump length variance is kept finite. These issues will be discussed in the following 
chapters. The effect is that some particles (walker) of diffusing species get stuck for a 
very long time giving slow diffusion termed as sub-diffusive process. Using this flux 
expression we obtain: 

1 2

1 2
( , ) ( , )C x t C x t

t t x

α

α

−

−

⎛ ⎞∂ ∂ ∂
= ⎜ ⎟∂ ∂ ∂⎝ ⎠
D  

giving rise to, same as discussed above, that is: 

2

2
( , ) ( , )C x t C x t

t x

α

α
∂ ∂=
∂ ∂

D  

A third case of generalization is considered as: 

1

1
( , ) ( , )J x t D C x t

xt

α

α

−

−
∂ ∂= −

∂∂
, 



140 3   Observation of Fractional Calculus in Physical System Description
 

with 1α <  while continuity equation remains the same. This generalization of 
constitutive equation with fractional integral is interpreted as memory integral 
giving rise to non-local transport theory, establishing a relationship of the flux 

( , )J x t  to the previous histories of gradient of concentration ( , )C x t , with power-

law memory kernel. Combining this with the continuity equation we get 

1 2

1 2

( , ) ( , )C x t C x t

t t x

α

α

−

−
∂ ∂ ∂=
∂ ∂ ∂

D  

After rearrangement of fractional derivatives we have: 

2 2

2 2
( , ) ( , )C x t C x t

t x

α

α

−

−
∂ ∂=
∂ ∂

D  

The above equation is fractional diffuse-wave equation. 
A forth case is taken where the diffusion equation is described, with spatial 

fractional derivative as: 

( , ) ( , )C x t C x t
t x

μ

μ μ
∂ ∂=
∂ ∂

D  

With 1 2μ< < . Here the waiting time statistic is assumed to have finite average 

wait times but the variance of the jump lengths are diverging (infinite). This jump 
length distribution is drawn from long tailed statistical distribution; giving that 
particle (walker) of diffusing species will be executing unrestricted ‘long’ jumps. 
This will be discussed in the next chapter. Note, in this case usual units of 

diffusion constant will not be valid and will be taken as 1cm sμ − . 

3.11   Truncation of Semi-Infinite System to a Finite System 

In this chapter what is observed is that semi-infinite lossy systems give a terminal 
relation with half order. The examples we have studied are from semi-infinite heat 
conducting system and semi-infinite lossy transmission line. The terminal relations 
obtained in detail shows this half derivative (half integral) behavior between a 
‘through variable’ like current (heat-flux) and ‘across variable’ like voltage 
(temperature). In electrical engineering terms we call this terminal relation as 

impedance 
1

2( j ) ( j )Z ω ω −= . Electrochemical impedance is widely used to 

investigate the interfacial bulk properties of materials and measure the relevant 
physico-chemical parameters. This impedance in electrochemical studies is called 
Warburg impedance which is of half order. 

In all the cases of semi-infinite system Fick’s diffusion law is applied and the 
terminal behavior appeared as ‘half-ordered derivative/ integral’. This Fick’s diffusion 
when restricted to ‘finite’ system, that is drive point at 0x =  and the system is 
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terminated by boundary at Lx =  the situation is different. Then the terminal relation 
may have ‘different fractional order’. Let us call characteristic frequency of a truncated 

semi-infinite system as: 2/ Ldω ≡D , where D  is ‘diffusion-constant’ from Fick’s 

equation and L  is the finite dimension (not extending to infinity).  
The observation is that if the frequency of excitation at the origin is large, that is 

dω ω>> , then system will behave as semi-infinite system returning the half order 

operator. At low frequency (compared to characteristic frequency of the system) 

dω ω<<  and the terminal impedance behavior depends on whether the diffusing 

species are reflected or extracted at the far end at Lx = . The reason for this is that 

dω  is the frequency corresponding to transit time for a particle (excitation) injected 

at origin 0x =  to cover distance Lx = . For very high frequency (greater than the 
characteristic frequency) the particles will not see any boundary at Lx =  and system 
will behave as semi-infinite system.  

Consider a system of Figure 3.4 but truncated at length Lx = . If there is excitation 

of voltage at 0x = call it V� that will create change in charge density at origin. Let the 
number density of charges be represented by ( , )C x t . Therefore at origin the linear 

variation of charge density vis-à-vis voltage change will be approximately, 

( )/V dV dC C= �� . The tide denotes the changes. If ( , )J x t�  is the flux of number of 

charges flowing per unit time per unit area, then current which is conducting is: 

( , ) ( , )I x t qAJ x t=� � . Here q  is the charge that crosses the area A . Therefore, 

conduction current at 0x = corresponds entirely to the flux changes of the diffusing 

charges that is, (0, ) (0, )I t qAJ t=� � , again the tide denotes the small changing 

quantities. 
The first set of boundary conditions are at 0x =  

(0, ) (0, )
dV

V t C t
dC

⎛ ⎞= ⎜ ⎟⎝ ⎠
�� at 0x = and (0, ) (0, )I t aAJ t=� � at 0x =  

At Lx =  there can be two types of boundary conditions they are: (1) Reflecting 
boundary, where at the boundary the flux of diffusing species goes to zero and (2) 
Absorbing boundary; meaning that the diffusing species value at boundary is zero. 
That is: 

( , )
0

C x t

x

∂
=

∂

�
 

at Lx =  indicating reflecting boundary condition, whereas ( , ) 0C x t =�  at Lx =  

indicates absorbing boundary condition. One may extend the thought of having a 
mixed boundary condition at Lx =  with  

( , ) 0C x t
x

α

α
∂ =
∂

� at Lx = with 0 1α≤ ≤ . 
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The fractional derivative index 0α =  gives pure absorbing boundary condition, 
while 1α =  gives a pure reflecting boundary condition. In between values gives a 
mix of reflecting and absorbing boundary definitions. 

The Fick’s diffusion equation for small fluctuation amplitudes of sinusoidal 
concentration may be written in Laplace domain as: 

2

2 2

1
( , ) ( , )C x s C x s

x λ
∂ =
∂

� � , 

with 2

s
λ =

D
 indicating that ( )sλ  is frequency dependent. 

This diffusion equation has spatial solution as 

1 2( , ) cosh sinh
x x

C x s A A
λ λ

= +� . 

For absorbing boundary condition at Lx =  we have  

1 2
L L

cosh sinh 0A A
λ λ
+ = . 

This gives relation as  

1 2
L

tanhA A
λ

= −  

The flux is  

1 2( , )
( , ) sinh cosh

A AC x s x x
J x s

x λ λ λ λ
∂

= − = − −
∂

� D DD  

At 0x =  given (0, ) (0, )I s qAJ s=� � , from above we get: 

2
( )

(0, )
I s

A C s
qAλ

− = =
��D

. 

From above derivations we obtain: 

(0, ) L
tanh

(0, )

C s

qADI s

λ
λ

=
�
� . 

Using this on ( )(0, ) / (0, )V s dV dC C s= ��  we get: 
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(0, ) ( / ) L L L
(0, ) tanh tanh

L(0, )

V s dV dC dV
Z s

qA qA dCI s

λλ
λ λ

⎛ ⎞ ⎛ ⎞= = = ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

�
� D D  

Introducing a new parameter having unit of resistance called diffusion resistance as: 

L
R

dV

qA dC

⎛ ⎞≡ ⎜ ⎟⎝ ⎠D  

we get terminal impedance of truncated transmission lossy line as: 

L
( ) R tanh

L
Z s

λ
λ

⎛ ⎞= ⎜ ⎟⎝ ⎠
, 

using the definition of characteristic frequency of this truncated system as defined 

earlier 2/ Ldω ≡D  we have ( ) 1
2L /d sλ ω= , we obtain the terminal impedance 

at 0x =  as: 1/2 1/2( ) R( / ) tanh ( / )d dZ s s sω ω⎡ ⎤= ⎣ ⎦ . 

To analyze this impedance standard graphical technique is employed, where 
one plots the ‘normalized’ impedance plot on a complex plane. Putting js ω=  the 

normalized impedance is 

( ) ( ) ( )1/2 1/2
( ) ( j ) / R / j tanh j /N d dZ Zω ω ω ω ω ω⎡ ⎤= = ⎢ ⎥⎣ ⎦

, 

which has magnitude and phase angle. The plot of ( )NZ ω  and ( )NZ ω∠ ⎡ ⎤⎣ ⎦  for 

values of different ω  in radians/second gives the impedance plot. Here in this case 
one finds that as the value of dω ω>>  the terminal impedance is limiting toward 

( )1/2
( ) jNZ ω ω∼ ; showing semi-infinite behavior. At lower frequencies the behavior 

is different from half-order element. 
Same steps can be repeated to get terminal impedance at 0x =  for a reflecting 

boundary at Lx =  as 1/2 1/2( ) R( / ) coth ( / )d dZ s s sω ω⎡ ⎤= ⎣ ⎦ . Here too impedance-

plots show half-order behavior for higher frequencies. 
This discussion will be further carried over in explaining electro-chemical and 

Warburg impedances in Chapter 9; and how truncation of the semi-infinite system 
with these boundary conditions can give the structure with ‘constant-phase-
element’ (CPE) which behaves as fractional order (other than half order) system. 
3.12   Approximating  the Ha lf Order by Self Similar Struct ure 

3.12   Approximating the Half Order by Self Similar Structure and 
Its Relation to Continued Fraction Expansion 

3.12   Approximating  the Ha lf Order by Self Similar Struct ure 
18 

Figure 3.11 a stage-1 shows a simple capacitor element, for which the terminal 
voltage and current representation is 
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1

1
0

1 1
( ) ( ) ( )

t d
e t i d i t

C C dt
ξ ξ

−

−= =∫ , 

with initial condition given as 

( 0) 0 ( 0)i t e t≤ = = ≤ . 

Extending this to make the circuit for stage-2 of Figure 3.11, the circuit equation is 
obtained by writing the nodal equations as following: 

0
0

0

( )
( )

e t
i t

R
= , 0

0 0

( )
( ) ( )

de t
i t i t C

dt
− = , 0

1

( ) ( )
( )

e t e t
i t

R

−
= , 

simplifying this we get: 

0 1 0 1 0 0 0

( ) ( )
( ) ( ) ( )

di t de t
R R i t R R C e t R C

dt dt
+ + = + , 

with static initial condition as (0) 0 (0)i e= = . Taking Laplace of the stage-2 we 

get, the following: 

0 1 0 1 0 0 1 0 0 0 0 0( )[ ] (0) ( )[1 ] (0)I s R R R R C s R R C i E s R C s R C e+ + − = + −  

0 1 0 1 0

0 0

( )

( ) 1

R R R R C sE s

I s R C s

+ +
=

+
, 

simplifying this we obtain: 

1 0

1

0 0

1

( )
1

1( )

R CE s

R I s s
R C

= +
+

 

For the stage-3 circuit of Figure 3.11, we have: 

1

2

( ) ( )
( )

e t e t
i t

R

−
= , 1

1 1

( )
( ) ( )

de t
i t i t C

dt
− = . 

On this we obtain Laplace Transformation and after simplification we obtain 

2 1

12

1 1

1

( )
1

( )( )
( )

R CE s
I sR I s s

C E s

= +
+
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From the stage-2 circuit we have 

1 01

1 1

0 0

1
( )

1
1( )

R CE s

R I s s
R C

= +
+

. 

We now use some substitution as 

1 1 1
0 0 0 0 1 1 0( ) ( ) , ( )R C R Cω τ ω− − −≡ = ≡ , 1 1

2 1 1 3 2 1( ) , ( )R C R Cω ω− −≡ ≡  

to get 

3

22

1

0

( )
1

( )

1

E s

R I s s

s

ω
ω
ω
ω

= +
+

+
+

 

Like this we can continue for circuit of stage-n of Figure 3.11 and write, by 
putting 1 1

2 2 1 1( ) ; ( )j j j j j jR C R Cω ω− −
+ += = , to get: 

2 1 2 1 2 3 2 3 02 1

2 2

2 3

1

0

( )
1 1 ...

( ) 1 1 1

1
...

n n n n

nn

n

E s

R I s s s ss

s
s

ω ω ω ω ωω ω
ω
ω

ω
ω

− − − −

−

−

= + = +
+ + + + ++

+
+

+

 

           2 1 2 2 2 3 02 1( )
1 .......

( ) 1 1 1
n n n

n

E s

R I s s s s

ω ω ω ωω ω− − −= +
+ + + + +

 

Put j
jv

s

ω
= , to get  

2 1 2 2 2 3 02 1( )
1 ..............

( ) 1 1 1 1 1 1
n n n

n

v v v vv vE s

R I s
− − −+
+ + + + +

 

For the case 

0 1 2 1................. nC C C C C−= = = = =  

and  

0 1 2 1

1
.................. ;

2n nR R R R R R R−= = = = = =  
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with,  

0 1 2 2 3 2 2

1
... n nv v v v v v

RCs− −= = = = = = ≡ , 

then 2 1

2
2nv v

RCs− = = , we get: 

2 ( )
1 2 .............

( ) 1 1 1 1 1

E s v v v v v

RI s
= +

+ + + +
 

From the theory of continued fractions as can be inductively derived, we have the 
following expression: 

2 1

4 1 4 1 1
........

1 1 1 1 2 24 1 1
1

4 1 1

n

v v v v v v

v

v

+

+ += − −
+ + + ⎡ ⎤+ −+ ⎢ ⎥

+ +⎣ ⎦

 

Combining the above with the expression of stage-n, circuit obtained as 2n and 

numeratorial v’s, and then dividing by 2 v , we obtain: 

2 1 2 1

2 1 2 1

( ) 4 1 [ 4 1 1] [ 4 1 1]

( ) 4 [ 4 1 1] [ 4 1 1]

n n

n n

E s Cs v v v

I s R v v v

+ +

+ +

⎡ ⎤+ + + − + −
= ⎢ ⎥

⎢ ⎥+ + + + −⎣ ⎦
 

This is the final result interrelating the transforms of ( )e t  and ( )i t  

The right hand side of the above expression when graphically plotted, for 
values of v  on the X-axis; for various values of n , gives a choice of number of 
stages. For large values of n , the plot of function 

2 1 2 1

2 1 2 1

4 1 [ 4 1 1] [ 4 1 1]
( )

4 [ 4 1 1] [ 4 1 1]

n n

n n

v v v
f v

v v v

+ +

+ +

⎡ ⎤+ + + − + −
= ⎢ ⎥

⎢ ⎥+ + + + −⎣ ⎦
, 

gives value close to unity, over wide ranges of v  values. In fact if n  is in excess 
of 10, the function ( )f v  lies within 2% of unity,  

( )
1

( )

E s Cs

I s R
≈  

provided that 21
6

6
v n≤ ≤ . Recalling the definition of v , this implies 
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( ) ( )
R

E s I s
Cs

≈ , for 21 1
6

6
RC n RC

s
≤ ≤  

Inverting this we obtain, approximately the following semi-integration 
relationship 

1
2( ) { ( )}t

R
e t d i t

C
−≈ , for 21

6
6

RC t n RC≤ ≤  

Therefore, the Figure 3.11 (stage-n) circuit performs as semi-integration. The lower 
time limit for this operation to be holding is about six time RC time constant of the 
single stage, which are repeated n-times. This can be made small by selecting smaller 
values of the resistors and capacitors. The upper time limit depends on the number of 
stages and can be made large, for accuracy. One more observation is that transformed 
voltage current can be approximated by ‘continued fraction expansion’ for 
approximating fractional integration/differentiation (in transformed domain).  

( )i t
( )e t C

( )i t
( )e t

0C 0R
0 ( )i t

0 ( )e t1R

( )i t

( )e t
2R 1R

0R0C
1C 1( )e t

1( )i t 0 ( )i t

0 ( )e t

nR iR
0C 0R( )e t

( )i t

Stage-1 Stage-2

Stage-3

Stage-n

iC

 

Fig. 3.11 Continued fraction expansion (CFE) with semi-infinite RC Transmission Line, 
and approximation to ‘half-order’ system 

3.13   Dynamics of Chain Network 

Consider a Gaussian chain, comprising of N  beads connected by spring to form a 

linear chain. The chain configuration is represented by a set of vectors { }( )nr t  where 
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{ } { }( ) ( ), ( ), ( )n n n nr t x t y t z t=  that is the position vector of the n th bead at time t , and 

0,1,2,...( 1)n N= − . This model is for study of polymer, as represented by this 

Gaussian chain, comprising of N  monomers connected by harmonic springs. Macro 
molecular systems in many cases show visco-elastic which contains the feature of 
ideal solid (elastic) and ideal liquid (viscosity), and this chain dynamics is one of those 

cases. The potential energy { }( )U ( )nr t  has to account for the elastic contributions and 

the influence of the external force F( )t , let this force act on the bead 0n = . 

Therefore: 

{ }( ) [ ]
1

2

1 0
1

U ( ) ( ) ( ) F( ) ( )
2

N

n n n
n

K
r t r t r t t r t

−

−
=

= − −∑  

23 /K T b=  is the (entropic) spring constant, where T  is the temperature in units of 
Boltzmann’s constant ( Bk ) and b  is the mean distance between neighboring beads in 

absence of any external force. The chain network dynamics is dictated by N  coupled 
Langevin equations. Neglecting the hydrodynamic interaction between the beads we 
have coupled equations as: 

{ } { }( ) U ( )
( , )n n

r
n

d r t r t
f n t

dt r
ζ

∂
= − +

∂
 

ζ  is the friction constant and ( , )rf n t is the random thermal noise force, which 

emulates the n th beads interaction (collision) with environment. The noise is 

Gaussian white noise with zero mean ( , ) 0if n t = and delta correlated that is, 

expressed as 

( , ) ( , ) 2 ( )i j ij nnf n t f n t T t tζ δ δ ′= − ′ , 

where ,i j  denotes the components of the force vector that is , , ,i j x y z= . Taking 

the variable n  to be continuous that is considering the chain as elastic string and 

taking the force acting on X-direction as { }F( ) ( ),0,0t F t= , it follows from the 

potential energy balance equation and applying Langevin equations, the three , ,x y z  

components are obtained as follows (derived later just below, this set of following 
diffusion equations): 

2

02
( ) ( , )n n

n x

x x
K F t f n t

t n
ζ δ
∂ ∂

= + +
∂ ∂

 

2

2
( , )n n

y

y y
K f n t

t n
ζ ∂ ∂

= +
∂ ∂
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2

2
( , )n n

z

z z
K f n t

t n
ζ
∂ ∂

= +
∂ ∂

 

The above are one dimensional diffusion equation, whose Green’s function or 

modulus is Gaussian and its width increases with time (proportionately with t ). 
At the end of chain network the boundary condition is called Rouse boundary 
condition given as: 

0, 0, 0,

( ) ( ) ( )
0n n n

n N n N n N

x t y t z t

n n n= = =

∂ ∂ ∂
= = =

∂ ∂ ∂
 

For the above derivation consider x -component and the equation of potential 
energy thus is  

{ }( ) [ ]
1

2

1 0
1

U ( ) ( ) ( ) F( ) ( )
2

N

n n n
n

K
x t x t x t t x t

−

−
=

= − −∑ , 

now we do, partial differentiation with respect to nx as required by the Langevin 

equation to get ( )U ( ) /n xx t x∂ ∂ , for 0,1, 2..n N= . We get  

( ) 1
2 2 2

1 1 1
1

( )
( ) ... ( ) ( ) ...

2 2

N
n

n n n n n n
nn n n

U x t K K
x x x x x x

x x x

−

− − +
=

∂ ∂ ∂⎡ ⎤ ⎡ ⎤= − = + − + − +⎣ ⎦ ⎣ ⎦∂ ∂ ∂∑  

[ ] [ ]1 1 1 12( ) 2( ) 2
2 n n n n n n n

K
x x x x K x x x− + + −= − − − = − − +  

We write double derivative of a function as 

(2)
20

( 2 ) 2 ( ) ( )
( ) lim

h

f x h f x h f x
f x

h→

+ − + +
= . 

Here if we let n h=  and recognizing that 1n = , we may thus cast the 

( )U ( ) /n nx t x∂ ∂  as 

( ) 2 2U ( ) / ( ) /n n nx t x K x t n∂ ∂ = − ∂ ∂ , 

and this is used in above set of one dimensional equations for chain dynamics.  
The 0 ( )n F tδ  indicates the use of external force acting on the bead 0n =  only 

acting in X-direction; as 0 1nδ = , for 0n =  and 0 0nδ =  for 0n ≠ . 

Since ,y z  components are force independent we restrict our self to x  component. 

Converting the x  component one dimension diffusion equation obtained above by 
Fourier transformation we get: 
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2( , ) 1 1
( , ) ( ) ( , )x

R

x p t p
x p t F t p t

t N
ϕ

τ ζ ζ
∂

= − + +
∂

 

This is obtained by writing ( )nx t as ( , )x p t , as Fourier transformed to  p  (Fourier 

spatial frequency) coordinates, by replacing / n∂ ∂  by ip−  where i 1= − . Here, 

0,1, 2,.......p =  is (space) Fourier variable. Here Rτ  denotes the Rouse time and is 

expressed as 2 2 2/ 3R b N Tτ ζ π= . Physically, this Rouse time indicates longest 

internal relaxation time of the harmonic chain. ( , )x p tϕ  denotes the Fourier 

transform of the thermal noise that is, 

0

1
( , ) cos ( , )

N

x x

p n
p t dn f n t

N N

πϕ ⎛ ⎞= ⎜ ⎟⎝ ⎠∫  

The time series solution ( )nx t  of displacement can be expressed in p coordinates 

as Fourier series that is, 

1

( ) (0, ) 2 ( , ) cosn
p

p n
x t x t x p t

N

π∞

=

⎛ ⎞= + ⎜ ⎟⎝ ⎠∑ , 0,1, 2,...p =  

denotes Fourier frequency ( p ) coordinates and 

0

1
( , ) cos ( )

N

n

p n
x p t dn x t

N N

π⎛ ⎞= ⎜ ⎟⎝ ⎠∫ . 

The Green’s function solution for the homogeneous equation 

2( , )
( , ) 0

R

x p t p
x p t

t τ
∂

+ =
∂

 

is 2( , ) exp( / )Rx p t p t τ= − , assuming ( ,0) 1x p =  as the initial value. With this 

Green’s function and its convolution with the external forcing functions 

ext 1 1
( ) ( , ) ( )xf t p t F t

N
ϕ

ζ ζ
= + , 

one can get particular solution, which is exactly done in following discussion.  
Assume that chain is at thermal equilibrium at 0t = , and a constant force is 

switched on at time 0t = , so 0( ) ( )F t F H t= , with ( )H t  as Heaviside’s unit step 

function. The p  coordinate differential-equation thus has solution for this step 
excitation as: 
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( ) ( )2 20

0

1
( , ) ( , ) exp ( ) / exp ( ) /

t t

x R R

F
x p t dt p t p t t dt p t t

N
ϕ τ τ

ζ ζ−∞

= − − + − −′ ′ ′ ′∫ ∫  

The X-component of the trajectory of centre of mass (CM) is given by the 0 th 
Fourier-frequency ( )p  component that is,  

CM
0

1
(0, ) ( ) [ ( )]

N

nx t x t dn x t
N

= = ∫ . 

Putting 0p = in above solution we have CM 0( ) /x t F t Nζ=  that is, the chain drifts 

as a whole with constant velocity given as, CM 0( ) /v t F Nζ=  assuming the average 

contribution of the thermal noise acting on the chain is zero (that is the first term in 
the above convolution integral). This also implies that friction constant of overall 
chain is Nζ  that is, sum of friction constants of individual beads. 

Now let us consider partial motion of few conglomerates of beads that is, 
motion of tagged bead say 0n = . Putting this 0n =  in Fourier series 

1

( ) (0, ) 2 ( , ) cosn
p

p n
x t x t x p t

N

π∞

=

⎛ ⎞= + ⎜ ⎟⎝ ⎠∑ ; 

we obtain 0
1

( ) (0, ) 2 ( , )
p

x t x t x p t
∞

=

= + ∑ .  

In this expression putting the solution ( , )x p t , obtained for step Forcing 

function we get: 

( )20 0
0

1 0

2
( ) exp ( ) /

t

R
p

F t F
x t dt p t t

N N
τ

ζ ζ

∞

=

= + − −′ ′∑∫  

The above expression has a term corresponding to 0p = , which is the first term, 

and that corresponds to motion of the tagged bead 0n = , with the centre of mass 
of the system that is CM ( )x t . The tagged bead will follow this only when time is 

large (say Rt τ>> ). The second term in above expression is the fluctuation 

component (with non-zero Fourier spatial frequency); will be the motion of the 
tagged bead at small times Rt τ<< . We thus neglect the first term in the above 

obtained expression to find average displacement at small times, for Rt τ<< . 

( )
2

20 0
0 2

1 10 0

2 2
( ) exp ( ) / exp( )

R

p t

t
R

R
p p

F F
x t dt p t t dx x

N N p

τττ
ζ ζ

∞ ∞

= =

⎛ ⎞
= − − = −′ ′ ⎜ ⎟⎝ ⎠∑ ∑∫ ∫  
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where 2 ( ) / Rp t t xτ− =′ . Simplifying the above, with approximating the sum over 

p  with integral gives the following approximate expression 

22
0 0

0 2 2
1 1

2 2 (1 exp( / ))
( ) 1 exp RR R

p R p

F F p tp t
x t dp

N Np p

ττ τ
ζ τ ζ

∞∞

= =

⎛ ⎞⎛ ⎞⎛ ⎞ − −
= − − ≅⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

∑ ∫  

The approximation used is 
[ , ]

( ) ( )
b

k a a b
f k f dμ μ

=
=∑ ∫ , and for a decreasing 

function we can write the sum over p  approximately as: 

( 1)
( ) ( ) ( )

b bb

i as a s a
f s ds f i f s ds

== = −
≤ ≤∑∫ ∫ . 

Using the change of variable as 2 2/ Rp t yτ = , and taking the lower limit of 

integration to zero, yields the following approximate expression. 

22
00

0 2 20
/

22 (1 exp( )) 1
( )

R

y
RR R

Ry t

F tF t y e
x t dy dy

N t Ny yτ

ττ τ
ζ τ ζ

∞ −∞

=

⎡ ⎤− − −
≅ ≅ ⎢ ⎥

⎢ ⎥⎣ ⎦
∫ ∫  

The bracketed integration expression has a value approximately as 1.76, 

(evaluated numerically) which can be approximated to π ; along with 
expression of Rτ  taken from definition of Rouse time we get the average 

displacement of the tagged bead 0n = , for small times, Rt τ<<  , as: 

1 1
0 02 2

0 0

2 2
( ) ( ) ( ) ( )

3

bF F
x t x t t t

T Kπζ π ζ
= ≅ =  

In the long time regime Rt τ>>  one finds the second term of the equation in the 

order /R tτ  smaller than the first term thus one has for Rt τ>> , 

0 0( ) /x t F t Nζ≅ , which is CM’s motion that is collectively the beads move as a 

chain. 
Consider the obtained relation for ‘tagged’ bead’s motion that is, 

1/2
0 0( ) 2 ( ) /x t F t Kπ ζ= , 

as obtained above, for a step input of ‘force’. Recognize that semi-integration of 

constant 0F  is 
1 1

2 2
0 0[ ] 2 ( ) /td F F t π− = . Using this we get semi integral equation, 

relating the displacement of a tagged bead in linear chain network and arbitrary 
force ( )F t  as: 
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1
2

0 1
2

1
( ) ( )

d
x t F t

K dtζ

−

−
=  

This is a nice way to express chain dynamics as fractional differential equation. 
For a very long chain N  that is very large, Rouse time obeys 2

R Nτ ∝ , one can 

describe the linear chain network dynamics as half order integral equation. This 
can be further expressed, in terms of causal convolution and in terms of 
Boltzmann’s superposition law as: 

3 32 1
2

0 3
2

1 ( ) 1 1 ( )
( ) ( )

(3 / 2)

td dF t dF t
x t dt t t

dt dtK Kdtζ ζ

−
−

−
−∞

′⎡ ⎤= = −′ ′⎢ ⎥ Γ ′⎣ ⎦ ∫  

This explanation of tagged bead moving collectively and the relation with time is 

proportional to t  is also explained by ‘scaling’ argument. When the force is 
applied at time 0t = , the number ( )g t  of the beads (indicating group of beads) 

which move collectively with the tagged one 0n =  increase with time. This number 
follows the Rouse ‘relaxation’ time associated with g  numbers of beads (of sub-

chain) that is 2 2 /g b g Tτ ζ≈ , from this we get 
1

2( ) ( ) /g t T t b ζ≈ , describing the 

short time behavior ( Rt τ<< ). Whereas for longer times, Rt τ>> ; ( )g t N≈  that is 

the whole chain moves collectively. The mobility of set of g  beads decreases with 

time as, ( ) 1
( ) ( )t g tμ ζ −≅  .The average velocity in X-direction xv  of the tagged 

bead is given by velocity of set of beads moving together with it, and the average 
displacement corresponding to blob (group) of beads can be estimated from 
corresponding blob (group) of ( )g t  number of collective beads that 

is ( ) 1

0 0( ) ( )xx t v t g t F tζ −= = . 

For Rt τ<< ,
1

2
0 0( ) ( ) /x t bF t Tζ≅  and for large times Rt τ>>  the chain 

drifts as a whole with ( ) 1

0 0( )x t N F tζ −≅ , that is CM ( )x t . 

Well for large N , say N →∞ , the short time explanation holds. The case is 
then like semi-infinite chain of beads connected by spring, and a force acts on 

the first bead, gives displacement relation as, 
1

2
0 0( ) ( ) /x t bF t Tζ≅  or 

11/2 2
0 ( ) ( ) ( )tx t K D F tζ −−≅ . Well semi differintegration is again a natural 

terminal relation for this system which is semi-infinite!  

3.14   Dynamics of Charged Chain Network in Electric Field 

Continuing the previous sections discussion let us try and modify the chain network, 
where the chain comprises of beads (molecules), but all beads are charged. Consider 
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a case where all beads (molecules) are charged with set { }nq  Coulombs, 

0,1,2,...n N=  and the charge distribution is ‘uncorrelated’ that is, bead to bead 

charge interaction is weak and correlation is averaged as 2
n m nmq q q δ= . This 

implies that 1nmδ = , for n m=  else 0nmδ =  for n m≠ . This is also termed as weak 

coupling limit, where interaction between the bead charges is neglected. In this 
scenario the average total charge is calculated as: 

2 2

0

N

tot nn
Q q

=
=∑ , this comes from self-correlation, as cross correlation is zero. If 

all charges are same as q , of same sign then 2 2 ( 1)totQ q N= + , for large N , we 

can write 
1

2( )totQ q N q N≅ = .  

For a strong interaction of charges between the beads that is cross correlation 
between the charges of beads too is present along with (obvious) self-correlation, 

then 2

0 0

N N

tot n mn m
Q q q

= =
=∑ ∑ , will give 2 2 2 2 2( 1) ( )totQ q N q N= + ≅ , for same 

sign charges on the beads that are q . We can generalize the system of charges 

depending on correlation between the beads as: 
2 2 2
totQ q N γ= , when 1/ 2γ = , represents (weak interaction) uncorrelated 

charges, and when 1γ = , represents strong correlation (strong-interaction) of all the 

bead charges. Well the case also exits if 0γ = , meaning that beads have strong 

interaction and correlation, with arrangement of alternating positive and negative 
charge distribution. So in general, 0 1γ< <  for a random distribution of charges on 

bead, of N  bead network, connected with ‘spring constant’ K , having equivalent 

average total charge as 2 2 2
totQ q N γ= . While 1/ 2γ >  tells positively correlated 

system of charges, 1/ 2γ <  represents negatively correlated system of charges, and 

1/ 2γ = , represents uncorrelated system of charges. 

Let this system of charges on bead network be subjected to an electric field 
E( )t . Then the energy equation of previous section becomes: 

{ }( ) [ ]
1

2

1
1 1

U ( ) ( ) ( ) E( ) ( )
2

N N -1

n n n n n
n n=

K
r t r t r t t q r t

−

−
=

= − −∑ ∑  

Consider the electric field switching on at time zero, having constant magnitude in 
X-direction as { }E( ) ,0,0t E= , then by the developed arguments as in preceding 

section we get the X-direction equation (the other two Y and Z direction equations 
are same) as 

2

2 ( ) ( , )n n
n x

x x
K q E t f n t

t n
ζ
∂ ∂

= + +
∂ ∂
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Let us develop the equation of average motion in X-direction, by scaling arguments 
as described in the previous section, for time Rt τ<< . Consider a single bead; the 

excess charge Q  of the collectively moving set of beads (group) ( )g t  grows as 

( )22 2 ( )Q q g t
γ≅ . The explanation is same as we developed the generalized total 

correlated charges, to have average charge on the N  beads, where the mobility 

decreases with time as ( ) 1
( )g tμ ζ −≈ . The average velocity of the tagged bead in X-

direction Xv  equals the velocity of the collectively moving set around it, hence 

( ) ( )2 22 2 2 2 2 2ˆ ( ) ( )Xv g t Q E q E g t
γμ −≅ ≅ , 

where, 
1

2( ) ( ) /g t T t b ζ≅  ,(is discussed in previous section), for Rt τ<<  and 

( )g t N≅ for Rt τ>> . 

The average displacement 0 ( )x t of single bead follows from group 

displacement of neighbors that is; 

( )2 22 2 2 2 2 2 2
0 ˆ( ) ( )Xx t v t q E g t t

γζ −−≅ ≅ , 

by putting 
1

2( ) ( ) /g t T t b ζ≅ , for Rt τ<< , one finds 

2 2 2 2
2 1

0 1 1
( )

b q E
x t t

T

γ
γ

γ γζ

−
+

+ −≅ . 

We see that average displacement scales as power law  

(1 )
2

0 ( )x t t
γ+

∼ ; 

from this observation we can write fractional differential equation as done for 
previous section, relating arbitrary electric field to average tagged displacement as: 

1 (1 )

(1 ) (1 ) (1 )
2 2

( )
( )

b q d E t
x t

dtT

γ γ

γ γ γ
ζ

− − +

+ − − +≈  

For uncorrelated charge distribution 1/ 2γ = , the average square displacement is  

2 2
32 2

3 1
2 2

( )
bq E

x t t
Tζ

= , 

giving, average displacement scaling as 
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1
2 3

4
3 1

4 4
( )

b qE
x t t

Tζ
= , 

power law. This uncorrelated charge distribution system will have corresponding 
differential equation as:  

31
2 4

3 31
4 4 4

( )
( )

b q d E t
x t

T dtζ

−

−
≈  

For large times Rt τ>> , the chain as a whole drifts as ( ) 1

0 0( )x t N F tζ −≅ , 

derived from previous section. For uncorrelated system of charges we can write 

0 totF Q E qE N= = , gives 0 ( ) ( / )x t qE N tζ≅ . 

Well, this section gives the fractional order relation other than semi-
differintegral equation; which was common for all discussed semi-infinite systems 
so far. This sub-diffusive phenomenon for chain with charges (uncorrelated) is due 
to the fact that all the beads of N  threaded chain acts to the external electric field. 
The situation is different from semi-infinite systems where only at one end the 
excitation acts, the other end is at infinity. However, the above discussion leads to 
generalized fractional differential equation system. 

3.15   Concluding Comments 

The practical examples in this chapter demonstrated the reality of the existence of 
fractional order differentiation and integrations, in natural description of systems. 
Interesting observations obtained from analysis of semi-infinite systems; heat flow 
and current flow in lossy lines and for linear chained network dynamics indicate 
the existence of semi-differintegration operations needed to describe transfer 
characteristics. Also in realization of the transfer characteristics is possible by 
circuit synthesis and to have control system with robustness measure, independent 
of the gain. The ‘ifs and buts’ regarding the definition of the order of the system 
for fractional differential equation is an open issue and cannot be directly related 
to integer order theory definitions. For example a first order system having say 
highest order of differentiation as unity may show (anomalous response) under 
damped response to the step input excitation. Now the system looking as first 
order system but with fractional order differentiation too, will behave as though 
having some resonance, (anomalously). This behavior speaks that though the 
system may look classically first order yet due to fractional order terms presence 
the behavior changes, so does the definition of the order. In this chapter the 
examples points to the fact that distributed parameters and connectivity as in chain 
network do point towards fractional order system description and in reality the 
parameters are indeed distributed, also fractional (half) order differintegration is 
natural with all the classical theories of physics. 



Chapter 4 
Concept of Fractional Divergence and 
Fractional Curl 

4.1   Introduction 

Fractional kinetic equations of the diffusion are useful approach for the description of 
transport dynamics in complex systems, which are governed by anomalous diffusion 
and non-exponential relaxation patterns. The anomalous diffusion can be modeled by 
fractional differential equation in time as well as space. For the spatial part use of 
fractional divergence modifies the anomalous diffusion expression, in the modified 
Fick’s law. Application of this fractional divergence is bought out in Nuclear reactor 
neutron flux definition. When anomalous diffusion is observed in time scale, the 
modification suggests use of Fractional kinetic equations. The evolution of Fractional 
Difference Equation, with reference to Fractional Brownian motion and the 
anomalous diffusion is also discussed in this chapter. Fractional curl operators will 
play perhaps role in electromagnetic theory and Maxwell equations. Here example in 
Electromagnetic is taken to have a feel how the fractional curl operator can map E 
and H fields in between the dual solutions of Maxwell equation. 

4.2   Concept of Fractional Divergence for Particle Flux 

Because of relative simplicity and widespread use, the basis of local theory is 
discussed first. The local theory makes use of ADE (advection diffusion equation) as: 

( )C
vC C

t

∂ = ∇ • − + ∇
∂

D                                       (4.1) 

where C  is the solute concentration and D  and v  are local dispersion and velocity 
tensors respectively. The ADE is based on classical definition of divergence  
of a vector field. The divergence is defined as the ratio of total flux through a  
closed surface to the volume enclosed by the surface when the volume shrinks 
towards zero. 
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0

1
div lim

V
S

J J ndS
V→

≡ •∫                                                 (4.2) 

Where J  is flux vector, V  is an arbitrary volume enclosed by surface S , and n  
is unit vector normal to the surface. 

The (4.1) becomes  

2

2

( , ) ( , )
( , )

C x t C x t
v C x t

t x x

∂ ∂ ∂+ =
∂ ∂ ∂

D  

for 1D case with constant v , the advection drift velocity. For initial concentration 
( ,0) ( )C x xδ=  we get ‘Galilei shifted Gaussian distribution’ as 

21 ( )
( , ) exp

44

x vt
C x t

ttπ
⎛ ⎞−= −⎜ ⎟⎜ ⎟
⎝ ⎠DD

, 

for natural boundary condition ( ), 0C x t→ ∞ = . 

While the advection velocity is zero, the case is Fick’s law and its Gaussian 
solution to the sharp initial condition (Chapter 3). 

This is valid only if the flux is indeed a ‘point’ vector quantity relative to the 
scale of observation, (for example heat flow in homogeneous material). Then the 
limit exists and the operator reduces the familiar dot product with gradient vector 

[ ]/ , / , /x y z∂ ∂ ∂ ∂ ∂ ∂ . Solute dispersion is counter example since it is primarily due 

to the velocity fluctuations that arise only as an observation space grows larger, 
invalidating the limit. The solute flux is due to combined effects of mean velocity 
(advection) and velocity fluctuation (dispersion). The dispersive fluxes for a given 
volume are typically averaged in some fashion (volumetric, statistical) and 
approximated by Fick’s first law. Since velocity itself is a variable function of 
space, as control volume shrinks (as divergence requires), the velocity fluctuations 
and the dispersive flux disappear. Therefore true divergence of the macroscopic 
solute flux cannot contain a macroscopic dispersive term. 

Because of the limit in (4.2), the classical Gauss divergence theorem discounts 
macro dispersion until a point vector can approximate the dispersive flux. These 
calls for separation of scales: The scale of the transport process must be much 
larger than some finite volume at which the ratio in (4.2) becomes seemingly 
constant. For these things to happen, the dispersive flux must not increase as 
volume passes some largest size. This representative elementary volume (REV) 
for dispersion is point at which the deviations in the velocity field are negligible. 
The divergence is associated with a non-zero volume and is given by the first 
derivative of total surface flux to volume (Figure 4.2) rather than the limit of the 
derivative at zero volume. The dispersion coefficient does not grow (scale), if the 
ratio of the surface flux to volume is constant over some range of volume (Figure 
4.1 and stepped solid lines of Figure 4.2b making piece wise constant slope  
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of Figure 4.2a). Therefore at some larger scale of observation (non-zero), the ratio 
of the total surface flux to volume is constant over large range of arbitrary 
volumes and relatively constant first derivative (the de facto divergence) allows 
assignment of dispersion coefficient. Both volume averaging and ensemble 
averaging concepts are based on this idea of separation (or distinction) of scale. 

At the field scale at least two problems occur that make it difficult to rely on 
the REV method. First, even if there is a distinct hierarchy, the act of 
measurement involves a volume integration, which impacts the dispersion 
coefficient. Second, there is a long-standing and growing body of evidence that 
real solute materials have evolving heterogeneity. If that is the case then there will 
be no separation of scales and the Figure 4.2b dashed line will represent the flux, 
as continuous one instead of stepped one.  

An integer order divergence theorem forces a scaling parameter, since ratio of 
flux to volume is scale dependent. Rather than use a step function approximation 
(Figure 4.2b), of the growth of dispersive flux with scale, which forces D   
to take on increasing values, one might try to describe the evolving dashed line 
(Figure 4.2b). Non-local including convolutional theories does this by integrating 
cumulative effects of dispersion over any length scale and or time scale. A subset 
of these uses the mathematical tools of fractional calculus, which are non local 
operators for fractal functions.   

4.3   Fractional Kinetic Equation 

The fundamental laws of physics are written as equations for the time evolution of a 
quantity ( )X t  with ( ) /dX t dt AX= − , where this could be Maxwell’s equation, 

Schrodinger’s equation or could be Newton’s law of motion or Geodesic equations. 
The mathematical solution for the linear operator A  is { }( ) (0)expX t X At= − ; 

putting 1Aτ −=  the standard exponential relaxation (Maxwell-Debye) law is: 

{ }( ) (0)exp /X t X t τ= − .                                               (4.3) 

Complex systems and investigations of their structural and dynamical properties 
have established on the physics agenda. These structures with variations are 
characterized through  

a) A large diversity of elementary units. 
b) Strong interactions between the units. 
c) A non-predictable or anomalous evolution in course of time. 

Complex systems and their study play a dominant role in exact and life sciences, 
embracing a richness of systems such as glasses, liquid crystals, polymers, 
proteins, biopolymers, or even eco systems. In general the temporal evolution of, 
and within, such systems deviates from the corresponding standard laws. With the 
development of higher resolution experiments, these deviations have become more 
prominent. 
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One can have stretched exponential behavior as: 

( ){ }( ) (0)exp /X t X t
ατ= −                                              (4.4) 

With 0 1α< < , or one can visualize the asymptotic power law as: 

( )( ) (0) 1 /
n

X t X t τ −= + , with 0n >                                   (4.5) 

Similarly the diffusion process in various complex systems usually no longer follow 
Gaussian statistics, and thus Fick’s second law fails to describe the related transport 
behavior (Anomaly of Fick’s diffusion law is discussed in Chapter 3, with Catteneo’s 
diffusion and Fractional Diffusion Equation’s evolution). Especially one observes 
deviations from the linear dependence of mean squared displacement. The mean 
squared displacement is given by 

2 2
( ) ( ) (0)j j jx t x t xΔ = − , 

where the ( ) (0)j jx t x−  is the vector distance traveled by a molecule; particle; flux 

(walker) over some time interval of length t  its magnitude is averaged over many 
such intervals t . If no other walker is encountered then the distance traveled would 

be proportional to the time interval that is, x vt∝ , where v  is walker velocity. In 

this case (without hindrance) the mean squared displacement would increase as 

square of time that is,
2 2

jx tΔ ∝ . In the presence of hindrance or we may say dense 

phases the 2t  behavior holds only for very short time ( 0t → ) of the order of 
collision time. Beyond this time motion is better described as ‘random-walk’ for 
which mean squared displacement is proportional to time (6). Mean Squared 
Displacement is thus  

( )22

0

1
( ) ( ) (0)

N

j j
j

x t x t x
N =

= −∑  

2
1( )x t K t< >≈                                                          (4.6) 

This is characteristic of Brownian motion (BM), and such a direct consequence of 
central limit theorem and the Markovian nature of the underlying stochastic process. 
A point is mentioned here regarding the graph of this classical Brownian motion 

where ( ) ( )x t tΔ ≈ Δ  is characteristic scaling; as demonstrated in Chapter 2 box-

dimensions of 3 / 2Bd = , and Hurst exponent as 1/ 2H = . Instead anomalous 

diffusion is found in a wide diversity of systems, its hallmark being non-linear growth 
of the mean squared displacement in course of time, following power law: 
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2 ( ) q
qx t K t< >≈                                                  (4.7) 

This is ubiquitous to a diverse number of systems. There exists variety of other 
patterns such as logarithmic time dependence etc. The anomalous diffusion behavior 
manifests in Eq. (4.7) is intimately connected with break down of the central limit 
theorem, caused by either broad long tailed distributions or long-range correlations. 
These broad spatial jumps or waiting times’ distributions lead to non-Gaussian and 
possibly non-Markovian time evolution way of diffusion, manifesting into non-local 
temporal phenomena. Note that the unit of diffusion coefficient in (4.7) is having unit 

2[ ] cm s q
qK −≡ , according to anomalous diffusion exponent q . This exponent if 

0 1q< <  defines sub-diffusive transport, and defines super-diffusive phenomena for 

1 2q< < . For 1q =  the transport phenomena is normal integer order and Fickian. 

The sub diffusive regime includes transport of charged carriers in amorphous 
semiconductor, nuclear magnetic resonance (NMR) diffusometry in percolative and 
porous systems, Rouse (chain) dynamics in polymers systems, transport in fractal 
geometries, and dynamics of beads in polymeric networks. The super diffusion 
systems are rotating flows, turbulent diffusion, transport in heterogeneous rocks, 
Quantum optics, single molecule spectroscopy, transport in turbulent plasma, and 
bacterial motions.   

Standard integer order kinetic equation when integrated gives: 

1
0 0

0

( ) ( ) ( )
t

i tX t X c X t c D X t−− = − = −∫                           (4.8) 

1
0 tD− , is the standard Riemann-Liouville integral operator. The number density of 

the species , ( )i ii X X t=  is a function of time and 0( 0)iX t X= =  is the number 

density of species i  at time 0t = . If we drop the index i in (4.8) and replace c  by 
qc , then solution of the generalized fractional order diffusion equation:  

0 0( ) ( )q q
tX t X c D X t−− = −                                            (4.9) 

is: 

0
0

( 1) ( )
( )

( 1)

k kq

k

ct
X t X

kq

∞

=

−=
Γ +∑                                             (4.10) 

can be written as compact form by use of Mittag-Leffler function as: 

0( ) ( )q q
qX t X E c t= −                                                 (4.11) 

The rate of growth of mean squared displacement depends on how often the walker 
suffers collision. At higher density it will take longer time to diffuse a given distance. 
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The limiting slope of mean squared displacement considered for time intervals 
sufficiently long for it to be in linear region is related to diffusing constant D  
(appearing in Fick’s law) and in (4.1). The relation is Einstein diffusion relation  
and is: 

2
lim ( ) 2j
t

d
x t d

dt→∞
Δ = D , 

where d  is dimension of space (1, 2, 3) Euclidian or Topological dimension, in 
normal Fick’s diffusion. This relation of MSD and diffusion constant is derived 
for Fick’s diffusion in Chapter 3, by use of Fourier-Laplace transformation. This 
number could be fractional too indicating anomalous diffusion in fractal landscape 
with heterogeneity.  
4.4   Discrete Difference and Continum Limit 

4.4   Discrete Difference and Continuum Limit and Differential 
Operator in Random Walk Context 

4.4   Discrete Difference and Continum Limit 

4.4.1   Integer Order Discrete Difference and Continuum Limit and 
Differential Operator 

Let the random variable ( )X t  denote position of walker at times t , which increments 

to a new position as the time changes in steps of τ .Taylor expansion of walker’s 
position at time t τ+  is given as: 

2
2( ) ( ) ( ) ( ) ... ( ) ... [ ] ( )

2! !

n
n DX t X t DX t D X t D X t e X t

n
ττ ττ τ+ = + + + + + =  

where D  is derivative operator. We can define an up-shift operator as: 

{ }( ) ( )E E X t X tτ τ τ≡ = +  

Comparing this up-shift operator with the above mentioned Taylor expansion we get 

{ }( ) ( )DE X t e X tτ
τ =  

The symbolic equivalence between up-shift operator and derivative operator is 
DE eτ

τ = , and we write a new relation as: ( )1 DE eτ
τ −≡ − Δ = ; where we define right 

difference operator as: ( ) 1 1 DE eτ
τ−Δ ≡ − = − , which is expanded as following: 

2

( )

( )
1 1 1 1 ...

2
D D

E e D Dτ
τ

ττ τ−

⎛ ⎞
Δ = − = − = − + + + ≈ −⎜ ⎟

⎝ ⎠
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In a way we have defined a derivative operator as following expression: 

( )

0
lim D
τ τ

−

→

Δ⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

It is clear that D  is ‘time-derivative’ operator and when applied to continuous 
functions of time yields: 

( )

0

( )
( ) lim

X td
X t

dt τ τ
−

→

Δ
= −  

As done above, similarly we can define down-shift operator as 1 ( ) ( )E X t X tτ τ− ≡ −  

and then from corresponding Taylor’s series expansion of ( )X t τ−  we obtain 

symbolic representation as 1
( )1 DE e τ

τ
− −

+≡ − Δ = , with 1
( ) 1 1 DE e τ

τ
− −

+Δ = − = − , as 

left-difference operator and the following expression for derivative as: 

( )

0
lim D
τ τ

+

→

Δ⎛ ⎞
=⎜ ⎟

⎝ ⎠
 

The derivative operators obtained by left-difference operator and right-difference 
operator are equivalent mathematical expression of derivative. To be on safe side 
we express the derivative operator considering the average (of left and right 
difference) and express in symmetric form as: 

( ) ( )

0
lim

2

d
D

dtτ τ
+ −

→

Δ − Δ
= =  

4.4.2   Fractional Order Discrete Difference and Continuum Limit 
and Fractional Differential Operator 

Generalizing the limit of finite difference 

( )1
( ) 1 1 1

d
D dtE e e

ττ
τ

−− −
+

⎛ ⎞
Δ = − = − = −⎜ ⎟

⎝ ⎠
, 

we obtain 

1
( ) (1 ) 1

d

dtE e

α
τα α

τ

−−
+

⎛ ⎞
Δ = − = −⎜ ⎟

⎝ ⎠
. 

So that we can write for left-sided and right-sided fractional derivative as 
following generalizations: 
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( )

0 0

( )

0 0

( )
( ) 0

1

lim ( ) lim ( ) ( )

1

lim ( ) lim ( ) ( )

( ) lim ; 0

d

dt

d

dt

e
d

X t X t X t
dt

e
d

X t X t X t
dt

D X t

α
τ

α α

α α ατ τ

α
τ

αα

α ατ τ

α
α

ατ

τ τ

τ τ

α
τ

−

+

→ →

−

→ →

±
± →

⎛ ⎞
−⎜ ⎟Δ ⎝ ⎠= =

⎛ ⎞
−⎜ ⎟Δ ⎛ ⎞⎝ ⎠= = −⎜ ⎟

⎝ ⎠
Δ

= >

 

Consider the right sided fractional difference between ( )X t  and ( )X t τ−  for 

arbitrary τ  that is, ( )1
( ) ( ) 1 ( )X t E X t

αα
τ
−

−Δ = − . For integer α  and using binomial 

expansion of this we obtain ( )1

0

1 ( 1)k k

k

E E
k

αα
τ τ

α− −

−

⎛ ⎞
− = −⎜ ⎟

⎝ ⎠
∑ . If we consider the 

1E Lτ
− =  a lag-operator then same can be expressed as  

0
(1 ) ( )k

k
L L

k

αα α
=

⎛ ⎞
− = −⎜ ⎟

⎝ ⎠
∑ . 

For positive 0α >  (non-integer) we generalize as 

! ( 1)

!( )! ( 1) ( 1 )k k k k k

α α α
α α

⎛ ⎞ Γ += =⎜ ⎟ − Γ + Γ + −⎝ ⎠
, 

since 0
k

α⎛ ⎞
=⎜ ⎟

⎝ ⎠
 for k α> , the binomial series can be extended to infinity (as 

generalization), and is written as: 

( )
0

( ) ( 1) ( )k

k

X t X t k
k

α α
τ

∞

−
=

⎛ ⎞
Δ = − −⎜ ⎟

⎝ ⎠
∑  

which rather depends on the values of function in vicinity of local time instant t  
that is, this fractional difference depends on entire history.  

In terms of lag-operator we have  

0
(1 ) ( )k

k
L L

k
α α∞

=

⎛ ⎞
− = −⎜ ⎟

⎝ ⎠
∑  

We have obtained a fractional differencing operator which is defined as an infinite 
binomial series expansion of power series of the ordinary back shift operator. This 
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gives Autoregressive Fractional Integral Moving Average (ARFIMA); a work horse 
in Fractional Order Signal Processing. ARFIMA will be also discussed in Chapter 5  

4.4.3   Fourier Representation of Fractional Difference and 
Derivative 

Fourier series representation of a function that is periodic over an interval 2π  is 

i( ) ( ) tX t X e
ω

ω

ω
ω

=+∞

=−∞

= ∑  

and the Fourier coefficients are defined by  

[ ]
2

i

0

1
( ) ( ) ( )

2
tX t X X t e dt

π
ωω

π
−ℑ = = ∫  

Applying this definition to the following obtained definitions of fractional 
difference and fractional derivatives  

( )
0

( )
( )

0

( ) ( 1) ( )

( ) lim

k

k

X t X t k
k

D X t

α

α
α

ατ

α
τ

τ

∞

−
=

−
− →

⎛ ⎞
Δ = − −⎜ ⎟

⎝ ⎠
Δ

=

∑
 

We get: 

2
i

( ) ( )
0

0

2
i i ( )

( )
0

0 0

1
( ) lim ( )

2

1 ( 1)
( ) lim ( )

2

t

k
t t k

k

D X t e X t dt

D X t e X e dt
k

π
α ω α

ατ

π ω
α ω ω τ

ατ ω

πτ
α

ω
πτ
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When the integral over time yields delta function so that integral is zero if ω ω′≠  and 

i
( )

0
0

1
( ) lim ( 1) ( )k k
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α ω τ
ατ

α
ω

τ

∞
−

− → =
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∑ , 

when ω ω′= . This expression can now be expressed as binomial expansion and 
following can be written: 

( )i
( )

0

1
( ) lim 1 ( )D X t e X

αα ωτ
ατ

ω
τ

−
− →

⎡ ⎤ℑ = −⎣ ⎦  



166 4   Concept of Fractional Divergence and Fractional Curl
 

More generally for right and left fractional derivative we get: 

( )i
( )

0

1
( ) lim 1 ( )D X t e X

αα ωτ
ατ

ω
τ→

⎡ ⎤ℑ = −⎣ ⎦
∓

∓  

In the limit 0τ →  we expand the exponential ( ie ωτ∓ ) so that the linear terms 
cancel and we obtain exact result for Fourier representation of Fractional 
Derivatives as: 

( )( ) ( ) i ( )D X t X
αα ω ω⎡ ⎤ℑ ≈ ±⎣ ⎦∓  

Thus we see that effect of fractional derivative operating on function is to multiply 

the Fourier amplitude of that function by ( )i
αω or with its complex conjugate. 

Therefore we obtain useful identity as: 

( ) i( ) i ( ) tD X t X e
ω

αα ω

ω
ω ω

=+∞

=−∞

= ±∑∓ , 

where it is clear that for non-integer α fractional derivative operators are non-
local in time (space); as against locality in integer order counterparts. 

4.4.4   Stochastic Fractional Difference Equations 

Random time series are traditionally modeled in the physical science using simple 
random walks. If jξ  is a random variable intended to represent a step taken at 

discrete time j  then the random walk variable that denotes the total distance 

travelled in time t Nτ=  or after N  such steps is  

1

( )
N

j
j

X t ξ
=

=∑ . 

Alternatively, ( ) ( ) NX t X t τ ξ− − =  . 

We simplify notation by setting 1τ =  and define the down-shift operator for 
unit interval without subscripts; so we can re-write the right-side difference using 
discrete indices for arbitrary step j  as: 1(1 ) j jE X ξ−− = . This is discrete analog of 

Brownian motion (BM), which is physicists guide to world of stochastic process.  
Therefore 1(1 ) j jE Xα ξ−− = , with α  as non-integer is discrete analog of 

Fractional Brownian motion (FBM). We solve this case by inverting this basic 
expression as: 

( )11j jX E
α

ξ
−−= −  
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Using the expansion ( )1

0

1 ( 1)k k

k

E E
k

α
τ τ

α∞−− −

=

−⎛ ⎞
− = −⎜ ⎟

⎝ ⎠
∑ , with 1τ = , and  

1 ( 1)!

!( 1)!

k k

k k k

α α α
α

− + −⎛ ⎞ ⎛ ⎞ + −= =⎜ ⎟ ⎜ ⎟ −⎝ ⎠ ⎝ ⎠
 

as generalization of Binomial coefficients we obtain: 

0 0

( 1)! ( 1)!

!( 1)! !( 1)!
k

j j j k
k k

k k
X E

k k

α αξ ξ
α α

∞ ∞
−

−
= =

+ − + −= =
− −∑ ∑ , 

and simplifying with use of Gamma function (that is to extend this to non-integer 
values) we obtain:  

0

( )

( 1)( 1)!j j k
k

k
X

k

α ξ
α

∞

−
=

Γ +=
Γ + −∑  

We wish to obtain the asymptotic expression for 

0

( )

( 1)( 1)!j j k
k

k
X

k

α ξ
α

∞

−
=

Γ +=
Γ + −∑ , 

using Stirling’s approximations of Gamma functions ratio as: 

( )

( )

z
z

z
α βα

β
−Γ + ≈

Γ +
, arg( )z α π+ <  and z → ∞ , we obtain: 

1

0 ( 1)!j j k
k

k
X

α

ξ
α

−∞

−
=

≈
−∑ , as ;k kα>> → ∞  

Indicating the strength of contributions to jX  decrease asymptotically with increasing 

time lag ( k ) as inverse power-law as long as 0 1α< < . 
Spectrum can be obtained for the above expansion 

0 0

( 1)!
( )

!( 1)!j j k j k
k k

k
X k

k

α ξ θ ξ
α

∞ ∞

− −
= =

+ −= =
−∑ ∑ , 

by use of discrete Fourier Transform, and averaging the square of modulus of the 
Fourier amplitude over ensemble of realizations of random fluctuations driving the 

fractional difference equation ˆ ˆX̂ω ω ωθ ξ= , where ( ) ˆ
k ωθ θℑ = . 

That is, discrete convolution of two fluctuations is the product of their Fourier 
coefficients. Spectrum (specifically power spectrum) is defined as 
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2ˆ( )S Xωω = , 

average over ensemble of realizations of ξ  fluctuations. Assuming random 

fluctuations have a white noise spectrum of unit strength and delta correlated in 

time ( ˆ 1ωξ = ), we get 
2ˆ( )S ωω θ= , where 

( )i i

0

( 1)!ˆ 1
!( 1)!

k

k

k
e e

k

αω ω
ω

αθ
α

∞ −− −

=

+ −= = −
−∑ ,  

gives 

( )2 2iˆ 1 ( )e S
αω

ωθ ω
−−= − = .  

Rearranging this and using trigonometric identities, as in following steps we get: 
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The modulus of the spectrum is thus: 

( ) 2 2

1 1
( )

2sin / 2
S α αω

ωω
= ≈
⎡ ⎤⎣ ⎦

,  

for low frequencies 0ω → . 
Above is the power-spectrum of Fractional Difference Process driven by white-

noise. Therefore we have obtained inverse power-law (scale-invariant fractal) 
2( ) ( )S αω ω −≅  as 0ω → , for the right-sided fractional difference process driven by 

white noise. We also observe for infinite series representation of right-sided fractional 
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difference process the statistics jX  are the same as that of jξ  since 
1(1 )j jX E α ξ− −= −  is linear equation relating the two. Thus, since statistics of jξ  are 

Gaussian so too are of jX . However, whereas spectrum of ξ  is flat that is, 

characteristics of white noise; the X  spectrum is inverse power law characteristic of 
fractional stochastic process, a ‘fractal noise’. 

Let us find the auto correlation of the time series generated by the above 
discussed stochastic ‘fractional difference process’; from the obtained power 

spectrum. The ( )XXR k  represents auto correlation as ( )XX j j kR k X X += ; the 

...  represents the averaging over a time period. Therefore, 

2

0

1
( ) ( ) cos( )

2XX j j kR k X X d S k
π

ω ω ω
π+= = ∫  

which is inverse cosine Fourier Transform of power spectrum. This is inverse of 
‘Wiener-Khintchine’ theorem which states that power spectrum of noise is the 
Fourier Transform of the auto-correlation function of noise. In above integral we 
write, / 2φ ω=  and 2( ) [2sin( / 2)]S αω ω −= , to get 

/2
2

2 1
0

1
( ) (sin ) cos(2 )

2XXR k d k
π

α
α φ φ φ

π
−

−= ∫ . 

From the (standard) table of integral series and products, and using definition of 
Beta function as  

B( , ) ( ) ( ) / ( )p q p q p q= Γ Γ Γ + ; 

and cos( ) ( 1 j0) ( 1)k kkπ = − + = −  we write the integral as 

/2
2

0

2 cos( ) 2 ( 1) (1 )
(sin ) cos(2 )

(1 )B(1 ,1 ) (1 ) (1 )

kk
d k

k k k k

π α α
α π π π αφ φ φ

α α α α α
− − Γ −= =

− + − − − Γ + − Γ − −∫  

In above use generalization of Binomial coefficient as in Chapter 2 that is, 

(1 ) ( 1) ( )

! (1 ) ! ( )

k k

k k k k

α α α
α α

−⎛ ⎞ Γ − − Γ += =⎜ ⎟ Γ − − Γ⎝ ⎠
, 

from this we write 

(1 ) ( )
(1 )

( 1) ( )k
k

k

α αα
α

Γ − ΓΓ − − =
− Γ +

, 

and substitute this in above integral to get  
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/2
2

0

(2 ) ( )
(sin ) cos(2 )

(1 ) ( )

k
d k

k

π α
α π αφ φ φ

α α
− Γ +=

Γ + − Γ∫ . 

In this 2( 1) 1k− =  is used.  

Put this in ( )XXR k  to get 

2(1 ) ( )
( ) 2

(1 ) ( )XX

k
R k

k
α α

α α
− Γ +=

Γ + − Γ
. 

For asymptotic explanation use Stirling’s approximation of ratio of Gamma 
function as 

( ) / ( )k k kα βα β −Γ + Γ + ≈ , 

and write 
2 12(1 )( ) (2 / ( ))XXR k k
αα α −−≅ Γ . So as the lag increases the auto 

correlation of the power series obtained by the fractional stochastic difference 
decays as power law as 2 1( )XXR ατ τ −∝ . 

4.4.5   Random Walker with Memory Concept of Persistence and 
Anti-persistence Walk with Long Memory and Short Term 
Memory 

The theory of influence of long time memory on stochastic phenomena is what is 

described in earlier chapters where the MSD is non-linear, 2 2( ) HX t t∝  with,  

0.5H ≠ . The model of these phenomena is relying heavily on the work-horse of 
statistical physics, the random walk model. In continuum for a simple random 
walk can be written in a stochastic differential equation  

( ) ( )
d

X t t
dt

ξ=  

where ( )tξ  is a stochastic quantity. In above discussion we have made use of 

( )tξ  as white noise, driving the, stochastic ‘fractional difference equation’; 

generating power spectrum as ‘fractal noise’ or fractional noise as 
2( ) (1/ )S f f α∝ . The time series as generated by this process on integration will 

give a motion ‘with memory’. 
Fractional Gaussian Noise is defined by ‘power-spectral’ density of the form 

( )S f f β−∝ , for a signal or random variable say position which scales as 

( ) ( )HX t c X ct−= . H , is called Hurst exponent and 2 1Hβ = − , 2β α=  and  

valid for uni-fractal series. With 1H =  the time series { ( )}X t  is ‘pink’ noise with  
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power spectral density as ( ) (1/ )S f f≅ . This type of 1/ f  noise is important 

since it is kind of threshold between persistent stable noise where 0.5 1H< < , 
with 0 1β< <  and non stationary noise 1β > .  

A white noise (random noise) is characterized by 0α = , 0β =  and 0.5H = . 

The noise characterized by 0 0.5H< <  is called anti-persistent, and characterized 
by 0.5 1H< <  is called persistent.  

Whereas a random walk or Brownian Motion (BM) is characterized by power 

spectral density 2( )S f f −≅  that is, 1α =  and 2β = . Its Fourier Inverse is 
2 ( )X τ τ≅  giving indication of Mean Squared Displacement scales proportional to 

time. In the similar way as for persistent and anti-persistent noise the walks may be 
classified as a persistent walk if the spectral density index or the fluctuation is given 
by 1 2β< <  and anti-persistent walk given by 2 3β< < . We call these walks for 

fluctuating characteristic exponent 1 3β< < , because these walks may be obtained 

by ‘integrating’ the fractal noise defined by 0 1H< < . 
Here we discuss the step taken by random walk process (with memory). That will 

give concept of ‘persistent’ and ‘anti persistent’ walks. From the analytical results 
discussed in previous section where spectrum was derived for process defined by 
right-sided fractional difference stochastic equation; is analogous to ‘fractional 
Brownian Motion’, but not the same. The process generates 21/ f α ’ fractal-noise’. 

Note for 1α =  the spectral density is of Brownian motion, and for 0α =  the process 
is white-noise. Both processes are random processes ‘without memory’; but one 
signifies motion while other signifies noise. Integrating noise (white noise or fractal 
noise), we get the motion Brownian or Fractional Brownian Motion (with or without 
memory respectively). 

The analogy is complete if we set (1/ 2)Hα = − , so that the spectrum equation is: 

2 2 1 (2 1)( ) 1/ ( ) 1/ ( )H HS αω ω ω ω− − −≈ = = . 

The H  parameter is called Hurst index, signifies the degree of ‘long-range 
dependency’ (LRD) of process. Where 0 1H< <  and 0.5 0.5α− < < . 

When, 0α =  the spectrum is of white noise, (here 0.5H = + ). When, 0.5α = +  
the spectrum is of ( ) (1/ )S ω ω≅ , the process is discrete 1/ f noise, (here 1H = ). 

Using the Fourier pair, for a power function that is, { } ( 1)(1 )tα αα ω− +ℑ = Γ +  and 

{ } ( 1) / 2tα α π∠ℑ = − + , for a function ( )f t tα= , 0t ≥  and ( ) 0f t = , for 0t < , the 

inverse Fourier is 1 1 (2 1) 2 2{ ( )} { } ( )H H
XXS Rω ω τ τ− − − − −ℑ = ℑ = ≅ . This is derived in 

previous section. Where, ( ) ( ) (0)XXR t X t X=  with ...  is average over time 

interval, gives the auto-correlation function of the process ( )X t .This ( )XXR t  should 

not be confused with Mean Squared Displacement (MSD). For ‘white-noise’, 0α =  

the auto-correlation decays with time that is, for 1/ 2H = , the 1( )XXR τ τ −∝ , and 

has ( ) 1S ω ≅ , that is frequency independent. 
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In the language of random walks, the above inverse power law  

( 2 (2 1)( ) HS αω ω ω− − −≈ = ) 

and, for 0.5 1H≤ ≤  or 0 0.5α≤ ≤  implies random walker has tendency to 
continue in direction where he/she is going. This means that there is ‘persistence’ 
to the process, given a step in a particular direction that step is ‘remembered’ and 
likelihood that next step is also in same direction is greater than reversing the 
direction. The process is having long tail, lingering memory. For example in this 
range of Hurst exponent, consider a power-spectrum set for processes as,  

0 0.25 0.5 0.75 1{ ( )} { , , , , }S ω ω ω ω ω ω− − − − −= . 

This set will have corresponding auto-correlation function ( )XXR τ  as 

1 0.75 0.5 0.25 0{ ( )} { , , , , }XXR τ τ τ τ τ τ− − − − −= . 

This range of Hurst exponent ( 0.5 1H≤ ≤ ) is most useful range, for LRD 
processes, spanning from one extreme Brownian case or white-noise process (that 
is without memory) to other end pure 1/ f  noise process. Note that the auto 

correlation function is decaying ‘slowly’ with time, signifying that in this range of 
Hurst exponent, the process is LRD with lingering long tailed memory.   

Analogy for 0 0.5H< <  or 0.5 0α− < <  implies that random walker prefers 
to change his/her mind after each step. This is ‘anti-persistence’ walk that is, in a 
process a given step in a particular direction is ‘remembered’ and likelihood that 
next step being in the same direction is less than that of reversing the step. This is 
‘short time memory’ and process decays monotonically and hyperbolically to 
zero. Consider, for example set of processes in this range of Hurst exponent 
( 0 0.5H< < ) let the power-spectrum set be, 0 0.25 0.5 0.75 1{ ( )} { , , , , }S ω ω ω ω ω ω= . 

These processes will have corresponding auto correlation ( )XXR τ , as 

1 1.25 1.5 1.75 2{ ( )} { , , , , }XXR τ τ τ τ τ τ− − − − −= , 

indicating these processes decay very fast hyperbolically to zero, case of ‘short 
ranged processes’. The exponent H  is Hurst’s exponent gives nature of ‘fractal’ time 
series defining anomalous diffusion, with memory or sub diffusion less than normal 
diffusion rate. At 1/ 2H =  the rate of diffusion is Fick’s diffusion that is walker, 
walks without memory. 

4.5   Nuclear Reactor Neutron Flux Description 

The neutron balance description in Nuclear Reactor is defined by Transport-Theory. 
The basic transport equations are then approximated by several coupled differential 
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equations. One of the simplified approximation of the reactor representation is given 
to engineers is the neutron diffusion equation sets in multi energy group or single 
energy group, In all these diffusion equations the leakage term has Fick’s law of 
diffusion, where the neutron flux is assumed to be a point quantity. For larger reactor 
representation several of these diffusion equations are formed and modeled by region 
to region coupling coefficients. Engineering science then proceeds on these 
approximates to obtain reactor transfer function model and then various control 
system analysis are done. For complex systems the integer models of the reactor 
may not suffice and thus a fractional order model for obtaining flux profile or 
kinetics may describe the complex reality better. The argument is similar to as 
described for heat transfer model of Chapter 3, where distributed and complex 
parametric spreads and size factor gets described better by fractional transient heat 
transfer equation. The point kinetic coupled differential equation is listed as: 

( )1
( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , )

f a
c

f

x t x t x t C x t
v t

C x t x t C x t
t

φ φ γ φ λ

βγ φ λ

∂ = ∇ + Σ − Σ +
∂

∂ = Σ −
∂

D
 

The parameters are: 

cv : Neutron velocity 

φ : Neutron flux. 

 
C : Density of precursors 
D : Neutron diffusion coefficient 
 
γ : Average number of neutrons produced per fission 

fΣ : Macroscopic fission cross-section 

aΣ : Macroscopic absorption cross-section 

λ : Radioactive decay constant 
β :  Delayed neutron fraction that is, fraction of the fission neutrons that are 

delayed 

This is classical integer order expression, the solution to this with boundary and 
initial conditions give the neutron flux profile inside the reactor and the temporal 
growth of neutron population. 

4.6   Classical Constitutive Neutron Diffusion Equation 

In classical sense, the constitutive equation assumes point neutron flux, with v as the 
average speed of the neutrons passing through area with n neutrons per unit volume 
as neutron density. The vector quantity representing the neutron flux is J. Following 
will elucidate the classical statements. 
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J n v

n v

J

φ
φ

=
=

= − ∇

JG G

JG
D

 

Consider a closed volume; the loss of neutrons from the closed surface is given as 
surface integral of neutron current. J dS• . The loss occurring in the volume by 
absorption is given by absorption cross-section and then taking volume integral of, 

a dVφ∑ . This total loss, when equated to the source term gives classical 

constitutive neutron diffusion equation, as depicted below. 

a

S V V

J dS dV SdVφ• + Σ =∫ ∫ ∫  

The above integral form when converted to volume integral look as below: 

( ) 0a

V

J S dVφ∇ • + ∑ − =∫    or     0aJ Sφ∇ • + Σ − =  for equilibrium 

Using the expression of J φ= − ∇D  we obtain the following 

2 0a Sφ φ− ∇ +∑ − =D  

In the steady state the RHS of above constitutive equation is zero and if there is 
time changing flux, then that is put in the RHS as 

2 1
a

n d
S

t v dt

φφ φ ∂∇ −∑ + = =
∂

D  

4.6.1   Discussion on Classical Constitutive Equations 

The classical neutron diffusion constitutive equation as described is based on 
classical divergence of the divergence of a vector field. The divergence is defined 
as ratio of total flux through a closed surface to the volume enclosed by the 
surface, when volume shrinks towards zero. 

0

1
div lim

V
S

J J dS
V→

= •∫  

Where J is the flux vector, V is an arbitrary volume enclosed by surface S. The dot 
product of vector J with the surface dS is obvious this is valid only if the flux is 
indeed a “point” quantity relative to the scale of observation. Neutron diffusion is 
counter example since primarily due to velocity fluctuations (even at constant 
energy/temperature) that arise only as observation space grows larger, invalidating 
the limit. Also the neutrons are no longer in homogeneous medium. The dispersive 
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fluxes for a given volume are typically averaged in some fashion (volumetric, 
statistical) and are approximated by Fick’s first law as we have obtained in deriving 

the classical constitutive equation for neutron diffusion. J φ= − ∇
JG

D . As the control 
volume shrinks to zero, the velocity fluctuations and the dispersive flux disappear. 
Therefore in a true sense the classical divergence theorem discounts the real effects of 
macroscopic in-homogeneity and the fluctuations associated with neutron diffusion in 
a reactor.   

Because of the limit in the divergence definition, the classical Gauss divergence 
theorem discounts the effect of large volume until the dipersive; flux can be 
approximated by a point quantity. 

4.6.2   Graphical Explanation 

Refer Figure 4.1. In the Figure 4.1(a) it is shown that surface flux with respect to 
volume of the observation space is of constant slope line. The Figure 4.1(b) plots 
the ratio of the surface flux with respect to the control volume (first derivative of 
Figure 4.1a). 
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J dS     =KV

       0
                 VOLUME (V)             

 

1
.

S

J dS
V

  =K

K

 

(a) Surface flux (b) Ratio of surface flux & V 

                 VOLUME (V)             

 

Fig. 4.1 Classical definition of divergence of flux vector. 

The Figure 4.1 show, in simplistic manner if the surface flux of neutrons with 
average constant velocity grows in linear fashion with respect to the volume of the 
observation space then in this case the ratio of the surface flux to the control volume 
remains fixed. In this particular (ideal) case making the control volume shrink to zero 
will yield ideal definition of the divergence of the vector flux (neutron current 
density). This simplistic picture neglects the effect of inhomogeneous medium and 
macroscopic dispersion, fluctuating velocity effects and effects due to neighborhood, 
neutron currents. 

Figure 4.2 is extension of Figure 4.1 showing the macroscopic effects of surface 
flux manifestaion as the control volume is enlarged. The observation space when 
enlarged as shown in Figure 4.2(b) captures dspersive effect of neutrons as magnified 
by stair case type of ratio of surface flux to the volume figure. The effect can be seen 
as surface flux gets manifested as some power of observation space (volume).  
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Figure 4.2(b) is the first derivative of the Figure 4.2(a) and shows that at quasi large 
observation space (control volume) one gets seemingly constant ratio of surface flux 
to volume, therefore yielding a non-local divergence of the nuetron flux vector. This 
definition of non-local divergence is what contradicts classical divergence where 
control volume is made to shrink to zero.Therefore, the larger observation space does 
captures the reality of associated with neutron diffusion process. 

.
S

J dS

0
VOLUME (V)   

 

1
.

S

J dS
V

0
                   VOLUME (V)  

(a) (b) 
Fig. 4.2 Showing effect of dipersive flux and neutron velocity fluctuation with macroscopic 
scale of observation extension. 

4.6.3   About Surface Flux Curvature 

Refer Figure 4.2(a). The curvature is concave is nature as the observation space 
(control volume) is made bigger. Contention could have been that why the curvature 
is taken as concave instead of convex. Here some practical reasoning will elucidate 
the nature of curve shown in Figure 4.2. For a very small observation space area the 
surface flux is product neutron current and that area. As the area is made larger the 
neighbouring neutrons does effect the neutron current in the wider area of 
measurement. This gives the larger value of the neutron current for newer area 
considered. This increment in the neutron current is what gets integrated in the 
surface integral giving the concave shape of the Figure 4.2(a). 

This is elaborated in the Figure 4.3. Let the observation surface area for 
measurement of neutron surface flux be divided into squares as shown. Assume 
that each centre of the square is having one neutron. If all the neutrons are at rest 
with out any velocity fluctutaions then there will not be any finite probabilty that it 
may jump across to the next adjacent boxes. However the case is not so, as there 
always is finite probabilty of having neutrons designated for a particular box 
finding into adjacent box. However if the area of observation is very small as 
depicted by smaller circles inside each box the fluctutaion effect of neutron 
velocity will not be observed. Therefore with the smaller circles in the observation 
space measures a smaller neutron current (solely due to presence of its own 
neutron in the squrae box). However, the observation area is made into larger 
circles as shown in the Figure 4.3. Here we see that with enlarged area the effect 
of neutrons in the adjacent square will enhance the neutron current compared to 
the first smaller area.Also this bigger circle will catch the effect of velocity 
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fluctuations, and therefore will show larger magnitude of neutron current. This 
simplistic explanation is justified for the observation that the shape of the surface 
flux with respect to the observation space (Figure 4.2) is concave and not convex. 

4.6.4   Statistical and Geometrical Explanation for Non-local 
Divergence 

The Figure 4.3 divides the space into grids. The fluctuations in velocity causing the 
violation of classical limit of volume shrinkage towards zero, for classical divergence 
also elucidated by the fact that at a particular space the neutrons will have spatial long 
tailed distributions. The effect of this long tailed statistical probability distribution 
will thus gets enhanced by the use of non-local divergence and this reality effect will 
thus be shown with avoidance of volume shrinkage to zero. Also in reality the 
coupling between various zones in the reactor take place. The non-local divergence 
with the principle of non-zero volume therefore is the apt tool for constitutive 
equation for neutron diffusion equation for reactor description. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.3 Showing the effect of growing observation space modifying the neutron current 

Refer the classical neutron diffusion equation and Figure 4.2. The surface flux 

is .
S

J dS∫  then the ratio of the surface flux to the volume is taken to consider the 

leakage through surface term as .J∇ , at volume shrinking towards zero. Then 
with Fick’s law we get the leakage of neutrons through a closed surface as 

2.( )φ φ∇ − ∇ = − ∇D D . This term in one dimension case is 



178 4   Concept of Fractional Divergence and Fractional Curl
 

2

2

d

dx

φ−D  

Examining the above and relating this to Figure 4.2, one may say that divergence is 
slope of the surface flux (Figure 4.2a). This curvature if has square law variation in 
the shape then the double derivative will be constant and we have the entire curvature 
captured in that constant. If the curvature of the surface flux (Figure 4.2a) is not 
having 2x≈  variation, but has say 1.5x≈  variation then double derivative will not 
capture the information about the curvature in a constant. 

4.6.5   Point Kinetic Equation in Heterogeneous Background 

Consider Figure 4.3, the reactor matrix is heterogeneous. This comprises of lumped 
fuel central circle, encircled by moderator and the matrix gets repeated. Consider 
collisions of neutrons in this heterogeneous reactor with characteristic length scales of 
migration of neutrons, where fuel material is dispersed in lumps within the moderator 
m  and fuel f , with all the neutrons with same speed v  and assuming the angular 

flux is only linearly anisotropic. Then the conservation equation for the neutron 
collision and reactor process as well as initial internal boundary conditions are. 

1
l l al l lJ S

v t
φ φ∂ + ∇ • +∑ =

∂

G
, 

and  

1 1
0

3l l trl lJ J
v t

φ∂ + ∇ +∑ =
∂

G G
  

with initial condition as 

0( ,0) ( )l lr rφ φ= . The subscript l  is allowed to play the role of m  moderator and 

f  fuel. The inner boundary condition at the mf  interface,  

n nmf m m mf f fφ φ− • ∇ = − • ∇G GD D  

and m fφ φ= . Here n
G

 is unit vector normal at the interface which is directed from 

moderator toward fuel. The cross-sections are al tl sl∑ = ∑ −∑  and 0tr t sμ∑ = ∑ − ∑ , 

where 0μ  is average cosine angle and tl∑ , sl∑  and trl∑ are total, scattering and 

transport cross-sections, respectively, for region l . The ( , )r tφ , ( , )J r t
G

 ( , )r t∑  and 

( , )S r t  variables are space and time dependent, generally. Typical consideration is to 

neglect, time derivative in neutron current equation, i.e. 1 /lv J t− ∂ ∂
G

, if the time 

variation rate of neutron current density is much slower than the collision frequency, 
that is tlv∑ .  
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Meaning that, 

1
( / )l l tlJ J t v

−
∂ ∂ << ∑

G G
. 

For thermal light water reactors the 5 110 stlv − −∑ ≈ , the above simplifies to Fickian 

case with l l lJ φ= − ∇
G

D  where diffusion constant is  

[ ] 11
0(3 ) 3l trl tl slμ −−= ∑ = ∑ − ∑D  

is also a function of space and time. 
In the above discussion we assumed firstly that; absorption is much less likely than 

scattering. This is valid for the moderating and structural materials but not for fuel and 
control rods. Secondly, a linear spatial variation of the neutron distribution is assumed. 

This satisfied a few mean free paths away from the boundary, for large 
homogeneous medium with uniform source distribution. Thirdly, isotropic scattering 
is assumed, this is satisfied for scattering from heavy atomic mass nuclei. 

However, the Fickian assumptions exhibit highly anomalous diffusion phenomena 
due to highly heterogeneous configuration, especially in the presence of strong 
neutron absorbers, in the form of fuel control rods, shut off rods and chemical shims 
present in the coolant or poisons in moderator. The dynamics of these absorbers 
radically change the local energy generation, giving new method of description of 
point kinetics, with non-Fickian approximations. One type of modification is to 
include relaxation times and rewrite the neutron current equation as given by 
Catteneo (1948) dealt in Chapter 3.  

For times scales in which flux varies rapidly, the condition 

1
( / )l l tlJ J t v

−
∂ ∂ << ∑

G G
 

is not satisfied; then we modify the neutron current equation as: 

l l l l lJ J
t

τ φ∂ + = − ∇
∂

G G
D , 

where  

31 l
l

trlv v
τ = =

∑
D

, when lt τ<< . 

Putting this Catteneo’s diffusion in 

1
l l al l lJ S

v t
φ φ∂ + ∇ • +∑ =

∂

G
, 

and rearranging we obtain. 
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[ ]
2

2 2
2

1l l l
al ph l l al l

l l

Sv
v v S v

t tt

φ φ φ φ
τ τ

⎛ ⎞∂ ∂ ∂
+ ∑ + − ∇ = −∑ +⎜ ⎟ ∂ ∂∂ ⎝ ⎠

, 

The propagation phase velocity of ‘neutron wave’ is  

/ph l lv v τ= ± D . 

When time scales of ( / )l l tlJ J t v∂ ∂ << ∑
G G

is satisfied then l l lJ φ= − ∇
G

D  Fick’s 

case is recovered with above obtained equation simplified as 

1
l al l l lv t

φ φ φ∂ +∑ = ∇ • ∇
∂

D . 

(without source term). 
For a neutron as diffusion species, if there is non-linear scaling of mean squared 

displacement 2 ( ) qr t t≈ , where 1q >  implies super diffusion, and 0 1q< <  

representing sub diffusion we can generalize the Catteneo diffusion of neutrons as, 
fractional model of neutron balance; only for moderator region m  as: 

1
2

1

1 1q q
q qm m m
m m am am m m mq qv v tt t

φ φ φτ τ φ φ
+

+

∂ ∂ ∂
+ ∑ + +∑ = ∇

∂∂ ∂
D , 

and the current equation as 

q
q m
m m m mq

J
J

t
τ φ∂

+ = − ∇
∂

D  . 

Suitable interface conditions are then  

n n
qq

fq qm
m mf m m f fm f fq q

JJ

t t
τ φ τ φ

∂∂
+ • ∇ = + • ∇

∂ ∂

GG
G GD D , 

where nm mf mJ J= •
GG

and nf fm fJ J= •
GG

. When ‘fractional relaxation time’ 0q
mτ → , 

with 1q → , normal Fickian equations are recovered. The conservation of  

n n
qq

fq qm
m mf m m f fm f fq q

JJ

t t
τ φ τ φ

∂∂
+ • ∇ = + • ∇

∂ ∂

GG
G GD D  

equation is valid as  

1
m am m m mv t

φ φ φ∂ + ∑ = ∇ • ∇
∂

D  
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represents balance to be met categorically. But the current law is modified as with 
fractional relaxation times. The time relaxation may stem from possible 
‘obstacles’ and ‘traps’ that delay the neutrons to move, and thus introduce 
‘memory’ effect into the motion without affecting the neutron conservation. 

However, the consideration of high heterogeneity may not be sufficient 
condition for Fractional Order Generalization. So far we have assumed average 
constant velocity of drift of neutrons that is, thermal speed. However, there are 
neutrons from 10MeV to less than 0.01MeV of energy and the cross-section is 
velocity (energy) dependent. In that case the detailed group treatment is required. 
Heterogeneity effect of a reactor system with fast neutrons is less sensitive than 
heterogeneity effect with thermal neutrons due to mean free path of neutrons, 
varying in fuel as well as moderator (for thermal reactors).   

4.6.6   Revisiting the Realm of Brownian Motion 

Refer Figure 4.3 and consider it to be homogeneous lattice with lattice constant xΔ . 
A typical Brownian walk invented by Perrin considers a walker (particle neutron) 
jumps at each time step 0, , 2 ,... ,...t t t n t= Δ Δ Δ  to a randomly selected direction, 
thereby covering the distance xΔ , the lattice constant. In discrete time steps of span 

tΔ  the walker (particle-neutron) is assumed to jump to one of its nearest neighbor 
sites. Such process can be modeled by a master equation: 

1 1

1 1
( ) ( ) ( )

2 2j j jN t t N t N t− ++ Δ = +  

In the above equation, the index denotes the position on the underlying one-
dimensional lattice. The equation defines the probability distribution function (PDF), 
or concentration/ number of neutron particles at position j  at time t t+ Δ  in 

dependence of population of neutron of the two adjacent sites 1j ±  at time t . The 

constants ½ expresses that jump direction are isotropic; meaning that there is equal 
probability of jumping toward, forward or backward direction. In continuum limit 

0tΔ →  and 0xΔ → , the Taylor expansion in time and space give: 

[ ]( )2

1( ) ( ) Rj
j j

N
N t t N t t t

t

∂
+ Δ = + Δ + Δ

∂
 

( ) [ ]( )
2 2

3

1 22
( ) ( , ) R

2j

xN N
N t N x t x x

x x±

Δ∂ ∂= ± Δ + + Δ
∂ ∂

 

Using these two expressions and putting into master equation, recognizing the 
notations ( , ) ( )jN x t N t= ; neglecting the remainders 1R  and 2R , leads to Fick’s 

diffusion equation: 

2

2

( , )
( , )

N x t
N x t

t x

∂ ∂=
∂ ∂

D , 
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where D  is diffusion constant with units 2 -1cm s  and defined in the limits as: 

( )2

0, 0
lim

2x t

x

tΔ → Δ →

Δ
≡

Δ
D , 

the same as obtained in Chapter 3. The solution ( , )N x t  for sharp initial condition 

is called propagator and is Gaussian in shape. The Fourier-Laplace transform of 
this Fick’s equation is,  

12
0( , ) ( )N k s N k s k

−
⎡ ⎤= +⎣ ⎦D  

as demonstrated in Chapter 3. 
The diffusion equation is one of the most fundamental equations in physics and 

engineering. This is direct consequence of ‘central limit theorem’. Under the 
condition that the first two moments of ( , )N x t  or the probability distribution 

function (pdf), describing the appropriately normalized distance covered in a jump 
event and the variance, ii

x x=∑  and 2x< Δ > , as well as a mean time span tΔ  

between any two individual jump event exists, and is finite. The CLT assures that the 
random walk process is characterized by a mean velocity /v x t= Δ , and diffusion a 
constant D  as defined above. Furthermore, for long times i.e. after a large enough 
number of steps, the ( , )N x t  or the pdf of being at a certain position x  at time t , is 

governed by above diffusion equation, and is given by Gaussian shape. 

4.6.7   The Continuous Time Random Walk (CTRW) Model 

In discussion of previous section, the particle neutrons jumps at equal lattice 
spacing, and spends zero time (or a constant time) there that is, each step jump has 
equal length (the lattice distance) and nil waiting time at the lattice.  We may also 
have situation that neutron particles can jump different site lengths and can even 
wait for some time at those lattice positions. Assume that the neutrons are 
disciplined and they move by not spending infinitely long times at sites and they 
do not jump infinite (long) lattice lengths still the Fick’s law will be applicable. 
Meaning if the waiting times are having finite average and the jump lengths are 
having finite variance from a mean jump length, then too the governing law will 
be Fick’s diffusion. This will be demonstrated in this section. 

The CTRW model is based on the idea that the lengths of a given jump, as well as 
the waiting time elapsing between two successive jumps are drawn from a joint pdf 

( , )x tψ  which is called ‘jump pdf’. This pdf is composed of two parts the ‘jump 

length pdf’ ( )xλ  and ‘waiting time pdf’ ( )w t . The simple situation is that these pdf 

are decoupled that is, jump length and waiting times are independent random variable; 
then ( , ) ( ) ( )x t x w tψ λ= . These pdf have corresponding Laplace and Fourier 

Transforms as, ( )w s , ( )kλ  and ( , )k sψ . Different types of CTRW processes can be 

categorized as average waiting time between jumps as  
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0

( ) ( )T dt t w t
∞

= ∫  

and jump length variance  

2 2( ) ( )dx x xσ λ
∞

−∞

= ∫ , 

being finite or diverging, respectively. 
The integral  

0

( ) 1 ( )
t

t dt w tχ ′ ′= − ∫  

represents the cumulative probability that a neutron number density (pdf) when 
created at time 0t =  say 0( ,0) ( )N x N x=  initially will not wait from time 0t′ =  to 

t t′ = . Let 0 ( )N k  be the Fourier Transformed initial condition, and ( , )N k s  denotes 

Fourier-Laplace Transformed of the pdf the neutron number density at position x and 
at time t  that is, ( , )N x t . The Laplace transformed ( )tχ is  

1 ( )
( )

w s
s

s
χ −= . 

At the position x  and time t  there will constitution of neutron number density that is 
purely stationary at that position minus the fraction of neutron number density that 
will have probability of jumping from these location and time with jump probability 

( , )x tψ .  

Thus the consolidated number density that will be present at position x and at time 
t  is ( , ) ( , ) ( , )N k s k s N k sψ− . The Fourier-Laplace transformed parameters are used, 

since in this k  and s  domain the multiplication explanation is easier, else we have to 
explain via convolution-integrals. This consolidated number density obtained is result 
of the initial neutron number density (pdf) which has manifested as result of ‘no wait’ 
from initial time to present time t t′ = , that is given as 0( ) ( )s N kχ  and equating the 

two we have  

0( , ) ( , ) ( , ) ( ) ( )N k s k s N k s s N kψ χ− =  

giving: 

0 ( )1 ( )
( , )

1 ( , )

N kw s
N k s

s k sψ
−=

−
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This expression was obtained by CTRW expression in Chapter 3. 
Consider 0 ( ) 1N k =  that is, Fourier Transformed of unit delta-function ( )xδ  as 

initial neutron number density. Consider the 1( ) exp( / )w t tτ τ−= − , a Poisson’s 

process for the wait-time pdf. Thus average wait time between each successive 
jump is finite that is, T τ= . Consider together with wait-time pdf, an independent 
jump length pdf as Gaussian i.e.  

2 1/2 2 2( ) (4 ) exp( / 4 )x xλ πσ σ−= −  

leading to finite variance as 22σ . The jump pdf is decoupled that is, 
( , ) ( ) ( )k s k w sψ λ= . The corresponding Laplace and Fourier transformed asymptotic 

expansions, for wait-time and jump length pdf are: 2
1( ) 1 R ( )w s sτ τ− +∼  and 

2 2 4
2( ) 1 R ( )k k kλ σ− +∼ ; with higher order remainder terms. 

In fact any pdf with finite average and finite variance leads to this same result, 
to lowest orders; and therefore, the above expansions are asymptotic 
representations for late (long) time limits. Putting these we have: 

0
2 2 2

1

( )1 ( ) 1 (1 ) 1 1
( , )

1 ( , ) 1 (1 )(1 )

N kw s s
N k s

s k s s s k s k

τ
ψ τ σ

− − −= = ≅
− − − − +D

, with  

         
2

1
σ
τ

≡D . 

We have got a Fourier-Laplace expression for finite average wait-time and finite 

variance of jump-length as 2
1( , ) ( , ) 1sN k s k N k s+ =D  re-writing this as 

2
1[ ( , ) 1] ( , ) 0sN k s k N k s− + =D  and using { } 0( , ) / ( , ) ( )N x t t sN x s N x∂ ∂ = −L and 

{ }2 2 2( , ) / ( , )N x t x k N k tℑ ∂ ∂ = −  with 0 ( ) 1 { ( )}N k xδ= ≡ ℑ we recover the Fick’s 

diffusion equation  

2

1 2

( , )
( , )

N x t
N x t

t x

∂ ∂=
∂ ∂

D . 

Note the diffusion constants D  and 1D  are same. The subscript is used to 

distinguish this constant with the constants of diffusion appearing in fractional 
diffusion equation (in next sections). 

4.7   Diffusion with Long Rests 

Consider the situation where the characteristic waiting time T = ∞  that is, diverges; 

but the jump-length variance 2σ < ∞ , finite. This diverging average is character of a 
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pdf of power-law, long-tailed type distribution. Let the waiting-time pdf be 

( )1( ) /w t t
ατ +∼ , for 0 1α< < . The corresponding Laplace asymptote of this power-

law “fractal’ waiting-time pdf is ( ) 1 ( )w s s ατ−∼ . Let the jump-length pdf be 

Gaussian as done in previous section giving finite variance of jump length as: 
2 2( ) 1k kλ σ−∼  . Putting these in the expression for ( , )N k s  we get: 

00 0
2 2 2

( ) /( ) ( )1 ( ) 1 {1 ( ) }
( , )

1 ( , ) 1 [1 ( ) ][1 ] 1

N k sN k N kw s s
N k s

s k s s s k s k

α

α α
α

τ
ψ τ σ −

⎡ ⎤− − − ⎣ ⎦= = ≅
− − − − +D

,  

where 2 /D α
α σ τ≡  with dimensions of 2 -cm s α . 

Employing 

{ }0 ( , ) ( , )q q
tD f x t s F x s− −=L , 0q ≥  

one gets, fractional integral equation 

2

0 0 2
( , ) ( ) ( , )tN x t N x D N x t

x
α

α
− ∂− =

∂
D  

Differentiating (the above) both sides once w.r.t. time we have 

2
1

0 2
( , ) ( , )tN x t D N x t

t x
α

α
−∂ ∂=

∂ ∂
D  , 

a fractional differential equation of diffusion. Fractionally differentiating by order 
α  the fractional integral equation derived above we get alternate form as:  

2

0 0 2
( , ) ( ) ( , )

(1 )t
t

D N x t N x N x t
x

α
α

αα

− ∂− =
Γ − ∂

D  

This integrodifferential nature of Riemann-Liouvelli fractional operator 1
0 tD α−  with 

integral kernel 1( )K t tα −∝  ensures the non-Markovian nature of this ‘sub-diffusive’ 

process defined above. The calculation of MSD from the relation  

{ }2 2 2
0lim ( / ) ( , )kx d dk N k s→Δ = − , 

gives MSD as  

2 [2 / (1 )]x tα
α αΔ = Γ +D . 
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For 1α =  we get MSD for integer order Fick’s law diffusion  

2
12x tΔ = D  

(Chapter 3).  Note that the fractional index α  appears naturally in this MSD 
calculation. We have termed as sub-diffusion, as the spread, quantified by MSD 
appears slower as compared to ideal Fick’s case, or Brownian motion. Note that in 
the fractional diffusion equation obtained above, the single modes ( )k  decays in 

accordance to Mittag-Leffler pattern, that is, with  

2( , ) ( )N k t E k tα
α α≅ −D  

the asymptotic power-law behaviour 

( ) 12( , ) (1 )N k t D k tα
α α

−
Γ −∼ . 

This typical Mittag-Leffler behavior of the mode relaxation replaces the 
exponential decay  

2
1( , ) exp( )N k t k t≅ −D  

occurring for normal diffusion (Chapter 3). 
From the expression obtained 

0
2

( , ) /
( , )

1

N k s s
N k s

s kα
α

−

⎡ ⎤⎣ ⎦=
+D

, 

for 0 ( ) 1N k =  as initial condition, one can first Fourier invert to get: 

1
2 21

( , ) exp
2

N x s s x s
α α− ⎛ ⎞= −⎜ ⎟

⎝ ⎠
. 

Then expand the exponential term in its Taylor series, and Laplace invert term-by-
term, to get power series solution. The solution to such diffusion equations is 
examined in Chapter 11. 

4.8   Diffusion with Long Jumps 

The opposite case from the above process is that characteristic waiting times T < ∞  

is finite but the jump-length variance 2σ = ∞  diverges. We can have Poisson’s 
process from which waiting-times are drawn, and a Levy distribution for jump length 
pdf. The Fourier representation of Levy distribution is  
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( ) exp( ) 1k k k
μ μμ μλ σ σ= − −∼  

For 1 2μ< < , corresponding to the asymptotic behavior as  

1
( )x x

μμλ σ − −∼  for x σ� . 

The wait-time asymptote approximation is ( ) 1w s sτ−∼ . Putting these two values, 

we obtain, for 0 ( ) 1N k = , the following Fourier-Laplace relation. 

0 0( ) ( )1 ( ) 1 (1 ) 1
( , )

1 ( , ) 1 (1 )(1 )

N k N kw s s
N k s

s k s s s k s k
μ μμ

μ

τ
ψ τ σ

− − −= = ≅
− − − − +D

 

Using 

{ }( ) ( )xD f x k f k
μμ

−∞ℑ = − , 

the modified definition from, usual definition that is, 

{ }( ) ( i) ( )xD f x k f k
μμ μ

−∞ℑ = − , 

that is, by suppressing the imaginary unit we get: 

( , ) [ ( , )]xN k t D N x t
t

μ
μ −∞

∂ =
∂

D  

Here the generalized diffusion constant is  

/μ
μ σ τ≡D  

with unit of -1cm sμ . The Laplace inverse of ( , )N k s  gives  

0 ( , ) exp( )N k t k t
μ

μ= −D . 

This situation of ‘long-jumps’ is Markovian process in time, with no ‘temporal’ 
memory. Refer Chapter 2 for memory integrals. However, one may argue that due to 
fractional operators appearing in space variable, the process shall be perhaps called 
non-Markovian in space; having spatial memory kernel. This process remembers its 
spatial past! Space-time is linked and is different sides of the same coin!  

Due to the asymptotic property of this pdf for long jumps  

1
( )x x

μμλ σ − −∼ , 
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having infinite variance, very long jumps may occur with significant probability than 
exponentially decaying pdf like formerly employed ‘Gaussian’ jump-length pdf. The 
scale invariance nature of pdf as used for the jump-length leads to clustering nature of 
the neutron distribution spatially, i.e. local motion is occasionally interrupted by long 
sojourns, on all length scales that is, one finds clusters of local motion within clusters. 
Here one can assign a fractal dimension Bd μ=  with 1 2μ< < , and can analyze the 

system with normal integer order Fick’s law. The asymptotic solution to the spatial 
fractional diffusion equation for the long jumps case is  

1
( , )

t
N x t

x

μ
μ+∼

D
, with 2μ <  

Due to this the MSD diverges that is, 
2

xΔ = ∞ . Clearly we can have argument that 

massive particle as neutron cannot jump infinitely far. For such massive particles 
finite velocity of propagation exists making instantaneous long jumps impossible. But 
in reality we have nuclear reactors where the dimensions are large especially for high 
power reactors. The neutrons do have ‘coupling’ between spatially distributed ‘point’ 
reactors. These power reactors are having dimensions much larger than the average 
diffusion lengths of neutron and are called coupled core reactors. The spatial 
heterogeneity in small scales do manifest as fractal dimensions in space which makes 
the anomalous transport of neutrons contrary to belief that it can only reside and 
‘walk’ as local Brownian motion. Long-jumps can therefore take place for these 
‘massive’ neutrons in a ‘fractal’ heterogeneous spatial backdrop. 

In the derivation of both the sub-diffusive case and diffusion with long-jumps the 
diffusion limit ( , ) (0,0)k s →  was drawn. Equivalently, the diffusion limit 

corresponds to choosing ( , ) (0,0)σ τ →  with 2 / α
α σ τ=D  a constant or 

/μ
μ σ τ=D  a constant, which matches the limit  

2
1 0, 0lim ( ) / (2 )x t x tΔ → Δ →= Δ ΔD  

drawn in the Brownian case. In the sense these Fractional Diffusion Equations 
obtained are valid in the diffusion limit t τ� . 

The above generalization methods makes us to think a random walk characterized 
by broad tailed pdf for both waiting-times and jump-lengths with infinite average 

wait-time T  and infinite jump-length variance 2σ  has constitutive relation as: 

1
0 ,( , ) ( ) ( , )tN x t D N x t

t
α μ

α μ
−∂ = ∇

∂
D , 

along with 

,

μ

α μ α
σ
τ

≡D , 

having unit of -cm sμ α . 
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We can define pseudo MSD as  
2

2 ( )
P

x t t
α

μ∼  

or by  

2 2( )
P

x t t α μ+ −∼  

for 1 2μ< < , 0 1α< < , and  

2 3( )
P

x t t μ−∼  for 1 2μ< < , 1α > , 

for these anomalous diffusion cases. In these sections we have also observed the 
explanation of several cases by different diffusion constants, appropriately selected as 
‘new transport coefficients’ those areD , αD μD and ,α μD with different units. 

Table 4.1 Phase table for the Fractional Diffusion Equation 

n l 
Order

Temporal 
Fractio a

Spatial 
Fractio al

Nature ffusion  of DiType of Walk 

Time Variance

Average
Waiting 

T

Jump-
Length

2

n  
Order

0 1 0 2 Long-Jump Non-Markovian

1 0 2 Long-Jump Markovian

0 1 2 Sub-diffusion Non-Markovian
1 2 Brownian Markovian  

Table 4.1 presents the summary of the Fractional Diffusion Equation, obtained 
above as  

1
0 ,( , ) ( ) ( , )tN x t D N x t

t x

μ
α

α μ μ
−∂ ∂=

∂ ∂
D , 

for different phases with values of spatial-temporal orders of fractional derivative 
order. The different ‘phases’ are four distinct domains which can be characterized 
according to the diverging or finite characteristic (average) waiting times and the 
jump-lengths variance. If the parameters α  and μ  become greater than one and two 

respectively, the corresponding diffusion CTRW process locks onto process 

dominated by finite T  and finite 2σ  (Brownian case). For diverging variance of 

jump-length 2σ = ∞ , one observes that either the traditional Markovian process for 
1α ≥ , or the non-Markovian process (for 1α < ) with single modes decaying as 

Mittag-Leffler pattern is evolved. 
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4.9   Fractional Divergence in Neutron Diffusion Equations 

The neutron leakage through closed surface enclosed by finite control volume may 
be changed as  

( )
d d

dxdx x

β α

β α
φ φ∂− = −

∂
D D . 

The bracket quantity is Fick’s first law. Here β is between 1 and 2 and α is between 0 
and 1, non-integer fractional real numbers. In the divergence formulations, the vector,  

[ , , ]
x y z

α α α
α

α α α
∂ ∂ ∂ → ∇
∂ ∂ ∂

 

the fractional divergence operator, which acts on the neutron current vector J. 
The constitutive equation in fractional divergence form may thus be as follows: 

1

0

( ) 0

0

a

a

a

J S

S

S

α

α

α

φ
φ φ

φ φ+

∇ + Σ − =

∇ − ∇ + Σ − =

∇ − Σ + =

D
D

 

Converting to one-dimensional form to get neutron flux profile in a reactor or neutron 
flux profile near a source in scattering medium we will look at solutions of the form 
as follows: 

1

1
0,...0 1

0,...1 1

a

a

d
S

dx

d
S

dx

α

α

β

β

φ φ α

φ φ β

+

+ − Σ + = < <

− Σ + = < <

D

D
 

One may interpret the simplified form of .Jα∇  is that a fractional divergence 
operator is applied to Fickian dispersion term. For illustration of how fractional 
derivatives relate to the definition of divergence in neutron transport, consider two 
simple functions 2( )f x x=  and 1.5( )f x x= . Recalling the fundamental of the 

derivatives we recall that the derivatives of function give the idea of the curvature 
contained in the curve. Successive derivatives will strip of the independent variable 
and subsequently will show up the curvature contents. Take the example 2( )f x x=  

the first and second derivatives are (1) ( ) 2f x x=  and (2) ( ) 2f x =  respectively. In 

this example the second derivative contains all the information about the function and 
that in constant (i.e.2). This argument favors well for well-behaved integer order 
(power) functions. Now let us change the function and take any real order function 
say 1.5( )f x x= , the first and second derivative is (1) 0.5( ) 1.5f x x=  and 
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(2) 0.5( ) 0.75f x x−= . In both the derivatives for this real ordered function the 

derivatives vary with the independent variable. Refer Figure 4.2b; the effect of 
growing control volume is approximated as steps. Each step signifies growing value 
of D . The shape emerged as dotted curve in the Figure 4.2b, approximates the first 
derivative of the Figure 4.2a. Here the first derivative or any other higher order 
integer derivative fails to contain the curvature information. 

In the functions with real order (other than integer order) if the concepts of 
fractional calculus are applied then we can contain the curvature information of 

1.5( )f x x=  by taking 1.5 derivative of the ( )f x  symbolically 1.5 1.5 1.5/ 1.33d x dx = .  

1.5
1.5 1.5 1.5

1.5

( 1)

( 1)

(1.5 1)
(2.5) 1.33

(1.5 1.5 1)

u ud u
x x

udx

d
x x

dx

α
α

α α
−

−

Γ +=
Γ − +

Γ += = Γ =
Γ − +

 

Therefore if the fractional differential operator is chosen in which the fractional 
order of differentiation matches the power law scaling of the function, then the 
curvature is reduced to a constant and all the scaling information is contained in 
the order of the derivative and that constant. If the neutron plume is traveling 
through material with evolving heterogeneity, then a fractional divergence might 
account for the increased dispersive flux over larger range of measurement scale.   

This argument sets the stage for writing neutron diffusion equation with 
fractional calculus. The above derivation and discussion completes the description 
of neutron diffusion equations in fractional calculus. 

In deriving the fractional differential equations for neutron diffusion in an enclosed 
volume we argued the basis of taking a larger observation space for defining 
divergence. The non-local formation of the divergence thus gives the effect of 
macroscopic effects caused by velocity fluctuations, the coupling effect of nearby 
zonal neighborhood neutrons (refer Figure 4.3). This therefore is making the 
constitutive descriptive equations closer to reality. The classical integer order 
constitutive differential equations are approximations to everything as “point” 
quantity in time or in space. The classical integer order methods do not thus take into 
account the space history or time history and therefore cannot represent the natural 
laws close to reality. Fractional calculus does take of all these reality and therefore 
more appropriate for representation of natural phenomena. Refer Figure 4.3, as an out 
side observer let us try to visualize space squares as depicted in the figure. The 
squares without any neutrons in them look differently to an outside observer as 
compared to the squares with the neutrons. While observer sitting in the same squares 
will not notice the difference in the squares with or without neutrons. So the observer 
in the same space will apply point quantity and will try to describe the neutron 
balance by classical integer order calculus. Whereas to the outside observer the 
squares or the space will appear transformed with or without presence of neutrons. 
The outside observer thus will apply this space transformation correction factor and 
obtain some different results, and that result will be close to reality. 
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4.9.1   Solution of Classical Constitutive Neutron Diffusion 
Equation (Integer Order) 

This section will serve as revision to simple classical solution of the diffusion 
equation. Then in the next section we will solve the fractional differential equation 
obtained. This we will demonstrate for the space variables in one dimension for 
simplicity. 

2

2

1

1
( 1)

a

a

a

dn d
S

dt v dt
S k

d
k

v dt

φφ φ

φ
φφ φ

∞

∞

∇ − Σ + = =

= Σ

∇ + − Σ =

D

D

 

The flux term is variable of space and time. The source term multiplication law 
governs S. The separation of variables will give following for the flux term which 
can be substituted in the basic constitutive equation and following expressions will 
emerge. 

2

( )

( ) ( 1) ( ) ( )

t

a

r e

r k r r
v

φ φ

φ φ φ

−Λ

∞

=
−Λ∇ + − Σ =D

 

Λ: is positive for sub critical and negative for super critical and zero for critical 
equilibrium reactor. The space coordinate r, we replace by x and with substitution 
of B as geometric buckling we get following simple form. The temporal solution is 
avoided for simplicity. 

2

2
2

2

( 1)

( )
( ) 0

ak
vB

d x
B x

dx

φ φ

∞
Λ− Σ +

=

+ =

D  

Here we can apply standard Laplace method with initial conditions at 0x =  at the 
center point of the reactor geometry having constant flux and at the walls at x a=  
zero flux. General Laplace formula for derivative of function is indicated below 
and is applied to have polynomial form. Here p is space-Laplace variable. 

1 2 1
2 2

@ 02 1
0

( )
( ) ] ( ) 0

k
k

xk
k

d x
p p p B p

dx

φ− −

=− −
=

Φ − + Φ =∑  

2 2
@ 0 @ 0

( )
( ) ] ( )] ( ) 0x x

d x
p p p x B p

dx

φ φ= =Φ − − + Φ =  
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0]
)(

0@ ==xdx

xdφ  and Cx x ==0@)](φ  

The above initial condition gives simple equation as:  

2 2( ) ( ) 0p p pC B pΦ − + Φ =  

2 2
( )

pC
p

p B
Φ =

+
 

Taking inverse BxCx cos)( =φ . 

4.9.2   Solution of Fractional Divergence Based Neutron Diffusion 
Equation (Fractional Order) 

With the extension of the above method we try to solve the fractional differential 
equation:  

2

1 1

@ 01
0

1 2
2

@ 0 @ 01 2

( )
( ) 0

1 2
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( ) ]

( ) ( )
( ) ] ] ( ) 0
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x x
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B x

dx

d f x d f x
p F p p

dx d

d x d x
p p p B p

dx dx

β

β

α α
α

α α

β β
β

β β

φ φ

β

φ φ

− − −

=− −
=

− −

= =− −

+ =

< <

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠

Φ − − + Φ =

∑L
 

The above is Laplace Transformation for LHD definition of the fractional derivative 
Note that in the expression fractional derivative of the flux as initial condition appear, 
which currently is tough to visualize and relate physically. Let us try to make use of 
Laplace transformation of RHD Caputo definition, as given below: 

1
1

@ 0
0

1 2 2
@ 0 @ 0

( ) ( ) ( )

( ) ( ) ( ) ( ) 0

kn
k

xk
k

x x

d d
f x p F p p f x

dx dx

d
p p p x p x B p

dx

α
α α

α

β β βφ φ

−
− −

=
=

− −
= =

⎛ ⎞
= −⎜ ⎟

⎝ ⎠

Φ − − + Φ =

∑L
  . 

The above expression we relate physically to the earlier initial condition taking 
second term as C and third term as zero as done earlier. Here the integer order 
derivative comes as initial condition, therefore physically realizable from 
measurements and observations. 
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The solution of the fractional differential equation for the constitutive neutron 
balance equation therefore is with Laplace identity  

{ }
1

( )
p

E t
p

α
α

α αλ
λ

−
− =

+
L  , 

we obtain: 
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The above is flux mapping obtained by the solution of fractional order neutron 
constitutive equations obtained by concept of fractional divergence. 

Let us see what classical flux pattern and fractional order flux pattern are same 
when we take the fractional order equal to 2 the integer order. 

Solution in the classical form is cosine function and series representation of the 
same is:  
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Therefore when the fractional order equals the integer order we get classical flux 
profile. This is proof of our assumption that indeed neutron flux being not a point 
quantity be represented as fractional divergence of order less than unity. 

4.9.3   Fractional Geometrical Buckling and Non-point Reactor Kinetics 

The above concept of fractional divergence gave a deviation from ideal flux map 
(cosine). The term geometrical buckling is indicative of the flux profile of neutron 
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flux inside the reactor. Measuring the actual flux distribution and then controlling the 
power of reactor is one mode of reactor control. Now if the control computer is kept 
with a map of cosine table and the neutron spatial detectors are mapping in each 
control cycle a deviation then the unwarranted correction cycles will keep the control 
devises moving. Actually the correction may not be called for if the control computer 
is programmed with actual fractional geometrical buckling data. The fractional 
divergence has given the new thought of ‘fractional geometrical buckling’, which in 
turns when, used with basic multiplying factor k∞  gives rise to a concept of fractional 

criticality. The describing reactor kinetics with fractional divergence will give 
concept of non-point kinetic description. The concept of fractional criticality is 
described in following section. 

4.9.4   Fractional Reactor Kinetic Equation 

We assume that the diffusion process is carried out exclusively in the moderator m , 
which has characteristic length ml  (distance between the two fuel rods of Figure 4.3); 

and say the characteristic length of the system is sL  (example fuel assembly length). 

Then the Fickian and non-Fickian cases are valid as long as length scale restrictions 
are met that is, m sl L<< . In the light water systems mean free path of thermal 

neutrons is 1cm, comparable to fuel pin diameter and on the orders of centimeters for 
fast neutrons. The relaxation times are 13m mvτ −≡ D  and order of magnitude of 

characteristic time constant may be defined as 2 /d mt L vφ≡ D , where 2Lφ  are 

characteristic lengths associated with ‘changes’ in the neutron flux. It can be observed 
that 2 2( / ) 3 /m d mt Lφτ ≅ D . Since 2 2/ 1m Lφ <<D , the time scale restriction is thus 

( / ) 1m dtτ << , in fractional form we may write ( / ) 1m dt
ατ << . In generalizing the 

neutron diffusion in heterogeneous medium with relaxation times included, we have 
obtained following type of equation as: 

1
2

1

1 1m m m
m m am am m m mv v tt t

α α
α α

α α

φ φ φτ τ φ φ
+

+

∂ ∂ ∂
+ ∑ + +∑ = ∇

∂∂ ∂
D . 

Including source term as  

q
k

q

S
S

t
τ ∂+

∂
, 

putting in above and dropping the subscripts m , we write generalized equation as: 

1
2

1

1q q q q
q q

a aq q q

S
S

v v tt t t

τ φ φ φτ φ φ τ
+

+

∂ ∂ ∂ ∂+ ∑ + = −∑ + ∇ +
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D , 

the six group source term is approximated as 
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6
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(1 ) a i ii

S k Cβ φ λ∞ =
= − ∑ +∑ , 

where the first term represents the production of prompt neutrons and second term 
is total rate of formation of delayed neutrons. Using this source (rather internal 
source) in the above fractional generalized equation we obtain. 
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The Laplacian 2φ∇  can be replaced by Geometrical Buckling 2
gB φ− , above can 

be expressed as 
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We can use separation of variables and write ( ) ( )t rφ φ ψ≡  and ( ) ( )i iC C t rψ≡ , 

where ( )rψ  represents fundamental spatial mode of steady state system. Using 

( ) ( )t vn tφ = , we write time dependent neutron population dynamics as:  
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Using, standard reactor physics notations as:  

2 / aL ≡ ∑D ,
12 2(1 )a gl v L B

−
⎡ ⎤≡ ∑ +⎣ ⎦ , 1 / ( )ak v∞Λ ≡ ∑ , 2 2/ (1 )eff gk k L B∞≡ + , 

        ( 1) /eff effk kρ ≡ −  

We get, 

1 6 6

1
1 1

1 (1 ) i
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Here ρ  is reactivity, l  is prompt neutron lifetime for finite media, Λ  is neutron 

generation time, β  is fraction of delayed neutron precursors, iλ  is radioactive-decay 
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constant for delayed neutron precursor, iC  is concentration of delayed neutron 

precursor, and τ  is relaxation time. The fractional-order 0 1α< <  gives sub-

diffusion and 1 2α< <  gives super diffusion. While 0ατ →  recovers classical 
reactor point kinetics 

6 6

1 1

i
i i i

i i

d Cdn
n C

dt dt

α
α

α
ρ β λ τ λ

= =

⎛ ⎞−= + + ⎜ ⎟Λ ⎝ ⎠
∑ ∑ . 

The fractional order term 1 1/d n dtα α+ +  is important contribution for rapid changes in 
neutron density, ( )n t  for example in case of reactor trip, turbine trip, while /d n dtα α  

contributes when changes in neutron density is relatively slow example during start 
up, and power maneuvering by control rods. The term /id C dtα α  becomes 

significantly of importance while in case of shut-down process, and also to 
understand ADS (Accelerator Driven Sub-criticality systems); that is sub-critical 
state, characterized by low fraction of delayed neutron and by ‘small’ Doppler 
reactivity coefficients. 

This is a kind of Fractional Differential Equation, obtained by generalizing the 
Catteneo’s diffusion where relaxation times are taken. However, there can be other 
type of generalization considering either infinite jump lengths of neutrons, or by 
considering infinite wait times between collisions as were discussed.  

The previous section gave boundary value problem, and thereby obtained was 
spatial flux distribution inside the nuclear reactor. Here we modify the point kinetic 
equations and call them Fractional coupled kinetic equation; the solution to this gives 
the time evolution of neutron population. Following is a case where infinite  
wait-time statistic gives fractional rate change in point kinetic, which is solved. The 
reactor fractional kinetic equations are given by following pair of fractional 
differential equations. 
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Where 0 1/ 2α< < , and initial condition is 0( ,0) ( )x xφ φ=  
The parameters are: 

cv : Neutron velocity 

φ : Neutron flux. 

C : Density of precursors 
D : Neutron diffusion coefficient 
γ : Average number of neutrons produced per fission 

fΣ : Macroscopic fission cross-section 
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aΣ : Macroscopic absorption cross-section 

λ : Radioactive decay constant 
β : Delayed neutron fraction that is fraction of the fission neutrons that are delayed 

Rewriting the above two equations by replacing with fB βγ= Σ  and f aγΣ = Σ − Σ , 

we get: 

21
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Rearranging from the first equation of above we obtain ( , )C x t as  
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and then using this in second equation we get: 
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The solution of this is demonstrated in Chapter 11, by decomposition technique, to 
get analytical approximate solution as series 
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and so on.  
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Here the functions of x  appearing as above are listed as follows: 
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The solution in time for flux growth is summation of all these flux components 
obtained. 

4.9.5   Growth of Neutron Flux with Time for Different Values of 
Fractional Orders and Fractional Criticality 

The solution of the fractional reactor point kinetics is shown in the previous 
section as series solution (as initial value problem). In the present analysis we 
shall use the above obtained series solution to present the nature of the neutron 
flux for different values of fractional order.  

For 220,000cm / scv = , -1000735cmB = , 2= 0.356cm s-αD , -10.08sλ = , 
-10.005cmΣ = , with initial condition as: ( ,0) ( ) 1.0x xφ φ= = , the following Table 4.1 

gives the values with respect to time. 
 

Table 4.2 Neutron flux ( )tφ , growth for different fractional order values 

Time (s) 0.1 0.2 0.3 0.4 0.5
0.00010 81.04535 10 66.21599 10 53.58370 10 42.00988 10 31.13743 10
0.00039 81.59622 10 71.42279 10 61.22266 10 51.01416 10 38.23638 10
0.00068 81.89937 10 71.99782 10 62.02159 10 51.97079 10 41.86944 10
0.00097 82.12264 10 72.48265 10 62.78898 10 53.01545 10 43.16326 10
0.00126 82.3039 10 72.91405 10 62.78898 10 53.01545 10 43.16326 10
0.00155 82.45852 10 73.3087 10 64.26719 10 55.29060 10 46.34629 10
0.00184 82.59449 10 73.67595 10 64.98668 10 56.50071 10 48.19238 10
0.00213 82.71652 10 74.02168 10 65.69632 10 57.75079 10 51.01890 10
0.00242 2.8277 10 74.34989 10 66.39764 10 9.03656 108 5 51.23257 10
0.00271 82.93014 10 74.66344 10 67.09176 10 61.03547 10 51.45939 10
0.00300 83.02536 10 74.96447 10 658 10 61.17024 10 51.69866 107.779  
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From observations of Table 4.2, the inference is drawn that neutron flux 
multiplication can be obtained at fractional order values at 0.3α > . The neutron 
flux growths for the lower values of 0.3α <  have saturation tendency with time. 
The rate of flux growth tends to decrease with time. Whereas for fractional order 
values 0.3α >  the rate of neutron flux growth is either positive or increases with 
time. This implies that there is possibility of nuclear reactor achieving the desired 
neutron multiplication factor k∞  or criticality at fractional values indicating 

concept of ‘fractional criticality’.  

4.10   Concept of Fractional Curl in Electromagnetics 

Fractional curl operator has been utilized to find the new set of solutions to 
Maxwell’s equations by fractionalizing the principle of duality. New set of 
solutions are named as fractional dual solutions to the Maxwell’s equation. 

4.10.1   Concept of Chirality 

Chirality is ‘handedness’, the term chiral describes an object, especially a 
molecule which has or produces a non-superimposeable mirror image of it itself. 
In chemistry, such a molecule is called an enantiomer or is said to exhibit 
‘chirality’ enatiomerism. The term “chiral” comes from the Greek word for the 
human hand, which itself exhibits such non-superimposeability of the left hand 
precisely over the right. Due to the opposition of the fingers and thumbs, no matter 
how the two hands are oriented, it is impossible for both hands to exactly 
coincide-Helices, chiral characteristics (properties), chiral media, order, and 
symmetry all relate to the concept of left- and right-handedness. 

Wave propagation as handedness is wave polarization and described in terms of 
helicity (occurs as a helix). Electrical polarization occurs perpendicular to the 
direction of propagation. If during the wave propagation through material the 
electric vector rotates clockwise then the material is right-handed, and if rotation 
occurs counterclockwise then material is left-handed. Historically, the orientation 
of a polarized electromagnetic wave has been defined for light by the orientation 
of the electric vector, and for radio waves, by the orientation of magnetic vector. 

4.10.2   Duality of Solutions 

The electromagnetic theory is based on principle of duality. Dual solutions of 
electromagnetic means any solution to a problem containing electric source can be 
converted into a dual solution to the problem containing a magnetic source. 
Duality does arise in circuit theory as circuit of Thevenin voltage source can be 
converted to Norton current source. In electromagnetic the set ( , , , , , )E H D B μ ε  

has dual solution with set ( , , , , , )H E B D ε μ− − .  
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This can be demonstrated by example as replacing E H→ , H E→ − , μ ε→ , and 

ε μ→  in jE Hω∇× = −  and jH Eω∇× = , keeps the two Maxwell equations 

same. The complex notation j 1= −  , in jω is used for representing time-rate 

change, whereas, complex notation i 1= −  , in ik  is used for representing ‘spatial 
rate of change’ specifically spatial harmonics. 

4.10.3   Fractional Curl Operator 

Fractional curl operator has been utilized to find the new set of solutions to 
Maxwell’s equations by fractionalizing the principle of duality. In electromagnetic 
the principle of duality states that if ( , )E Hη  is one set solutions (original) to 

Maxwell equations, then other set of solutions (dual to original) is ( , )H Eη − , 

where η is the impedance of the medium. The solution that may be regarded as 

intermediate step between the original and dual to the original solutions may be 
obtained using the following relationship. 

1
( )

( j )fdE E
k

α
α= ∇× and

1
( )

( j )fdH H
k

α
αη = ∇×  

Where ( )α∇× means the fractional curl operator and 2k fπ με ω με= =  is the 

wave number of the medium. The subscripted ,fd fdE H  notations mean fractional 

dual solutions. In the above definition of fractional curl operator the factor ( j )k α  

is used to normalize the result, since fractional derivatives of periodic (harmonic) 
signals will return this after derivative operation (Chapter 5 and10 gives detailed 
account of the fractional derivative of periodic signals). 

4.10.4   Wave Propagation in Unbounded Chiral Medium 

In a chiral medium electric flux and magnetic flux densities is composite quantity 
and represented as  

[ ]( )E Eε β= + ∇ ×D  and [ ]( )H Hμ β= + ∇ ×B  

Therefore the D (and B) at any point x depends on the electric field at other point 
x. This spatially dispersive property is non-local property and here the fractional 
calculus is used. The factor β is the chirality property of the media. 

Consider a uniform plane wave propagating in z-direction in an unbounded loss 
less isotropic chiral medium. According to field decomposition field quantities E 
and H may be thought of two plane waves i.e. ( , )E H+ + and ( , )E H− − , that are 

called ‘wave-fields’. The electric fields corresponding to two-wave fields are: 
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( ) (0)exp(i )E z E k z± ± ±= , 

where (1 )rk k κ± = ±  is the wave number of the two wave fields. k ω με=  and 

0 0 /rκ κ μ ε με= . (κ is ‘chirality’ parameter). Using the following relation  

( ) i ( )H z E zη± ± ±= ±  

Corresponding magnetic field may be obtained. In the above expression 

μη η
ε

±
±

±
= = . 

This means each wave field sees media with equivalent constitutive parameters as 
( , )ε μ+ +  and ( , )ε μ− − . Also, each wave-field sees ‘chiral medium’ as ‘achiral 

medium’, with equivalent parameters as ( , )ε μ+ +  and ( , )ε μ− − .   

Medium parameters of the equivalent isotropic media are related to the 
parameters of this chiral medium by  

(1 )rε ε κ± = ±  and (1 )rμ μ κ± = ±  

Simple expressions of wave fields can be written as  

1
( j )

2
E E Hη+ = −  

1
( j )

2
E E Hη− = +  

1
j

2

E
H H

η+

⎛ ⎞
= +⎜ ⎟⎝ ⎠

 

1
j

2

E
H H

η−
⎛ ⎞

= −⎜ ⎟⎝ ⎠
 

The total field in chiral medium, the original field is: 

i i( ) (0) exp(i ) (0)exp(i )E z E k z E k z+ + − −= +  
i i( ) i[ (0)exp(i ) (0)exp(i )]H z E k z E k zη + + − −= − . 

Fractionalizing the electric field ( ) ( )E z and E z+ −   we get  

1
( ) ( ) ( )

(i )
fdE z E z

k
α

α+ +
+

= ∇×  
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                                             { }i1
( ) (0) exp(i )

(i )

d
z E k z

k dz

α
α

α α+ +
+

⎧ ⎫⎪ ⎪= × ⎨ ⎬
⎪ ⎪⎩ ⎭

 

                         i (0) exp i
2

E k z
απ

+ +
⎧ ⎫⎛ ⎞= +⎨ ⎬⎜ ⎟⎝ ⎠⎩ ⎭

 

Similarly  

            i( ) (0) exp i
2fdE z E k z

απ
− − −

⎧ ⎫⎛ ⎞= −⎨ ⎬⎜ ⎟⎝ ⎠⎩ ⎭
 

Fractional dual fields corresponding to the original field may be written as 

i i( ) (0) exp i (0)exp i
2 2fdE z E k z E k z

απ απ
+ + + −

⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞= + + −⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭
 

i i( ) i (0) exp i (0)exp i
2 2fdH z E k z E k z

απ απη + + − −
⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞= + − −⎨ ⎬ ⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭⎣ ⎦

 

It is obvious that for 0α =  ( ) ( )fdE z E z=  and ( ) ( )fdH z H zη η= . 

For 1α =  

( ) ( )fdE z H zη=  and ( ) ( )fdH z E zη = −  

which is consistent with electromagnetic principle of duality. For any value in 
between solutions may be regarded as intermediate between the original and dual 
to the original solutions. 

4.10.5   Reflection in Chiral Medium 

Consider a plane wave hits a boundary normally a chiral to chiral interface, at 
0z = , the intrinsic impedance before the interface is η  and after the interface is 

1η . The total electric field of the wave fields before the interface is: 

( ) ( )i i( ) (0) exp i (0)exp iE z E k z R E k z± ± ± ± ±= + ∓ ∓  

Consider R∓  as the reflection coefficient for the negative incidence wave field and 

positive reflected wave field; and R±  is the reflection coefficient for positive 

incidence and negative reflected wave field. For reciprocal chiral medium the 
reflection coefficient becomes  
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1

1

R R
η η
η η±

−
= =

+∓ . 

So we can write: 

( ) ( )i i( ) (0) exp i (0)exp iE z E k z RE k z± ± ± ±= − − ∓  

                                       { }i (0) exp(i ) .exp( i )E k z R k z± ±= + − ∓  

The corresponding magnetic field is:  

{ }i( ) i (0) exp(i ) .exp( i )H z E k z R k zη ± ± ±= ± − − ∓  

Using these expressions the total field is written as: 

  { } { }i i( ) (0) exp(i ) .exp( i ) (0) exp(i ) .exp( i )E z E k z R k z E k z R k z+ + − − − += + − + + −  

             1 2 3 4E E E E= + + +  

 { } { }i i( ) i (0) exp(i ) .exp( i ) i (0) exp(i ) .exp( i )H z E k z R k z E k z R k zη + + − − − += − − − − −  

            1 2 3 4H H H Hη η η η= + + +  

The fractional dual solution to each of the field is given as: 

( )
( ) { } ( )i i

1
1

(0)exp(i ) i (0)exp(i )
i

fdE E k z E k z
k

α α
α + + + +

+

= ∇ × =  

The other components are: 

( )
( )

( )
( )
( )

( )
( )

i
2

i
3

i
4

i

i
2

i
3

i
4

i ( 1) (0)exp( i )

i (0) exp(i )

i ( 1) exp( i )

i i (0) exp(i )

i i ( 1) (0)exp( i )

i i (0)exp(i )

i i ( 1) (0)exp(i )

fd

fd

fd

ifd

fd

fd

fd

E E k z

E E k z

E E k z

H E k z

H E k z

H E k z

H E k z

α α

α

α α

α

α α

α

α α

η

η

η

η

+ −

− −

− +

+ +

+ −

− −

− +

= − − −

= −

= − − − −

=

= − −

= − −

= − − −

 

Using these expressions in the total field expressions of ( )E z  and ( )H zη  we get: 
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{ } { }i( ) (i) (0) exp i( ) ( 1) exp i( )fdE z E k z R k zα α
+ + −⎡ ⎤= + − −⎣ ⎦                  

                { } { }i( i) (0) exp i( ) ( 1) exp i( )E k z R k zα α
− − +⎡ ⎤+ − + − −⎣ ⎦  

{ } { }i( ) i(i) (0) exp i( ) ( 1) exp i( )fdH z E k z R k zα αη + + −⎡ ⎤= − − −⎣ ⎦                  

                { } { }ii( i) (0) exp i( ) ( 1) exp i( )E k z R k zα α
− − +⎡ ⎤− − − − −⎣ ⎦  

On simplification we have:  

i

i

(i) (0) exp i .exp i
2 2i

( ) exp
2

( i) (0) exp i .exp i
2 2

fd

E k z R k z

E z

E k z R k z

α

α

π πα α
απ

π πα α

+ + −

− − +

⎧ ⎫⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞− + − −⎪ ⎪⎨ ⎬ ⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭⎪ ⎪⎛ ⎞ ⎣ ⎦= ⎨ ⎬⎜ ⎟⎝ ⎠ ⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪+ − − + − −⎨ ⎬ ⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭⎣ ⎦⎩ ⎭

 

i

i

(i) (0) exp i .exp i
2 2i

( ) i exp
2

( i) (0) exp i .exp i
2 2

fd

E k z R k z

H z

E k z R k z

α

α

π πα α
απη

π πα α

+ + −

− − +

⎧ ⎫⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞− − − −⎪ ⎪⎨ ⎬ ⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭⎪ ⎪⎛ ⎞ ⎣ ⎦= ⎨ ⎬⎜ ⎟⎝ ⎠ ⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪− − − − − −⎨ ⎬ ⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭⎣ ⎦⎩ ⎭

 

For 0α =  we get ( ) ( )fdE z E z=  and ( ) ( )fdH z H zη η=  which is original set of 

solutions. For 1α =  we get ( ) ( )fdE z H zη=  and ( ) ( )fdH z E zη = −  which is dual 

to the original set of solutions. Above expressions for fields with 0 1α< <  may 
be regarded as fractional dual solutions corresponding to original set of solutions. 

4.10.6   Transverse Wave Impedance 

Transverse wave impedance is defined as  

/ /fdxy fdx fdy fdy fdxZ E H E H= = − , 

where 

( ) { }
{ }

i( ( /2)) i( ( /2))i

i /2

i( ( /2)) i( ( /2))i

(i) (0) .
( )

( i) (0) .

k z k z

fdx
k z k z

E e R e
E z e

E e R e

α π α πα
απ

α π α πα

+ −

− +

− − −
+

− − −
−

⎧ ⎫⎡ ⎤+⎪⎣ ⎦ ⎪= ⎨ ⎬
⎡ ⎤⎪ ⎪+ − +⎣ ⎦⎩ ⎭

 

( ) { }
{ }

i( ( /2)) i( ( /2))i

i /2

i( ( /2)) i( ( /2))i

(i) (0) .
( )

( i) (0) .

k z k z

fdy
k z k z

E e R e
H z e

E e R e

α π α πα
απ

α π α πα
η

+ −

− +

− − −
+

− − −
−

⎧ ⎫⎡ ⎤−⎪⎣ ⎦ ⎪= ⎨ ⎬
⎡ ⎤⎪ ⎪+ − −⎣ ⎦⎩ ⎭

 

Using rk k kκ+ = +  and rk k kκ− = − , we get 
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( ) { }i ii /2 i( ( /2)) i( ( /2)) i i( ) . (i) (0) ( i) (0)r rk z k zkz kz
fdxE z e e R e E e E eκ καπ α π α π α α −− − −

+ −⎡ ⎤= + + −⎣ ⎦
 

{ }i ii /2 i( ( /2)) i( ( /2)) i i1
( ) . (i) (0) ( i) (0)r rk z k zkz kz

fdyH z e e R e E e E eκ καπ α π α π α α

η
−− − −

+ −
⎛ ⎞ ⎡ ⎤= − + −⎜ ⎟ ⎣ ⎦⎝ ⎠

 

Substituting these in the expression for transverse impedance we get 

i( ( /2)) i( ( /2))

i( ( /2)) i( ( /2))

.

.

kz kz

fdxy kz kz

e R e
Z

e R e

α π α π

α π α π
η

− − −

− − −

⎡ ⎤+⎣ ⎦=
⎡ ⎤−⎣ ⎦

 

For Perfect Electric Conductor (PEC) interface, above impedance expression yields  
i tan( ( / 2))fdxyZ kzη α π= − , and at 0z = , i tan( / 2)fdxyZ η απ=  

Similarly  

/ i tan( ( / 2))fdyx fdy fdxZ E H kzη α π= − = −  

at 0z = , i tan( / 2)fdyxZ η απ= − . 

From above derivations, it is clear that for 0α = , 0fdZ =  at 0z = , which 

describes a situation as if PEC interface is placed at 0z = . For 1α = , the transverse 
wave impedance is placed at 0z =  which gives impedance fdZ = ∞ , describing a 

situation as if Perfect Magnetic Conductor (PMC) interface is placed at 0z = . 
Hence, for 0 1α< < , the wave impedance describes a surface located at 0z = , 
where impedance is in between PEC and PMC. 

Consider a chiral slab which is in between two different chiral media, the front 
media with intrinsic impedance 1η  and rear media with impedance 2η . The width of 

middle chiral slab is L  and its intrinsic impedance is 3η . The coordinate 0z =  is 

the front end of slab and z L= −  is the rear end of the slab. The transverse impedance 
for the fractional dual solution is: 

1 1

1

i( ( /2)) i( ( /2))
1

1 1 i( ( /2)) i( ( /2))
1

.

.

k z k z

fdxy k z kz

e R e
Z

e R e

α π α π

α π α π
η

− − −

− − −

⎡ ⎤+⎣ ⎦=
⎡ ⎤−⎣ ⎦

, with 2 1
1

2 1

fdxy

fdxy

Z
R

Z

η
η

−
=

+
 

2 2

2 2

i( ( /2)) i( ( /2))

2 1 i( ( /2)) i( ( /2))

.

.

k z k z

fdxy k z k z

e R e
Z

e R e

α π α π

α π α π
η

− − −

− − −

⎡ ⎤+⎣ ⎦=
⎡ ⎤−⎣ ⎦

, with 3 2
2

3 2

R
η η
η η

−
=

+
 

For a value 22 /k Lα π= , the situation is as if there is no chiral slab. The above 

derivation is extended, for a case of chiral slab backed by PEC interface the result is: 
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1 1

1

i( ( /2)) i( ( /2))
1

1 1 i( ( /2)) i( ( /2))
1

.

.

k z k z

fdxy k z kz

e R e
Z

e R e

α π α π

α π α π
η

− − −

− − −

⎡ ⎤+⎣ ⎦=
⎡ ⎤−⎣ ⎦

, 2 1
1

2 1

fdxy

fdxy

Z
R

Z

η
η

−
=

+
, 

where 2 2 2i tan( ( / 2))fdxyZ k Lη απ= − . It may be observed here, that for 0α = , it is 

situation of slab backed by PEC interface, while for 1α = , the slab is backed by a 
PMC interface. With 0 1α< <  deals with fractional dual solution. 

4.10.7   Propagation of Electromagnetic Waves in Bi-isotropic Medium 

Solution to the Maxwell’s Equations, for bi-isotropic media gives two circularly 
polarized waves. One of them is Right Circularly Polarized (RCP) and other is Left 
Circularly Polarized (LCP); traveling with different wave numbers k+  and k− , 

obviously with different phase velocities /phv kω= . Propagation of a plane wave 

through a plane parallel structure of bi-isotropic medium can be analyzed in terms of 
two non-interacting scalar Transmission Lines, with two eigen solutions waves, in the 
same way as simple isotropic media. The main difference is that in the case of bi-
isotropic medium re-ected waves has different wave numbers k , different from the 
incident waves. This implies that LCP wave will become RCP wave upon re-ection 
from the interface, and vice-versa. Thus incident and re-ected waves will see different 
effective medium, therefore the corresponding Transmission Line becomes non-
symmetric. 

Thus for two circularly polarized TEM eigen waves depending only upon z  
component, the following are the Maxwell’s Equations 

curl{ ( )} i ( )E z H zωμ± ± ±= − , 

and curl{ ( )} i ( )H z E zωε± ± ±= , we can re-write these as 

( ) i ( )zu E z H zωμ± ± ±× = −′ , 

and ( ) i ( )zu H z E zωε± ± ±× =′ . The primed symbol, that are, ,E H± ±′ ′  represents the 

differentiation with respect to z . In terms of Circularly Polarized (CP) unit vector u±  

satisfying izu u u± ±× = ± , we may write E u E± ±± =  and H u H± ±± = . Using these 

values, we may re-write the Maxwell Equations as: 

( ) i { i ( )}E z H zωμ± ± ±= −′ ∓  and i ( ) i ( )H z E zωε± ± ±= −′∓  

The above represents Transmission Line Equations as ( ) i ( )V z LI zω= −′  and 

( ) i ( )I z CV zω= −′ , by identifying V E± ±≡  and iI H± ±≡ ∓ . 
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4.10.8   Fractional Non-symmetric Transmission Line 

The positive and negative wave fields are represented by their respective voltage and 
current components. These components are added to get total voltage and current. For 
a boundary with reflection coefficient R±∓ , we can write the wave fields as, 

i i( ) (0) (0)k z k zV z V e R V e± ±−
± ± ± ±= + ∓  

ii( ) (0) (0) k zk zZI z V e R V e± −
± ± ± ±= − ∓

∓  

For reciprocal chiral medium  

L

L

Z Z
R R

Z Z±
−

= =
+∓ , 

so we write 

i i( ) (0){ }k z k zV z V e Re± ±−
± ±= +  

and  

ii( ) (0){ }k zk zZI z V e Re± −
± ±= − ∓ , 

now voltage and current can be written as 

i( ) i( ) i( ) i( )i i( ) (0) . (0) .k z k z k z k z
fdV z e V e R e e V e R eαπ απ απ απαπ απ+ − − +− − − − − −

+ −⎡ ⎤ ⎡ ⎤= + + +⎣ ⎦ ⎣ ⎦
 

i( ) i( ) i( ) i( )i i( ) (0) . (0) .k z k z k z k z
fdZI z e V e R e e V e R eαπ απ απ απαπ απ+ − − +− − − − − −

+ −⎡ ⎤ ⎡ ⎤= − + −⎣ ⎦ ⎣ ⎦  

Well, for 0α = , ( ) ( )fdV z V z=  and ( ) ( )fdZI z ZI z= . For  

(1/ 2)α = ( ) ( )fdV z ZI z=  

and ( ) ( )fdZI z V z= , which is original and dual to the original set of solutions for a 

Transmission Line. For 0 (1/ 2)α< < , solution sets fdV  and fdZI  may be regarded 

as intermediate step between the original and dual to the original solutions of 
Transmission Line. The Transmission Line corresponding to solution set fdV  and 

fdZI  may be termed a fractional dual transmission line. 
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4.10.9   Input Impedance of Terminated Fractional Non-symmetric 
Line 

The impedance is;  

( ) / ( )fd fd fdZ V z I z= , 

using rk k kκ+ = +  and rk k kκ− = − , we write i ii rk z kkze e e κ+ = × and 
i ii rk z - kkze e e κ− = × . Using these values and putting in fdV  and fdZI  obtained above 

we get: 

i ii1
( ) (0) (0) 2cos( ) i tan( )

( )
r rk z k z

fd L
L

V z e V e V e kz Z Z kz
Z Z

κ καπ απ απ−
+ −⎡ ⎤= + × − + −⎡ ⎤⎣ ⎦⎣ ⎦+

 

i ii1
( ) (0) (0) 2cos( ) i tan( )

( )
r rk z k z

fd L
L

ZI z e V e V e kz Z kz Z
Z Z

κ καπ απ απ−
+ −⎡ ⎤= + × − − +⎡ ⎤⎣ ⎦⎣ ⎦+

 

i tan( )

i tan( )
L

fd
L

Z Z kz
Z Z

Z Z kz

απ
απ

+ −
=

+ −
, 

for 0α =   

i tan( )

i tan( )
L

fd
L

Z Z kz
Z Z

Z Z kz

+
=

+
; 

which is relation of input impedance at any point for a Transmission Line having 
characteristic impedance Z . We consider it as a original Transmission Line. Now 
for (1/ 2)α = , we get  

i cot( )

i cot( )
L

fd
L

Z Z kz
Z Z

Z Z kz

+
=

+
, 

which is relation for input impedance at any point for dual to original transmission 
line. 

It may be noticed that at a particular point along the original Transmission Line 
input admittance becomes the corresponding input impedance of the dual 
Transmission Line. So for 0α = , fdZ  expression represents input impedance of 

the original Transmission Line and (1/ 2)α =  represents the dual to the original 

Transmission Line, and when 0 (1/ 2)α< <  represents impedance of fractional 

dual Transmission Line. 
Variation in value of α  along the fractional Transmission Line corresponds to 

variation in the observation point along the original Transmission Line. So, the 
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behavior along the Transmission Line may be studied by changing the fractional 
parameter along the corresponding fractional Transmission Line, while keeping 
the observation point constant.  

Setting the observation point 0z =  then  

- i tan( )

i tan( )
L

fd
L

Z Z
Z Z

Z Z

απ
απ

=
−

, 

it is obvious that  

0fd LZ Z
α =

= , 2

(1/2)
/fd LZ Z Z

α =
= or 

0fd LZ Z
α=

=  

and  

(1/2)
1 /fd L LZ Z Y

α =
= = .  

This means if original Transmission Line that is 0α =  deals with Transmission Line 
which is terminated by LZ  load, then 0.5α =  deals with Transmission Line which is 

terminated by a load, having impedance LY . For 0 0.5α< <  represents a new line 

terminated by a load, which may be regarded as in between LZ  and LY .  

Now consider further special cases. If 0LZ =  then 
0

0fdZ
α =

= , and 

0.5fdZ
α =

= ∞ , and if LZ = ∞ , then 
0fdZ

α =
= ∞  and 

0.5
0fdZ

α =
= . For 

0 0.5α< < , if load LZ is inductive, for an original load of LZ  short circuit, and LZ  

is capacitive if originally the LZ  is open circuit.  

4.11   Concluding Comments 

This chapter extends the argument about reality of having the concept of fractional 
order calculus to describe the Nuclear Reactor and application in Electromagnetic 
Theory. With regards to the electromagnetic theory the application of the fractional 
curl will see extension of its usage in description of Left Handed Materials (LHM) or 
Metamaterials where the electromagnetic gets reversed. Reversal of Snell’s law, 
reversed Doppler Effect and superlumilaty are terms associated with LHM utilized 
for presently to have perfect focusing of beams by straight surfaces. Future will see 
the geometrical interpretation of the concept of fractional curl and its use in formation 
of turbulence in flow of fluids and electromagnetic. The concept of fractional 
divergence as introduced in reactor description will in future lead to development of 
reactor criticality concepts based on fractional geometrical buckling, and fractional 
criticality or fractional multiplication factor. This enables to describe the reactor flux 
profile more closely to actual and maintain efficient correction and control. The 
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fractional divergence will be used to describe several anomalous effects presently 
observed in diffusion experiments, which, is presently ode to non-linearity effects and 
its explanation through integer order theory or by probabilistic methods. The concept 
of fractional stochastic difference equations and anomalous transport described here 
by fractional diffusion equation, to explain the long tailed time-series behavior, are 
also observed in various physiological processes of non-linear dynamics in biology 
and other self-similar ‘fractal’ phenomena. The use of slope, in log-log plot of the 
asymptotic frequency spectra for physiological phenomena having fractal property is 
an indicator of unhealthiness or healthiness. The time series of healthy individual’s 
heart beat that is interbeat interval increment shows ‘anti- persistence’ behavior as 
described in random walk phenomena can be obtained from spectral analysis. Also 
the method described here for anomalous transport, can be applied to studies of 
economics more specifically econo-physics. The fluctuations of stock market or ruin 
theory of a company or say distribution of wealth indeed are classical cases to study 
by theories of anomalous transport developed here to describe neutron diffusion.  





Chapter 5 
Fractional Differintegrations Insight Concepts 

5.1   Introduction 

This chapter describes the geometric and physical interpretation of fractional 
integration and fractional differentiation. As a start point the Riemann-Liouville (RL) 
fractional integration is taken. Briefly existence of fractional differintegration is 
discussed along with useful tricks to obtain the fractional differintegration. The 
geometric interpretation is developed first for RL integration process along with 
concept of transformed time scales, and in-homogeneous time axis. Thereafter the RL 
definition is geometrically explained by convolution of the power function and the 
integrand, and as area under shape changing curve is demonstrated. The concept of 
delay is developed for Grunwald-Letnikov differintegration process and this is 
converted into the specific definition of short-memory principle, used for computer 
applications. The GL differintegration is also explained as in the classical calculus by 
considering infinitesimal quantities for the independent variable and the function, and 
explained graphically. The GL definition is expanded with binomial coefficients and 
its application to numerical regression. These methods are advance algorithms to get 
digital realization for fractional order controllers. The application to solve fractional 
differential equation numerically is demonstrated.  Small introduction is made 
regarding definitions of Local Fractional Derivatives (LFD) for continuous but 
nowhere differentiable functions. These LFD (Kolwankar-Gangal K-G definition’s) 
utility is extended to measure critical point behaviors of physical system and its 
relation to ‘fractal’ dimension. The demonstration is made to have fractional 
integration and fractional differentiation, for fractal distributed quantities; thus, line, 
surface and volume integration can be performed when the measurable quantities are 
distributed in fractal form, Thereby generalizing the Gauss’s and Stroke’s law for 
fractal distributed quantities. 

5.2   Calculating Fractional Integral 

Our ability to calculate explicitly the fractional integral of ( )f x  depends on 

proficiency in performing integration  
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1

0

( ) ( )
x

vx u f u du−−∫ , 0v > . 

However because of nature of ‘singular’ kernel 1( )vx u −− , it is possible to develop 

certain analytical tricks that allow us to calculate the fractional integral. Even for 
explicit calculations of fractional derivatives one has to fractionally integrate the 
function. This trick can be used for large classes of well behaved functions, and 
analytical functions.  

5.2.1   Existence of Fractional Differeintegration 

We take our clue from Integer Order Calculus, that the class of differentiegrable 
function is a classically ‘well-behaved’ function. Off course most of the classical 
functions of mathematical physics and engineering are ‘well behaved’ and thus we 
can go ahead for fractional differentiation and integration. Say the speedometer 
reading of a moving car or odometer reading of moving vehicle (function with 
respect to time) is well behaved, and on this reading we can calculate the 
differentiation and or integration to derive automatic control functions. If they 
were not the control action will be exceptional.  

Candidate function is defined on a closed interval [ ]a x y≤ ≤  that is bounded 

everywhere in half open interval a x y< ≤  and is better behaved at the ‘lower-

limit terminal’ a ; than is 1( )x a −− . Better behaved than 1( )x a −−  means that 

[ ]lim ( ) ( ) 0
x a

x a f x
→

− = . 

Physically, it is the area under the curve near the lower-limit terminal a ; which 
indeed should be zero. That is, 

( )
lim ( ) 0

a

a a
a

f x dx
+

+ →
=∫ . 

We define class of ‘differintegrable series’ to be all finite sums of functions each 
of which may be represented as product of power of ( )x a−  and analytic function 

of 
1

( ) nx a− , where n  is positive integer. For, 0 0a ≠  we represent the 

differintegrable series as 

0

( ) ( ) ( )
kp n

k
k

f x x a a x a
∞

=

= − −∑ . 

 For say 2n = , the series expansion is: 
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1
12

0 1 2( ) ( ) ( ) ( ) ........
pp pf x a x a a x a a x a
+ += − + − + − +  

3
1 22

0 1 2( ) ( ) ( ) ( ) ( ) ......
pp px a f x a x a a x a a x a
++ +− = − + − + − +  

Then  

lim( ) ( ) 0
x a

x a f x
→

− = , 

only if 1 0p + >  that is, 1p > − . Meaning better behaved than 1( )x a −− , the 

function is differintegrable (fractionally). 
In addition to the bounded example the functions 

1
2( ) ( )f x x a

−
= − ,

3
4( ) ( ) sinf x x a x a

− ⎡ ⎤= − −⎣ ⎦ , ( ) ( )f x x a= − , log x , ( ) 0f x =

[ ]1
( ) sin ( ) 1

2
f x x aπ= − − ,  

Heaviside’s unit step, Square Wave function, is fractionally differinitegrable.  The 
functions which are not differintegrable are like  

1( ) ( )f x x a −= − , 29
( ) ( )

4
f x x a= − − . 

5.2.2   Useful Procedure for Calculating Fractional Integral 

The procedure is that we have to express the fractional integral of a power of x , times 
a function ( )f x  in terms of fractional integral of ( )f x . This is demonstrated below: 

[ ] [ ]1

0

1
( ) ( ) ( )

( )

x
v vD xf x x u uf u du

v
− −= −

Γ ∫ , 0v >  

If we replace the term in brackets in the integrand by [ ]( ) ( )x x u f u− − , the 

integral becomes: 

[ ] [ ]{ }1

0

1
( ) ( ) ( ) ( )

( )

x
v vD xf x x u x x u f u du

v
− −= − − −

Γ ∫  

                1

0 0

( ) ( ) ( ) ( )
( ) ( )

x x
v vx v

x u f u du x u f u du
v v v

−= − − −
Γ Γ∫ ∫  

                ( 1)( ) ( )v vxD f x vD f x− − += −  



216 5   Fractional Differintegrations Insight Concepts
 

So for 

( 1) ( , ) ( 1, )v ax v ax v ax
x xD xe xD e vD e xE v a vE v a− − − +⎡ ⎤ = − = − +⎣ ⎦ , 

similarly we can use this trick for  

[ ] ( 1)cos cos cos ( , ) ( 1, )v v v
x xD x ax xD ax vD ax xC v a vC v a− − − += − = − + , 

and for  

[ ]sin ( , ) ( 1, )v
x xD x ax xS v a vS v a− = − +  

The above method can be generalized if a function is multiplied by px , where p  

is nonnegative integer. The procedure is demonstrated as:  

1

0

1
( ) ( ) ( )

( )

x
v p v pD x f x x u u f u du

v
− −⎡ ⎤ ⎡ ⎤= −⎣ ⎦ ⎣ ⎦Γ ∫ , With 0v > . 

Replace [ ]
0

( ) ( 1) ( )
p

pp k p k k

k

p
u x x u x x u

k
−

=

⎛ ⎞
≡ − − = − −⎜ ⎟⎝ ⎠∑ , 

then integral becomes: 

1

0 0

1
( ) ( 1) ( ) ( )

( )

xp
v p k p k v k

k

p
D x f x x x u f u du

kv
− − + −

=

⎛ ⎞⎡ ⎤ = − −⎜ ⎟⎣ ⎦ Γ ⎝ ⎠∑ ∫  

                                 ( )

0

1
( 1) ( ) ( )

( )

p
k p k v k

k

p
v k x D f x

kv
− − +

=

⎛ ⎞
= − Γ +⎜ ⎟Γ ⎝ ⎠∑  

Using 

                 
1(1 ) ( )

( 1) ( 1)
! (1 ) ! ( )

n nz z nz z n

n nn z n n z

− + −⎛ ⎞ ⎛ ⎞Γ − Γ += = − = −⎜ ⎟ ⎜ ⎟Γ − − Γ⎝ ⎠ ⎝ ⎠
, 

we write: 

( )

0

( ) ( )
p

v p k p v k

k

v
D x f x D x D f x

k
− − +

=

−⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠∑  

For example  
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0

1
( 1) ( ) ( , )

( )

p
v p ax k p k

x
k

p
D x e v k x E v k a

kv
− −

=

⎛ ⎞⎡ ⎤ = − Γ + +⎜ ⎟⎣ ⎦ Γ ⎝ ⎠∑  

5.2.3   Calculating Fractional Integral with Non-zero Lower Limit 

For calculating the fractional integral when lower terminal is not zero. 

11
( ) ( ) ( )

( )

x
v v

c x

c

D f x x u f u du
v

− −= −
Γ ∫ , 0v >  

and 0 c x≤ < . With change of variable as (1 )u x y= − , we write: 

1

0

( ) ( )
( )

v
v v

c x
x

D f x y f x xy dy
v

χ
− −= −

Γ ∫ , 
x c

x
χ −
=  

For example take ( )f x xμ= , 1μ > − and substituting in above we have: 

1

0

(1 ) ( , 1)
( ) ( )

v v
v v

c x
x x

D x y y dy v
v v

χμ μ
μ μ

χ μ
+ +

− −= − = Β +
Γ Γ∫ , 

x c

x
χ −
=  

(in terms of incomplete Beta function). In this if we let 0c = , then we get  

0
( 1)

( 1)
v v

xD x x
v

μ μμ
μ

− +Γ +
=
Γ + +

 

With this observation we can also write 

( , )v ax ac
c x x cD e e E v c−

−= , 

and 

cos (cos ) ( , ) (sin ) ( , )v
c x x c x cD ax ac C v a ac S v a−

− −= −  

5.2.4   Fractional Integral for Analytical Function 

Let ( )f x  be analytical function in interval [0, ]X  and we try to obtain its 

fractional integral expression. 
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1
0

0

1
( ) ( ) ( )

( )

x
v v

xD f x x u f u du
v

− −= −
Γ ∫ , 0v > , 0 x X< ≤  

                                     1

0

1
( )

( )

x
vy f x y dy

v
−= −

Γ ∫  

For analytic function, for all y a= , [0, ]X∈  we have series expansion as: 

1

( ) ( ) ( 1)
!

k
k k

k

D
f x y f x y

k

∞

=

− = + −∑ , 

converges for all y  in interval [0, ]x . Substituting this analytical expansion in the 

integral we get: 

1 1
0

10 0

( ) 1 ( )
( ) ( 1)

( ) ( ) !

x x k
v v v k k

x

k

f x D f x
D f x y dy y y dy

v v k

∞
− − −

=

⎡ ⎤
= + −⎢ ⎥
Γ Γ ⎢ ⎥⎣ ⎦

∑∫ ∫  

We may change the order of summation and integration to obtain: 

1
0

0

1 ( 1) 1 ( ) ( ) ( )
( ) ...

( ) !( ) ( ) ( 1) 2!( 2)

k k
v v k v v

x
k

D f x f x f x
D f x x x x

v k v k v v v v

∞
− + +

=

⎡ ⎤− ′ ′′= = − + −⎢ ⎥Γ + Γ + +⎣ ⎦
∑  

Thus we have expressed fractional integral of analytical function in terms of 
ordinary derivatives of that function. 

Recalling the expression 

[ ]( ) 1
1

( 1)
v k v k

xD x
v k

− + +=
Γ + +

, 

and using the same we may write the above expansion as: 

( ) ( )
0

0 0

1
( ) ( 1) ( ) (1) ( ) (1)v k k v k k v k

x

k k

v k v
D f x D f x D D f x D

k k

∞ ∞
− − + − +

= =

+ − −⎛ ⎞ ⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= − =⎜ ⎟ ⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠ ⎝ ⎠∑ ∑
 

5.3   Fractional Differintegration of Product of Two Functions 

The rule for differentiating a product of two functions in integer order calculus is: 

[ ] [ ] [ ]
0

nn n j j

n n j j
j

nd fg d f d g

jdx dx dx

−

−
=

⎛ ⎞
= ⎜ ⎟⎝ ⎠∑ , 
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and off course restricted to nonnegative integer n . 
This finite sum could well be extended to infinite sum, recognizing the fact that 

0
n

j

⎛ ⎞
=⎜ ⎟⎝ ⎠

, for j n> . From above product rule we generalize as:  

[ ] [ ] [ ]
0

k k

k

D fg D g D f
k

μ μμ∞
−

=

⎛ ⎞
= ⎜ ⎟⎝ ⎠∑ , 0μ > . 

Applying this rule to [ ] [ ( )]pfg t f t= , we get: 

0

( ) ( )
p

p r p r

r

D t f t D t D f t
r

μ μμ −

=

⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠∑ , for 0,1,2,...p =  and 0μ > , 

From here if [ ] [ ( )]fg tf t= , then [ ] 1( ) ( ) ( )D tf t tD f t D f tμ μ μμ −= + , for 0μ > .  

It is interesting to note that if 0 1μ< < , and then the term 1 ( )D f tμ−  is 

fractional integral and not fractional derivative!  
The same expression we apply to get: 

( , ) ( , ) ( 1, )t t tD tE w a tE w a E w aμ μ μ μ= − + − +⎡ ⎤⎣ ⎦  

The product rule for integer order integration comes from repeated integration by 
parts as: 

[ ] [ ] [ ]
0[ ( )] [ ( )] [ ( )]

n n j j

n n j j
j

nd fg d f d g

jd x a d x a d x a

∞− − −

− − −
=

−⎛ ⎞
= ⎜ ⎟⎝ ⎠− − −∑ , 

for n , nonnegative integer.  
We thus expect the product rule for general arbitrary 0v > , as: 

[ ] ( )

0

v k v k

k

v
D fg D g D f

k

∞
− − +

=

−⎛ ⎞ ⎡ ⎤ ⎡ ⎤= ⎜ ⎟ ⎣ ⎦ ⎣ ⎦⎝ ⎠∑  

The generalized product rule called as Leibniz’s rule for fractional differintegration 
is: 

[ ] [ ] [ ]
0

[ ( )] [ ( )] [ ( )]

q q j j

q j j
j

qd fg d f d g

jd x a d x a d x a

∞ −

−
=

⎛ ⎞
= ⎜ ⎟− ⎝ ⎠ − −∑ , for any q . 

Take a fractional differential equation 
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1
2 ( ) ( ) 0tD y t y t− = , 

we apply 
1

2D on this and write the same as: 

1 1 1
2 2 2( ) ( )D tD y t D y t⎡ ⎤ =⎢ ⎥⎣ ⎦

.  

Here we apply Leibniz’s rule to get: 

1 1 1 1 1
2 2 2 2 21

( ) ( ) ( )
2

tD D y t D D y t D y t
−⎡ ⎤ ⎡ ⎤+ =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

, 

which is 

1
21

( ) ( ) ( )
2

tDy t y t D y t+ = . 

But from the initial equation we have 

1
2 ( )( ) y tD y t t= , 

substituting this on above obtained equation we have now a linear ordinary integer 
order differential equation as:  

1 ( )
( ) ( )

2

y t
tDy t y t

t
+ = , 

its solution is by simple integration, for 0t > , 
11

2( ) ty t Kt e
−−= , with K  as 

constant of integration. 
Let us consider another similar equation: 

1
2( ) ( ) 0ty t D y tπ −− = , 

which is a fractional integral equation. Operating with 
1

2D  and rearranging  
we have:  

[ ]1 1 1
2 2 2( ) ( ) ( )D ty t D D y t y tπ π−⎡ ⎤= =⎢ ⎥⎣ ⎦

. 

Now apply Leibniz’s rule and we get: 

1 1
2 21
[ ( )] [ ( )] ( )

2
tD y t D y t y tπ−+ = , 
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but initial equation is 

1
2 ( ) ( )

t
D y t y t

π
− = , 

and substituting, this on above we obtain:  

1
2 ( ) ( ) ( )

2

t
tD y t y t y tπ

π
+ =  

Taking the ordinary derivative of original equation 

1
2( ) ( ) 0ty t D y tπ −− = , 

we get: 

1
2( ) ( ) ( )tDy t y t D y tπ+ = . 

Eliminating
1

2 ( )D y t , from this equation and previous derived one we have 

2 3
( ) ( ) 0

2
t Dy t t y tπ⎛ ⎞+ − =⎜ ⎟⎝ ⎠

, 

an ordinary differential equation and its solution for 0t >  is obtained by 

integration as 
3

2( ) ty t Kt e
π−−=  with K  as constant for integration. 

5.4   Symbol Standardization and Description for Differintegration 

Mathematicians have used several notations since the birth of fractional calculus. 
As mentioned in the Introduction chapter (Historical Development of Fractional 
Calculus) several contemporary notations for fractional differentiation and 
fractional integration. Here attempt will be made to standardize the notations as 
differintegrals. The same operator used as integrator when index is negative and 
differentiator when index is positive. Separate notation will be used to indicate 
initialized differintegral operator and un-initialized operator. However the 
difference in notations is made clear as ‘un-initialized’ and ‘initialized’ 
differintegrals, the concept of initialization function ( , , , , )f q a c tψ  is dealt in 

details in the next chapters. 

( )q
c tD f t  Represents initialized q-th order differintegration of ( )f t  from start 

point c to t. ( )q
c td f t  Represents un-initialized generalized (or fractional) q-th 

order differintegral. This is also same as 
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[ ]
( )

( )
( )

q
q

c tq

d f t
d f t

d t c
≡

−
, 

shifting the origin of function at start of the point from where differintegration starts. 

This un-initialized operator can also be short formed as ( )qd f t . The initialization 

function (not a constant) is represented as ( , , , , )f q a c tψ  meaning that this is 

function of independent variable t, and is for differintegral operator of order q, for the 
function ( )f t  born at t a=  (before that the function is zero), and differintegral 

process starting at t c=  This initialization function can be short formed as 
( ), ( , , )t f q tψ ψ . Therefore the expression between initialized differintegral and un-

initialized one is: 

( ) ( ) ( , , , , )q q
c t c tD f t d f t f q a c tψ= +  

The notation contains lower limit of the process at the front subscript and the order 
of the process at the tail superscript, with independent variable with respect to 
what is being differintegrated. 

For Caputo derivative we will describe ( )C q
c td f t as the uninitialized one and 

( )C q
c tD f t  for initialized case. For a generalized case of fractional derivative of 

order 0 1α< <  with type parameter 0 1β≤ ≤  the fractional initialized derivative 

representation is ( )a tD f tβ α . For 1β = , we have Caputo derivative and for 0β = , 

we get Riemann-Liouvelli (RL) derivative. For local fractional derivative at a 

point, 0t  we describe the symbol as 0( )q
t f tD .  

5.5   Riemann-Liouville Fractional Differintegral 

5.5.1   Scale Transformation 

The integration in fractional calculus is embedded part of the fractional 
differintegration. The RL definition is described as: 

1
0

0

1
( ) ( )( )

( )

t

tD f t f t dα ατ τ τ
α

− −= −
Γ ∫  

Take the function g as which is basically scaling the time τ  variable to the 
function ( )g τ , is scale transformation concept. Described as: 
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{ }

1

0

0

1
( ) ( )

( 1)

( )

( )
( )

( )

( ) ( ) ( )
t

t

g t t

g

t
dg

D f t f dg

α α

α

α

τ τ
α

τ τ
ττ
α

τ τ

−

−

= − −
Γ +

→

−=
Γ

= ∫

 

Therefore the fractional integration of the function is area under the curve for the 
plot of ( )f τ  and ( )g τ , from 0 t− .  Let us take three axes , ( ), ( )g fτ τ τ , making a 

cubic room with floor comprising of plane , ( )gτ τ . We plot the function as from 

0 t τ< < , in the floor 

{ }1
( ) ( )

( 1)
g t tα ατ τ

α
= − −
Γ +

. 

This is depicted in Figure 5.1. Along the obtained curve (on the floor) we build a 
fence of varying height ( )f τ , so the top edge of the fence is 3D line. Points are 

, ( ), ( )g fτ τ τ for 0 tτ< < . 

WALL –I ),( f
INTEGER ORDER
SHADOW –I

df )(

WALL – II (f,g)
FRACTIONAL
ORDER
SHADOW – II

( ) ( )f dg

)(g

FLOOR ),( g
 

 
Fig. 5.1 The 3D representation of RL fractional integration.  
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The shadow on the wall ( , ( ))fτ τ  as shown in Figure 5.1, is well known area 

under the curve and is normal integer order integration  

1
0

0

( ) ( )
t

tD f t f dτ τ− = ∫ . 

The second shadow on the wall ( ( ), ( ))g fτ τ  is geometric interpretation of the 

fractional integration of ( )f t , i.e.  

0 0
( ) ( ) ( )

t

tD f t f dgα τ τ− = ∫  

for fixed t  that is, area under shadow of wall-II. The observation from Figure 5.1 
is that what happens when t is changing (namely growing), the fence changes 
simultaneously. Its length and in certain sense its shape changes. The area under 
shape changing curve (shadow on wall-II) when differentiated by integer order m  
such that integer m α> , will give fractional derivative of order m α− . That is 

0
( ) ( ) ( )

t
m

t tD f t D f dgμ τ τ= ∫ , 

where mμ α= − , and ( )g τ  is power function defined as above, with power α , 

translating uniform time scale ( )gτ τ→ . 

The wall ( ( ), ( ))f gτ τ , depicting shadow growing as 9 10t = →  depicting 

fractional integration is shown in Figure 5.2. Area under shape changing curve, is 
fractional integration 

)(f

)(g
9t 10t  

Fig. 5.2 Shadow on the wall showing fractional integration as t grows. 
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5.5.2   Changing Shape of Curve While Obtaining Fractional 
Integration and Differentiation 

The explanation about, difference in concept of area under a constant curve-
integer order integration and area under changing shape of curve-fractional 
integration is proved here. The generalized integrationof Riemann-Liouvelli type, 
of any real number q -folds is  

1
0

0

1
( ) ( )

( )

t
q q

td t f d
q

τ τ τ− −= −
Γ ∫  

In the above expression let us put 

1

qt xτ = − , 

giving 

1
1

q

qd x dx
q

τ
−

= − , 

substituting this change of variable the generalized (fractional) order integration 
relation is: 

11 1 10
1

0
0

1 1 1
( ) ( ) ( )

( ) ( ) q

q qt
q q q q q

t

t

d t f d t t x x f t x dx
q q q

τ τ τ
− −

− −
⎛ ⎞ ⎛ ⎞

= − = − + − −⎜ ⎟ ⎜ ⎟Γ Γ ⎝ ⎠ ⎝ ⎠∫ ∫  

                                                       

11 1 101
( )

( ) q

q q

q q q

t

x x f t x dx
q q

− −⎛ ⎞
= − −⎜ ⎟Γ ⎝ ⎠∫  

                                                        
1

0

1
( )

( 1)

qt
qf t x dx

q
= −
Γ + ∫  

Therefore, the fractional integration of a function as defined above, by convolution 
integral is also visualized geometrically, as an area under the ‘changing curve’ as time 
( t  ) grows, that is 1/( )qf t x−  and the limit of integration is from 0x =  to qx t= . 

This is the major difference as geometrical interpretation from integer order calculus, 
where the integration (one-fold) means as the time grows, and the integration is area 
under the same function f  from 0x =  to x t= . Whereas, in fractional integration 

the function itself keeps on changing its shape from time-to-time and new area be 
evaluated at each time, under a new function transformed as: 1/( ) ( )qf x f t x→ − , 

with limits of integration as transformed from (0 )t−  to (0 )qt−  that is compressed 

(or expanded scale). This geometrical explanation is available in a simple function 
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2( ) ( 2)f x x= + , in integer order integration yields the area under the curve 2( 2)x +  

from say 0,x =  to 1x t t= =  for any time the function is same. While changing the 

integration to any other limit, one has to add the incremental area under the same 
curve, 2( 2)x +  from, time 1x t=  to 2x t= , to that obtained earlier. For the case of 

fractional integration it is not so. The same function 2( 2)x +  when fractionally 

integrated by say half order then the curve keeps on changing the shape. When 
0.001t = , the area under the curve is for the function 

2 2 2 4( ) (0.001 2) (4 4 )f x x x x= − + ≈ − + , from 0x =  to 0.001x = . For, 1t =  

the semi-integration will yield area under a different function that is 
2 2 2 4

1( ) (1 2) 9 6f x x x x= − + = − + , from 0x =  to 1x = . For 3t = , a different 

curve is integrated that is 2 4
2 ( ) 25 10f x x x= − + , from 0x =  to 3x = , and so on. 

Obviously, after evaluating all these integrations with the changing functions as time 
variable grows, a scalar multiplication by a constant that is (1/ 0.5 (0.5)Γ ) will give 

correct semi-integration of the function. The fractional integration is embedded in the 
differentiation process too, and thus as opposed to integer order calculus, the 
fractional differentiation is non-local quantity. The differentiation in fractional order 
is non-local process, and requires lower terminal and upper terminal for the interval 
under consideration, for the fractional differentiation process. 

For 10t = , τ is varied from 0-10. ( )g τ , is formed and then ( )f τ  is plotted. 

The Figure 5.2 shows the change in the shape of the curve from 9t =  to 10t =  
and the integration under the new shape. The difference in the integer order 
integration is that the new shape of the curve from 0-10 as compared to old one  
0-9. When t changes the entire preceding time interval changes as well. The 
changing area under the shape changing curve, when differentiated by integer 
order m  just greater than the fractional order α  used for integration, will yield 
fractional differentiation of order m α− . 

5.5.3   Homogeneous and Heterogeneous Scales in Fractional 
Integration/Differentiation 

Let us consider a moving object fitted with speedometer and a clock. The observer in 
the moving object records the speed at the end of each second (time-interval) as 

1 2 3 10, , ,...v v v v . At the end of 10 seconds the observer in the moving object calculates 

the distance, 1 2 3 10...NS v v v v= + + + , where the observer takes by the local clock 

each interval of time as ‘one-second’. Now the observer stationary at the fixed frame 
of reference knows that the clock of the mobile observer is running slow. The actual 
time at the end of each one-second is 1, 2, 4, 8, 16, 32, 64 …. Then the actual 
distance traveled as seen by stationary observer (call cosmic observer) as per the 
actual time (call cosmic time) is 1 2 3 4 5 4 52 4 8 16 32 64 ...oS v v v v v v v= + + + + + + + , 

is much more than NS . The integration of local velocity (speed) with local time is 

integer order integration and the integration of the speed recorded with respect to the 
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transformed time is fractional order integration. These phenomena when moving 
body changes its position in space-time, the gravitation field in the entire space-time 
changes due to movement of the object. As a consequence, the ‘cosmic-time-
interval’, which corresponds to history of the movement of the moving object, 
changes. , ( ),NS v τ τ , is individual, distance, speed, and time, of the observer moving 

with the object. , ( ),o oS v t t , distance, speed and time as recorded by the observer 

outside on fixed frame of reference (cosmic). They are related as  

1
0

0

( ) ( ) ( )
t

N tS t D v t v dτ τ−= = ∫ , 0

0

( ) ( ) ( ) ( )
t

o tS t D v t v dgα τ τ−= = ∫ , 0( ) ( )t ov t D S tα=  

is individual velocity of the local speedometer as related to cosmic-distance, and  

1
0 0( ) ( ) ( ) ( )o o t t

d d
v t S t D v t D v t

dt dt
α α− −= = = . 

The first derivative of cosmic distance is the cosmic velocity, and the cosmic 
velocity is fractional derivative of order (1 )α−  of the local velocity. Figure 5.3 

gives the two kind of time homogeneous (local time) and the heterogeneous 
(transformed time). In above, example the variable t is used as notation for both 
the observers N and O. 
 

0 1 2 3 4 5 6 7

0 1 2 3 4 5  
 

Fig. 5.3 Homogeneous and heterogeneous time. 

The ( )g τ  describes in-homogeneous time scales, which depends not only on 

the τ , but also on the parameter t, representing the last measured value of the 
individual time (of the moving object). Fractional integration in time means 
transformation of the local time to cosmic-time. 

5.5.4   Convolution Example 

The Riemann-Liouville definition for the fractional integral is: 

[ ]
11

( ) ( ) ( )
( )( )

tq
q

q
a

d
f t t f d

qd t a
τ τ τ

−
−

− = −
Γ− ∫ , 0q ≥  
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This definition is extended to fractional differentiation with m as integer as: 

[ ]
11

( ) ( ) ( )
( )( )

tm q m
q

m q m
a

d d
f t t f d

q dtd t a
τ τ τ

−
−

− ≡ −
Γ− ∫ , 0,q m q≥ >  

The RL integral can be viewed as convolution of the integrand function with 
power function, when both the functions are causal can be expressed as: 

[ ] 1 1
0

1 1 ( )
( ) ( )* ( ) ( )*

( 0) ( )( ) ( )

tq

q q

d f d
f t f t h t f t

d t qq t t

τ τ
τ

−

− + − +

⎛ ⎞
= = =⎜ ⎟⎜ ⎟− ΓΓ −⎝ ⎠

∫  

Where  

1

1
( )

( ) q
h t

q t− +=
Γ

. 

Causal functions mean that no convolution response can obtained before the 
function ( )f t  is applied Figure 5.4 demonstrates the convolution process. The 

function is  

2
( ) cos

5
f t t

π⎛ ⎞= ⎜ ⎟
⎝ ⎠

, 

the order of fractional integration is half 1 / 2q = . The Figure a) show ( )h τ vs. τ , 

the Figure b) show the ( ), 0f t t > . The Figure c) show ( )h τ− . The curve is 

obtained for the value 5t = , and the d) show the plot of 
( )@ 5h t tτ− = i.e. (5 )h τ− vs.τ . The part e) of the figure show the full integrand 

for 5t = . Now moving this ( )h t τ− for several continuous values of t from 0-10, 

repeating the graphs d) and e) and obtaining the value of the integral of the 
product (for several values of t) the final graph f) is obtained. For 5t =  the graph 
e) show full integrand as (5 ) ( )h fτ τ− . The integral of this product becomes the 

5t = , value of the semi-integral of ( )f t . 

In this convolution example the convolution of power function 1 / ( )qt α− Γ is 

carried out with ( )f t . This is Laplace convolution, represented symbolically as 
1

0 ( ) { ( )}*{ / ( )}q q
td f t f t t q− −= Γ .  

There is Fourier convolution of a power function that is given as: 
1{ ( )} { / ( )} ( )q

xf x x d f xμ μ− −
−∞⊗ Γ = , which is fractional integral starting 

from −∞ . 
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Fig. 5.4 RL integral interpreted as convolution. 
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In the Figure 5.4f, the point X is  

5

0

( ) (5 )f h dτ τ τ−∫ , 

definite value of the integration. 
Figure 5.5 demonstrates the several ( )h t τ− for 1,2,3,4,5,6,...t =  

Figure 5.6 demonstrates the semi-derivative of  

2
( ) cos

5
f t t

π⎛ ⎞= ⎜ ⎟
⎝ ⎠

, 

is obtained from differentiating once the RL semi integral graph.  

2t 3t 4t 1 t 5t 6t

2

1

0 1 2 3 4 5 6  

Fig. 5.5 Convoluting function h (t) for several t. 

1.0
0.5

d 0)(2/1 tf
-0.5
-1

0 1 2 3 4 5 6
2

d 0)(2/1 tf

-2
0 1 2 3 4 5 6  

Fig. 5.6 Semi-derivative of function. Differentiating once the RL semi-integral of f (t). 
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5.5.5   Practical Example of RL Differitegration in Electrical 
Circuit Element Description 

These types of intermediate devises are becoming reality in electrical circuits as 
evident from patent US 20060-267595 of November 2006. We shall start with a 
resistoductance alone, which is a linear circuit element whose behavior is 
intermediate between that of an inductor element and ohmic resistor element. The 
term resistoductance is combination of pure resistance and pure inductor. As 
integer order equations the fractional order requires fractional derivatives (or 
integrals) as initial conditions. How does then one relate to initial condition 
expressed in terms of fractional differintegrals?  The constitutive equation of such 
an element is: 

0( ) ( )tv t K D i tα= or 0
1

( ) ( )ii t D v t
K

α−=  

Here ( )v t  is across variable i.e. the voltage across the circuit element and ( )i t  is 

the through variable i.e. current through the circuit element. If 0α = , the circuit is 
purely resistive and K R=  ohms and if 1α = , the circuit is purely inductive and 
K L=  henrys. 

For a step input of voltage, 0( )v t V= applied at 0t = . The current is described 

as fractional integration of the forcing function i.e.  

0
1

( ) ( )ti t D v t
K

α−= . 

In terms of convolution definition (as forcing function being causal) and 

1

( )
( )

t
t

α

φ
α

−

=
Γ

, 

the power function, the current is obtained as: 

[ ]1
( ) ( )* ( )i t t v t

K
φ=

1

0

0

( )

( )

t
t

V d
K

ατ τ
α

−−=
Γ∫

0
10 ( )

( )
t

V
x dx

K
α

α
−= −

Γ ∫  

     
0 01 1

0 0 0

( ) 1 1 ( ) ( )
t t

V V Vx x
t a

K K K

α α
α

α α α α α α

− +⎡ ⎤ ⎡ ⎤
= − = − =⎢ ⎥ ⎢ ⎥Γ − + Γ Γ⎣ ⎦ ⎣ ⎦

 

Using ( 1) ( )α α αΓ + = Γ we obtain the current to step input as:  

0( )
( 1)

V
i t t

K
α

α
=

Γ +
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For pure resistance 0α = , and 0( ) /i t V K= and for pure inductance 1α = , and 

( )0( ) /i t V K t= . 

The initial value of the current vanishes i.e. there is no instantaneous current, 
only retarded response. However, the first ordinary derivative of 1( )i t K tα=  is 

unbounded, so that a finite though undefined current can be reached in arbitrary 
small time interval. The change of ( )i t  is described by the fractional differential 

equation as: 0 0( ) /tD i t V Kα = . 

In accordance with the theory of fractional differential in terms of RL 
derivatives, an initial condition involving 1

0 ( )tD i tα −  is thus required. Physically 

this initial condition has no representation and cannot be directly obtained from 
measurement. This condition can be found by taking the first order integral of the 
constitutive equation. This process relates the fractional (immeasurable) initial 
condition to something of reality and measurable as:  

( )1 1
0 0 00 0

( ) /t tt t
D i t D V Kα − −

→ →
⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦  

In the case under consideration, voltage stress is finite at all times hence  

1
0 0 0

0t t
D V−

→
⎡ ⎤ =⎣ ⎦ , 

which leads to condition of zero initial condition involving fractional 
differintegral, namely:  

1
0 0

( ) 0t t
D i tα −

→
⎡ ⎤ =⎣ ⎦ . 

The same consideration applies to general finite voltage ( )v t , and equation be 

solved is 0 ( ) ( ) /tD i t v t Kα = , and same zero initial condition be attached. 

Now for the impulse input voltage at time 0 i.e. ( ) ( )v t B tδ= at 0t = , the 

current expression is again  

0

1
( ) ( )ti t D v t

K
α−=  

using the convolution definition and 

1

( )
( )

t
t

α

φ
α

−

=
Γ

, 

the current expression is: 
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[ ] [ ]
11 1

( ) ( )* ( ) ( )* ( ) ( )
( )

B t
i t t v t t B t t B

K K K K

α

φ φ δ φ
α

−

= = = =
Γ

 

This is obtained as the convolution of function with impulse at 0t = , returns the 
function itself. The power function with gain B is retuned. This is property of the 
convolution. As observed from the derived current expression for the impulse 
voltage, the initial voltage-stress singularity give rise to lower order current 
singularity, since resistoductance cannot respond instantaneously.  

The impulse response is mathematical convenience to evaluate transfer 
characteristics, is seldom used in practice, because it is even more problematic to 
apply homogeneous impulse voltage on circuit element, than to apply step. 
However investigating the impulse response will follow the same reasoning as for 
the step.  

For the impulse voltage excitation for 0t > , the fractional differential equation 

is, 0 ( ) 0tD i tα = . In accordance with the theory of fractional differential equations 

with RL derivatives, an initial condition involving 1
0 0[ ( )]t tD i tα −

→ is required. This 

can be found through integration of constitutive equation as:  

1 1
0 00 0

( ) ( ( ) / ) /t tt t
D i t D v t K B Kα − −

→ →
⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦  

Which gives the initial condition in terms of fractional differintegral as 

1
0 0

( ) /t t
D i t B Kα −

→
⎡ ⎤ =⎣ ⎦ . 

This fractional differintegral initial condition is non-zero well defined and 
bounded, whereas both current and its integer order derivatives are unbounded, 
and its first order integral is zero so that a meaningful initial condition expressing 
the loading conditions cannot be obtained using integer order derivatives. 

In above example of resistoductance, it is possible to attribute physical meaning 
to initial condition expressed in terms of fractional differintegral. Expressing 
initial condition in terms of fractional derivative of a function ( )u t  is not a 
problem, because it does not require a direct experimental evaluation of these 
fractional derivatives. Instead one should consider its counterpart (in separable 
twin), ( )v t  via basic physical law, and measure (or consider) its initial values. 

Similarly other intermediate models can be considered as resistocaptance. 
Resistocaptance will be similar in nature to resistoductance, where the circuit 
element will be intermediate between pure resistance and pure capacitance. The 
constitutive part will be  

0

1
( ) ( )tv t D i t

K
α−=  
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Or 0( ) ( )ti t K D v tα= , where for 1α =  the element is pure capacitor with K C=  

farads, and for 0α =  the element will be pure conductance K G=  mho. 
These intermediate models can explain the behavior of ‘time-constant’ 

dispersion effects in the circuit behavior when the relaxation observations cannot 
be explained by single /R Lτ =  or RC  time constant. 

5.6   Grunwald-Letnikov Fractional Differinteration 

The basic definition of Grunwald-Letnikov (GL) is: 

[ ]
1

0

( ) ( )
lim

( ) ( 1)( )

q

q N

q N
j

t a
d f t j q t aN

f t j
q j Nd t a

−

−

→∞ =

−⎛ ⎞
⎜ ⎟ Γ − ⎛ − ⎞⎡ ⎤⎝ ⎠≡ −⎜ ⎟⎢ ⎥Γ − Γ + ⎣ ⎦− ⎝ ⎠

∑  

When the index q is negative the above process is fractional integration and when 
q is positive fraction the process tends to fractional differentiation. For 
understanding the recursive formulation of GL method consider small example 
with 1/ 2, 4q N= = . The GL expansion for the four terms is: 

[ ]

1/2

1/2

1/2

( 1 / 2)
( )

(1)

(1/ 2)

(2) 4( )
1 (3 / 2)( ) 2
2 (3) 4

(5 / 2)
3

(4) 4

f t

t at a f t
d f t N

t ad t a f t

t a
f t

−

Γ −⎧ ⎫+⎪ ⎪Γ⎪ ⎪
⎪ ⎪Γ ⎛ − ⎞⎛ ⎞−⎛ ⎞ − +⎪ ⎪⎜ ⎟⎜ ⎟⎜ ⎟ Γ ⎝ ⎠⎝ ⎠⎪ ⎪⎝ ⎠≡ ⎨ ⎬Γ ⎛ − ⎞⎛ ⎞ ⎛ ⎞− ⎪ ⎪Γ − − +⎜ ⎟ ⎜ ⎟⎜ ⎟⎪ ⎪Γ⎝ ⎠ ⎝ ⎠⎝ ⎠⎪ ⎪
Γ ⎛ − ⎞⎪ ⎪⎛ ⎞−⎜ ⎟⎜ ⎟⎪ ⎪Γ ⎝ ⎠⎝ ⎠⎩ ⎭

 

The process explanation is that the function ( )f t is first multiplied by a constant 

then time shifted by amount (( ) / )t a N− for ( 1)N − many times and each shifted 

term gets a weight multiplication ( ( ) / ( ) ( 1)j q q jΓ − Γ − Γ + ) before summing and 

then scaled by a factor  

q
t a

N

−−⎛ ⎞
⎜ ⎟
⎝ ⎠

. 

Figure 5.7 shows the diagrammatic representation of weighted addition for the 
four terms as derived for semi-differentiation of the function ( )f t . 
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Fig. 5.7 Time delay weighted summation of semi-derivative (four-terms) 

Thus the observation is that semi-derivative evaluation for a function by GL 
method is seen to be a summation of progressively delayed evaluation of ( )f t  

multiplied by progressively decreasing constant weights, and finally multiplied by 
q

t a

N

−−⎛ ⎞
⎜ ⎟
⎝ ⎠

. In reality choosing the value 4=N  is crude approximation. The 

definition states N →∞ , so take large value as 10,000N = . The following case 

is considered for 1/ 2, 10,000q N= = : 
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By comparison it is seen that the four-term expansion and the 10,000-term 
expansion of the semi-derivative in GL method Gamma function based 
coefficients are the same for the first N terms. The time shift factor (incremental 
delay) is off course very much smaller and indeed approaches zero as the number 
of terms are made towards infinity. 
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Fig. 5.8 Time delay weighted summation of semi-derivative (large number terms) higher 
order approximation of GL. 
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The diagram of Figure 5.8 shows the higher order approximation with large 
number of terms. The diagrams of Figure 5.7 and Figure 5.8 are similar except the 
delay steps are smaller in the higher order approximation. One observation is 
made as the time (independent variable) grows the delay between the consecutive 
terms increases as 

t a
T

N

−= Δ =D , 

is the delay. Meaning that for fixed N, as the time grows the resolution between 
the samples of the function decreases. This is overcome by spreading the sampling 
instrument N in number uniformly in one interval keeping TΔ  same will rewrite 
the GL approximate as: 

( ) ( )
1

0
0

( )
( ) lim ( )

( ) ( 1)

q N
q

a t
T

j

T j q
D f t f t j T

q j

− −

Δ → =

Δ Γ −= − Δ
Γ − Γ +∑  

5.7   Unification of Differintegration through Binomial Coefficients 

The coefficient in the Figure 5.7 and 5.8, for GL approximation in series form 
however is through Gamma functions. Practically it is tough to evaluate Gamma 
function especially when the argument is a large number. Also for electronics and 
real time computer realization the use of Gamma function is tough. Here the 
unification approach is presented by use of binomial coefficients. First integer 
order unification of repeated differentiation and repeated folded integration is 
presented. The same can be generalized by use of Letnikov theorem to any 
arbitrary order (not in the scope here). 

The repeated integer order differentiation is as follows: 

(1)

0

( ) ( )
( ) lim

h

df f t f t h
f t

dt h→

− −= =  

2 (1) (1)
(2)

2 0 0

( ) ( ) 1 ( ) ( ) ( ) ( 2 )
( ) lim lim

h h

d f f t f t h f t f t h f t h f t h
f t

h h h hdt → →

− − − − − − −⎧ ⎫= = = −⎨ ⎬
⎩ ⎭

 

      
20

( ) 2 ( ) ( 2 )
lim
h

f t f t h f t h

h→

− − + −=  

   
3

(3)
3 30

( ) 3 ( ) 3 ( 2 ) ( 3 )
lim
h

d f f t f t h f t h f t h
f

dt h→

− − + − − −= =  

By induction:  

( )

0
0

1
lim ( 1) ( )

n n
n r

n nh
r

nd f
f f t rh

rdt h→ =

⎛ ⎞
= = − −⎜ ⎟

⎝ ⎠
∑  
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The binomial coefficient 

( 1)( 2)...( 1)

!

n n n n n r

r r

⎛ ⎞ − − − +=⎜ ⎟
⎝ ⎠

, 

for 1r > . 
The above derivative expression is generalized for any p integer where p n≤ , is: 

( )

0

1
( ) ( 1) ( )

n
p r

h p
r

p
f t f t rh

rh =

⎛ ⎞
= − −⎜ ⎟

⎝ ⎠
∑  

and obviously  

( ) ( )

0
lim ( ) ( )

p
p p

h ph

d f
f t f t

dt→
= = , 

because in such a case as follows, all the coefficients after 
p

p

⎛ ⎞
⎜ ⎟
⎝ ⎠

are zero. 

For integration case the index is negative, for convenience sake let us define 
(like binomial coefficient) the following: 

( 1)( 2)...( 1)

!

p p p p p r

r r

⎡ ⎤ + + + −=⎢ ⎥
⎣ ⎦

. 

Call this as pseudo-binomial coefficient. 
Then  

( 1)( 2)...( 1)
( 1)

!
rp p p p p r p

r r r

−⎛ ⎞ − − − − − − − + ⎡ ⎤= = −⎜ ⎟ ⎢ ⎥⎣ ⎦⎝ ⎠
. 

Using this we have for integration (differentiation with negative index) as: 

( )

0 0

1
( ) ( ) ( )

n n
p p

h p
r r

p p
f t f t rh h f t rh

r rh
−

−
= =

⎡ ⎤ ⎡ ⎤
= − = −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑  

Taking interval t a−  and dividing them equally by n write the limit as:  

( ) ( )

0
lim ( )p p

h a t
h
nh t a

f D f t− −

→
= −

=  

Take 1p = , then ( 1)

0

( ) ( )
n

h
r

f t h f t rh−

=

= −∑ . Taking into account t nh a− = , 
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( 1) 1

0
0

lim ( ) ( ) ( ) ( )
t a t

h a th
anh t a

f t D f t f t z dz f dτ τ
−

− −

→
= −

= = − =∫ ∫  

Take 2p = , then  

2 2.3.4...(2 1)
1

!

r
r

r r

⎡ ⎤ + −= = +⎢ ⎥
⎣ ⎦

, 

giving  

( 2) 2

0

( ) ( 1) ( )
n

h
r

f t h r f t rh−

=

= + −∑ . 

Rearranging and putting t h y+ =  we get  

1
( 2)

0 1

( ) [( ) ( ) ( )] ( ) ( )
n n

h
r r

f t h rh f t rh f t rh h rh f y rh
+

−

= =

= − + − = −∑ ∑  

and taking 0h →  we get 

( 2) ( 2)

0
0

lim ( ) ( ) ( ) ( ) ( )
t a t

h a th
anh t a

f t D f t zf t z dz t f dτ τ τ
−

− −

→
= −

= = − = −∫ ∫ . 

Take 3p = , then 
3 3.4...(3 1) ( 1)( 2)

! 1.2

r r r

r r

⎡ ⎤ + − + += =⎢ ⎥
⎣ ⎦

 we have  

1
( 3) 2 ( 3) 2

0 1

( ) ( 1)( 2) ( ) ( ) ( 1) ( )
1.2 1.2

n n

h h
r r

h h
f t r r h f t rh f t r r h f y rh

+
− −

= =

= + + − → = + −∑ ∑ , 

here also t h y+ =  is substituted. Expressing the above by rearranging: 

21 1
( 3) 2

1 1

( ) ( ) ( ) ( ) ( )
1.2 1.2

n n

h
r r

h h
f t rh f y rh rh f y rh

+ +
−

= =

= − + −∑ ∑ , 

taking 0h →  we obtain: 

( 3) 2 2

0

1
( ) ( ) ( ) ( )

2!

t a t

a t

a

D f t z f t z dz t f dτ τ τ
−

− = − = −∫ ∫ . 

Because y t→ , as 0h →  and 
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2 1

0 0
1

lim ( ) lim ( ) ( ) 0
1.2

tn

h h
r anh t a nh t a

h
rhf y rh h t fτ τ

+

→ →== − = −

− = − =∑ ∫  

Generally this process suggests that: 

1

0
0

1
( ) lim ( ) ( ) ( )

( 1)!

tn
p p p

a t h
r anh t a

p
D f t h f t rh t f d

r p
τ τ τ− −

→ == −

⎡ ⎤
= − = −⎢ ⎥ −⎣ ⎦

∑ ∫ . 

Repeated p folds integration. 
Applying the Letnikov theorem above expressions obtained can be generalized 

for any arbitrary order of differentiation and integration process with binomial 
coefficients expressed as weights as indicated below: 

For arbitrary differentiation of real order the coefficient approximation for  

( 1)k

k

α⎛ ⎞
− ⎜ ⎟

⎝ ⎠
is 

( )
0 1w α =  and ( ) ( )

1

1
1k kw w

k
α αα

−
+⎛ ⎞= −⎜ ⎟⎝ ⎠

; used for recursive computation, these are 

weights. 

For arbitrary integration of real order the coefficient approximation for 
k

α⎡ ⎤
⎢ ⎥
⎣ ⎦

is 

( )
0 1w α− = and ( ) ( )

1

1
1k kw w

k
α αα− −

−
−⎛ ⎞= −⎜ ⎟

⎝ ⎠
; 

used for recursive computation, these are weights. 
A caution is put here the factorials in the binomial (for differentiation) and pseudo 

binomial (for integration) coefficients get generalized by Gamma functions as 
indicated in the Introduction chapter, for arbitrary order. However these weights are 
approximates and are helpful in recursive formulation for computation and real time 
applications, obviously with error. 

5.8   Short Memory Principle- A Moving Start Point 
Approximation and Its Error 

For t a>> , the number of addends in fractional differintegral approximates 
becomes enormously large. However, it follows from the expressions for GL 
definitions and unification arguments in the preceding sections, that for large t the 
role of “history” of the behavior of the function ( )f t  near the lower terminal 

t a= , (the start point of the differintegral) process, can be neglected, under 
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certain assumptions. Those observations lead us to the formulation of the “short-
memory” principle, which means taking into account only the “recent past” of the 
function behavior. That is in the interval [ , ]t L t− , where L  is memory length (in 

unit of time). Therefore the approximation is: 

( ) ( )a t t L tD f t D f tα α
−≈ , ( )t a L> +  

In other words, according to the short-memory principle the fractional 
differintegrational with lower limit a, is approximated by fractional differintegration 
with “moving lower limit”, ( )t L− . With this approximation the addends in the GL 

process is always not greater than [ / ]L h . In the selection of number of addend the 

rule followed is thus, by this short memory principle (for ( )N t ) is 

( ) min ,
t L

N t
h h

⎧ ⎫⎡ ⎤ ⎡ ⎤= ⎨ ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎩ ⎭
, 

and where h  is step size. 
Of course, for this simplification penalty is paid in terms of accuracy. 

Following rule will explain this. We consider the function in the interval ( , )a b  to 

be bounded by ( )f t M≤ and have the error value as per required accuracy asε . 

Then, following estimate is the rule: 
Error in short-memory principle expressed as: 

1

( ) ( ) ( )
(1 )a t t L t

ML
t D f t D f tα α

α

−

−Δ = − ≤
Γ −

 

Where ( )a L t b+ ≤ ≤  and ( )f t M≤  for a t b≤ ≤ . 

This inequality rule can be used for determining the “memory-length” (in unit of 
time) provided the required accuracy is met i.e. ( )t εΔ ≤  and a L t b+ ≤ ≤  therefore: 

1/

(1 )

M
L

α

ε α
⎛ ⎞

≥ ⎜ ⎟⎜ ⎟Γ −⎝ ⎠
 

Summarizing the approximates for differintegration process we write: 

( ) 0

1 ( ) 0

( ) ( ) 0
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d
e

dt
D e

d e
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α
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α
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( )
( )

( )
0

( ) ( )
N t

t L t j
j

D f t h f t jhα α αω± − ± ±
−

=

≈ −∑  

( ) min ,
t L

N t
h h
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0 1

1
1, 1j jj

α α ααω ω ω± ± ±
−

⎛ ⎞±= = −⎜ ⎟
⎝ ⎠

 

5.9   Matrix Approach to Discretize Fractional Differintegration 
and Weights 

The weights or the coefficients for approximation of fractional differintegration as 
described in the preceding sections are: 

For differentiation: 

( 1)k
kw

k
α α⎛ ⎞
= − ⎜ ⎟⎝ ⎠

, for 0,1, 2,3...k N= .  

This can be written as: 

0

1
1; 1kw w

k
α α α+⎛ ⎞= = −⎜ ⎟

⎝ ⎠
, for 1, 2,3...k N= . 

For integration: 

kw
k

α α− ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

,  for 0,1, 2,3,...k N= .  

This can be written as: 

0

1
1, 1kw w

k
α α α− − −⎛ ⎞= = −⎜ ⎟

⎝ ⎠
, for 1, 2,3,..k N= . 

Both are same formulation. However in system identification the most appropriate 
value of order α  must be found; this means that various values of α  are considered 

and for each α  we have to calculate kwα . In such cases above recursive method is 

not easy instead Fast Fourier Transform (FFT) is used. The weights kwα  can be 

considered (for differentiation) as coefficient of the series function (1 )z α− . The 

power series is expanded as: 
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( )

0 0

(1 ) ( 1)k k k
k

k k

z z w z
k

α αα∞ ∞

= =

⎛ ⎞
− = − =⎜ ⎟

⎝ ⎠
∑ ∑  

Substituting jz e ϕ−= we have  

j ( ) j

0

(1 ) k
k

e w eϕ α α ϕ
∞

− −

=

− =∑  

and the coefficients ( )
kw α  are expressed in FFT as 

2
( ) j

0

1
( )

j2
k

kw f e d
π

α ϕ
α ϕ ϕ

π
= ∫ , 

Where j( ) (1 )f e ϕ α
α ϕ −= − . j 1= −  

( )
kw α , can be computed using FFT. Since in this case we always obtain a finite 

number of coefficients the FFT can be used with short memory principle. 
The approximation to fractional derivative can be written as fractional 

difference approach:  

0

( )
( ) ( 1)

k

k
jk

a t k j
j

f t
D f t h f

jh

α
α α

α

α−
−

=

Δ ⎛ ⎞
≈ = − ⎜ ⎟

⎝ ⎠
∑ , for 1, 2,3,...k N=  

Following formulation of the above in matrix notation is helpful for coefficient 
evaluation: 

( )
00 0

( ) ( )
11 1 0

( ) ( ) ( )
11 1 2 0

( ) ( ) ( ) ( )
1 1 0

( ) 0 0 * 0

( ) 0 * 0
1

** * * * 0 0

( ) * 0

( ) *
NN N N

NN N N

fh f t w

fh f t w w

h
fh f t w w w

fh f t w w w w

α α α

α α α α

α
α α α α α

α α α α α α

−

−

−
−− − −

−
−

⎡ ⎤ ⎡ ⎤ ⎡ ⎤Δ
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

Δ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥Δ ⎣ ⎦⎣ ⎦ ⎣ ⎦

 

In the above coefficient matrix the coefficients are symbolically are: 

( ) ( 1) , 0,1,2,...j
jw j N

j
α α⎛ ⎞
= − =⎜ ⎟

⎝ ⎠
. 

With the argument as indicated above, for obtaining them from FFT we have a 
generating polynomial and whose coefficients will the Triangular matrix with 

( )
jw α , with truncation as described by:  

def
( ) ( )

0 0

( ) trunc ( ( )) ( )
N

k k
k N k N

k k

Q z w z Q z z Q zα αω
∞

= =

= ↔ = =∑ ∑ . 
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The matrix notation we write in short as 

[ ] [ ]( ) .k kh f t fα α−⎡ ⎤Δ = Β⎣ ⎦ , 

where matrix [ ]Β  includes the 1 / hα . We call  

[ ]( )
N
αΒ = Β = ( ) (1 )z h zα α

αβ
−= − . 

The approximation for fractional integration follows from NΒ by doing inverse 

operation. Define ( ) ( ) 1( )N N
α α −Ι = Β ; the generating polynomial representation will be 

for integration as:  

( ) 1trunc ( ( )) trunc ( (1 ) )N N N Nz h zα α α
αϕ β− −Ι ↔ = = −  

For integration operation the coefficient matrix is: 

( )
0
( ) ( )
1 0

( ) ( )
0

( ) ( )
1 2

( ) ( ) ( ) ( )
1 1 0

0 0 0 0

0 0 0

* * 0 0

* * 0

*

N

N N

N N

w

w w

h w

w w

w w w w

α

α α

α α α

α α

α α α α

−

− −

−

− −
− −
− − − −

−

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥Ι =
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

The integral matrix representation is in short: 

[ ]( )( ) .k N kh f t fα α α−⎡ ⎤ ⎡ ⎤Δ = Ι⎣ ⎦ ⎣ ⎦ , 0,1..k N= . 

The weights for integration symbolically are:  

( ) ( 1) j
jw

j j
α α α− −⎛ ⎞ ⎡ ⎤
= − =⎜ ⎟ ⎢ ⎥

⎝ ⎠ ⎣ ⎦
, for 0,1, 2,3,...j N=  

5.10   Use of Discrete Fractional Order Differintegration 

5.10   Use of Discrete Fractional Order Differintegration in 
Fractional Order Signal Processing 

5.10   Use of Discrete Fractional Order Differintegration 

Above discussion on weights and previous discussion (Chapter 4) on the 
fractionally differenced process generating Autoregressive Fractional Integral 
Moving Average (ARFIMA) as,  

0
(1 ) ( )k

k
L L

k
α α∞

=

⎛ ⎞
− = −⎜ ⎟⎝ ⎠∑  
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(where L  is the lag operator), gives insight to some very important properties of 
ARFIMA in context of fractional order signal processing subjects. ARIFMA is a 
generalization of Autoregressive Moving Average Method (ARMA), used in 
control theory for system identification. 

These fractionally differenced processes (ARFIMA) exhibits long term 
memory (LRD) persistence, or anti-persistence short term memory. 

The fractional order, α  of ARFIMA process is between (- ½ to ½) and this is 
most useful range. 

The spectral density, as derived in Chapter 4, is 

2 2( ) [2sin( / 2)] 1/S α αω ω ω−≅ ≅ . 

For 1α = , the spectral density is of Brownian Motion (BM). Brownian Motion is 
output of an integrator driven by a white noise. 

When, 0α =  ARFIMA process is white noise. For (1/ 2) 0α− < <  the 

ARFIMA process is with ‘short memory’ anti-persistence and autocorrelation of 
the process decays monotonically and hyperbolically to zero. For range 
0 (1/ 2)α< < + , the ARFIMA process is with long memory; the auto correlation 

of this time series (which is long range dependent) decays slowly (with heavy tail) 
as power law function of time. This range is most important for the processes 
exhibiting Long Range Dependence (LRD). For, (1/ 2)α = +  the spectral density 

of ARFIMA is like discrete 1/ f noise. For (1/ 2)α = −  the process is not 

invertible. These were elaborated in Chapter 4. 
The discussion brings out concept of 1/ f noise for (1/ 2)α = + ; this was 

developed by Bernamont in 1937.  The spectral density of 1/ f  noise is C / f
β

; 

0 1β< < . The 1/ f  noise is typical process that has long memory also termed as 

‘pink’ noise and ‘flicker’ noise. The basic 1/ f  is output of a fractional order 

integrator system whose input is white noise. we have developed this concept in 
Chapter 4. It appears in widely different systems such as radioactive decay, chemical 
systems, biology, fluid dynamics, astronomy, electronic devices, optical systems, 
network traffic and economics. In this range of 0 (1/ 2)α< < + , the process is Long 

Range Dependent (LRD), and most useful for identification of system with lingering 
memory. 

Also we can consider 1/ f  type of noise as output of Fractional Integrator with 

Transfer Function ( ) 1 / ( )qH s s= , whose impulse response is 1( ) / ( )qh t t q−= Γ  for 

0 1q< < . For 1q = , the output of (integer) integrator to white noise input 

( ) ( )x t tδ=  will have spectral density as 2 21/ 1/ fω ≡ ; yielding Brownian motion, 

1q = . The auto-correlation function of the output, ( )y t  of the Fractional Integrator is 
2 1( ) q

yyR t t −∝ . 

Fractional Gaussian Noise (FGN) is another kind of 1/ f  noise. FGN can be seen 

as stationary increments of self-similar process called Fractional Brownian Motion 
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(FBM). The FBM plays fundamental role in modeling and identifying Long Range 
Dependence (LRD). The increment in time series is  

( ) ( ) ( 1)H H HG k B k B k= − − , k ∈] ; 

of the FBM process, the HB  are called FGN.  The scaling properties of ‘fractal 

noise’, FGN are characterized by Hurst exponent H . The scaling is 
( ) ( )HY t c Y ct−= , (where is c  a constant). The FGN is defined by spectral density 

( )S f f β−≅ . The model for long range dependence was introduced by Mandelbrot 

and Van Ness (1968). The value of this LRD lays in financial data, communications 
networks data, and video traffic bio-corrosion data. Formally let us have stationary 
time series { }( ) ( )Y k Y k= , with zero mean. The time series Y  is LRD if 

autocorrelation  

( ) ( ) (0)yy YR k Y k Y c k
γ−= ≅ , k →∞  

with, 0 1γ< <  and spectral density is ( )yS c
β

ωω ω −= , 0 1β< < . The asymptotic 

exponent, β  giving self affine property of the time series, is related to Hurst 

exponent as 2 1Hβ = − , theoretically valid for an infinitely long ‘mono-fractal’ 

noise; Fractional Gaussian Noise (FGN). 
Here we relate the Hurst exponent, H  with γ , β and fractional differencing 

number as defined for AFRIMA aboveα . The Hurst exponent was introduced in 
Chapter 2 and 4 is an index that also characterizes the LRD, and this has to 
be 0.5 1H< < , for process to be LRD. The relationships are 1β γ= − , 

(1 ) / 2H β= + and (1/ 2)H α= + .  

This Hurst exponent gives degree of LRD, for a process; that is autocorrelation 
of the time series and takes place at 0.5 1H< < , where the value 0 0.5H< <  
indicates a time series with negative autocorrelation (that is a decrease between 
the values will be followed by an increase; anti-persistent); and 0.5 1H< <  
indicates a time series with positive autocorrelation (that is an increase between 
the values will probably followed by another increase, persistence). A value 

0.5H =  ( 0α β= = , 1γ = ) indicates white-noise and random walk, where it is 

equally likely that decrease or increase will follow from any particular value that 
is the time series has no previous memory. For LRD processes, past events have a 
decaying effect on the future. 

With 1H = the series is ‘pink’ noise. This type of time-series of pink noise is 
important because this is a kind of threshold between the persistent stable noise 
( 0.5 1, 0 1H β< < < < ), and the non stationary noise 1β > . Note that common 

random white noise is characterized by 0β =  and 0.5H = , whereas a random walk 

or Brownian motion is characterized by 2β = . The noise characterized by 

0 0.5H< <  is called anti-persistent while 0.5 1H< <  is persistent noise. 
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In the same way we may call anti-persistent walk given by fluctuation with, 
1 2β< <  and persistent walk given by fluctuation with 2 3β< < . The 

fluctuation characteristic by exponent 1 3β< <  we call ‘walks’ because they may 

be obtained by integrating fractal noises characterized by 0 1H< < . 
5.11   Infinitesimal Ele ment Geometrical Interpretation 

5.11   Infinitesimal Element Geometrical Interpretation of 
Fractional Differintegrations 

5.11   Infinitesimal Ele ment Geometrical Interpretation 

The GL definition is described below: 

1 1

0
0 0

( ) ( ) ( )
( ) lim lim

( ) ( 1) ( ) ( 1)
( ) / , , 0

q

N N
q

a t qN T
j j

t a
j q t a j q f t j TN

D f t f t j
q j N q j T

T t a N N T

−

− −

→∞ Δ →= =

−⎛ ⎞
⎜ ⎟ Γ − ⎛ − ⎞ Γ − − Δ⎛ ⎞⎝ ⎠= − =⎜ ⎟⎜ ⎟Γ − Γ + Γ − Γ + Δ⎝ ⎠⎝ ⎠

Δ = − →∞ Δ →

∑ ∑

 

The nature of the definition may be explored with the j-th and j+1-th term. In a 
general sense if the terms are additive and 0q < , then integration is in effect. If 

the terms are differenced and 0q >  then differentiation is suggested. Then 

0

( ) ( ) ( 1 ) ( ( 1) )
( ) lim ... ...

( ) ( 1) ( ) ( 2)
q

a t q qT

j q f t j T j q f t j T
D f t

q j q jT TΔ →

⎧ ⎫Γ − − Δ Γ + − − + Δ= + + +⎨ ⎬Γ − Γ + Γ − Γ +Δ Δ⎩ ⎭
 

Dividing through out by the coefficients of j-th term, and combining the j-th and 
(j+1)-th term gives: 

0

( ) ( ( 1)
( ) lim ... ... , 1, 2,3...

( 1 ) ( 1) ( )
,

( ) ( 2) ( ) ( 1)

q
a t qT

f t j T f t j T
D f t j

T
j q j j q

j q j q j
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β α

Δ →

⎧ − Δ + − + Δ ⎫⎛ ⎞= + + =⎨ ⎬⎜ ⎟Δ⎝ ⎠⎩ ⎭
Γ + − Γ + Γ −= =
Γ − Γ + Γ − Γ +

 

5.11.1   Integration 

Now when 1q = − , then 1β =  and 1α = . The GL equation simplifies for j and 

j+1 term as: 

[ ]{ }1

0
( ) lim ... ( ) ( ( 1) ) ... , 1, 2,3...a t

T
D f t T f t j T f t j T j−

Δ →
= + Δ − Δ + − + Δ + =  

Which is conventional integration. For simplicity take 1/ 2q = , then  



248 5   Fractional Differintegrations Insight Concepts
 

{ }11/2 2
10 2

1
2

( ) lim ... ( ) ( ( 1) ... , 1,2,3...
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−
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−
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For all j greater than equal to zero β is positive. The subscripted symbol indicates 
semi-integration process. For the general case the expression is: 

{ }
0

( ) lim ... ( ) ( ( 1) ... , 1,2,3...q q
a t q

T
D f t T f t j T f t j T jα β−

−Δ →
⎡ ⎤= + Δ − Δ + − + Δ + =⎣ ⎦  

Thus α and β are always positive, when q is between 0 and –1, and the above 
summation is seen to be integration process and indeed fractional. A geometric 
approximation to this integration is given in the Figure 5.9. 

)( tf
)( Tjtf

)( Tjtf

j

                      N-1 .. 2 1 0 =j

 
 

Fig. 5.9 Geometric interpretation if infinitesimal incremental fractional integration.  

If 1q = − , then ( )f t j T Tα − Δ Δ∑  is an area represented below the curve 

( )f t j Tα − Δ . If 2q = −  (Outside the domain of consideration here as q is restricted 

to –1), then 2( )f t j T Tα − Δ Δ∑  is a volume. Then the series ( ) qf t j T Tα − Δ Δ∑  

for 0 1q≥ > − may be thought of as “fractional-area”. In Figure 5.9 fractional integral 

is area under the ( )f t j Tα − Δ  curve multiplied by 1qT −Δ , a fractional scaled version 

of the shaded area or full area. 
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5.11.2   Differentiation 

For 1, 0q α= =  for all j except for 0j = . The GL expansion is:  

1

0

( ) ( )
( ) lima t T

f t f t T
D f t

TΔ →

− − Δ⎧ ⎫= ⎨ ⎬Δ⎩ ⎭
 

Which is conventional integer order differentiation. 
For general case we take 1/ 2q = , then  

( )
1

2

1
2

( 1)

j

j
β

−
=

+
 

here for all 1
2

1 0j β≥ → > . It can be seen that qβ  will be positive for all q when 

1j ≥ . It is also true that 0 1α> ≥ − , for all q in the range. Therefore: 

{ }1 1
2 2

1
0 2

( ) lim ... ( ) ( ( 1) ) ...a t
T

D f t T f t j T f t j Tα β−

Δ →
⎡ ⎤= Δ − Δ + − + Δ +⎢ ⎥⎣ ⎦

 

For general q the expression is: 

{ }
0

( ) lim ... ( ) ( ( 1) ) ...q q
a t q

T
D f t T f t j T f t j Tα β−

Δ →
⎡ ⎤= Δ − Δ + − + Δ +⎣ ⎦  

So after the first 0j =  term, it is seen that all terms are a direct sum of negatively 

weighted functions, again integration process. However the effectiveness of the 
weighing qT −Δ is changed as 0q > . The first 0j =  term for all q is ( )qT f t−Δ , 

thus considering the first two terms we have: 

0

( ) ( )
( ) lim ...q

a t qT

f t qf t T
D f t

TΔ →

− − Δ⎧ ⎫= +⎨ ⎬Δ⎩ ⎭
 

This brings in an effective differentiation (for 0q > ) though scaled by qTΔ  

instead of TΔ , as in the case of one-order differentiation.  
If the q is taken as 1 then this returns to rate of change, like velocity (slope). 

For value 2 i.e. outside the range it yields acceleration. For 0-1 therefore the 
expression may be called as fractional rate of change of function. Figure 5.10, 
shows the 0j =  and 1j =  points of a geometric approximation to the q-th 

derivative. The slope between the curves multiplied by 1qT − +Δ , is loosely a 
geometric interpretation for this part of the fractional derivative or fractional rate. 
The remaining terms after the first two are like integration terms may be 
interpreted in as in Figure 5.9, but meaningless at limit 0TΔ → . 
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Fig 5.10 Geometric interpretation of fractional differentiation for j=0 to j=1. 

5.12   Local Fractional Derivatives (LFD) 

Fractals and multifractals functions and corresponding curves or surfaces are 
found in numerous places in non-linear and non-equilibrium phenomenon. For 
example low viscous turbulent fluid, Brownian motion. These phenomena give 
occurrence of continuous but highly irregular (non-differentiable) curves. 
However the precise nature of connection between the dimensions of the graph of 
fractal curve and fractional differentiability property was only recognized recently. 
One way to express LFD is by limit of first derivative of fractional integral of 
order 1 α−  of a function ( )f x  subtracted from an offset that is value of function 

at 0x  that is 0( )f x  when 0x x→ , and is expressed as follows: 

The fractional integral is 

0

0
1

( ) ( ) ( ) ( )
(1 )

x

x

I x x x f x f x dxα

α
−= − −′ ′ ′⎡ ⎤⎣ ⎦Γ − ∫ , 

the first derivative of this fractional integral while 0x x→  is LFD at point. 

[ ]
0 0

( ) lim ( )
x x x x

f x I xα
= →

′=D  
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The way of classical definitions of fractional derivatives (forward derivative) 
do indicate that the derivative at a point is determined by all the states that the 
function had been through in the past till that point. This is non-local character 
of the fractional derivative in classical sense. Well if a function is defined in 
interval [ , ]a b  then if one has to find fractional derivative at a point 0a x b< < , 

then one has to know not only entire character of the function from a  to 0x  but 

also to calculate backward derivative. One also needs to know the ‘future’ of 
the function (from 0x  to b ) and only when these forward and backward 

fractional derivatives are equal then we can say that fractional derivative at 
local point 0x  exists. This puts a demanding restriction on this approach. 

K.M. Kolwankar and Anil D. Gangal introduced a new notion of Local 
Fractional Derivative (LFD). This method will be termed as KG Local Fractional 
Derivative.  

In this section only definition of this LFD will be introduced. The classical 
definition of fractional derivatives of Riemann-Liouvelli (RL), Grunwald-
Letnikov (GL) discussed in detail in this book, makes it a non-local property. Also 
as discussed the RL approach of fractional derivative of a constant makes it non-
zero. These two features make extraction of scaling information somewhat 
difficult.  

5.12.1   KG- LFD for Order Less than Unity 

LFD tries to overcome these issues by having a neighborhood point approach as 
defined for a function : [0,1]f → \  (Function defined for values 0 to one). Why 

this domain is chosen, the reason is the basic definition of box-dimension where 
the geometrical method assumes that function is normalized between 0 and one; 
refer Chapter 2. 

( )
0

0
0

0

( ) ( )
( ) lim

( )

q
q

qx x

d f x f x
f x

d x x→

−
=

−
D  

If this limit exists and is finite then we say the LFD of order q , for 0 1q< < at 

0x x=  exists. In this definition the lower limit 0x  is treated as a constant. The 

subtraction of 0( )f x  corrects for the fact that fractional derivative of a constant is 

not zero, for Riemann-Liouvelli fractional derivative. Whereas, limit 0x x→ , is 

taken to remove non-local contents. Advantage of defining LFD in this manner 
lies in its local nature and hence allowing the study of point wise behavior of 
functions.  

Say the, point of interest is 0 0x = , and 1q =  then the LFD is slope at point 

zero for function ( )f x .That is: 

1

0
(0) lim ( )

x

d
f f x

dx→
=D  
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The logic in this approach is to get ‘fractional-slope’ at a point 0x x= , the constant 

offset gets subtracted. Due to non-local character of RL definition and due to the fact 
that Fractional Derivative of a constant is not zero, addition of constant changes the 
magnitude of Fractional Derivative. This KG definition of LFD is offsetting the effect 
of constant in RL derivative by shifting the point of interest 0x  and 0( )f x  to the 

origin (0, 0). Thereby, nullifying the effect of constant by subtracting 0( )f x , the 

lower limit is treated as a constant. 

5.12.2   KG- LFD for Order Greater than Unity 

The method of obtaining KG-LFD for fractional order greater than one is as follows. 
The idea is to expand the function in Taylor series at the point 0x x= , by choosing 

an integer N  such that 1N q N< ≤ +  and follow the same procedure of subtracting 

this value 0( )f x  from the function and then take the Fractional Derivative in the 

limit of 0x x→ , this is formulated as follows; for a function : [0,1]f →\  

(Function defined for values 0 to one). 

0

(2) ( )
(1) 2

0 0 0 0 0 0
0

( ) lim ( ) ( ) ( )( ) ( ) ... ( )
2! ![ ( )]

q N
q N

qx x

d f f
f x f x f x f x x x x x x x

Nd x x→

⎛ ⎞⎡ ⎤
= ⎜ − + − + − + + − ⎟⎢ ⎥⎜ ⎟− ⎢ ⎥⎣ ⎦⎝ ⎠

D  

0

( )

0
0

0
0

( ) ( )
( 1)

( ) lim
[ ( )]

N n
q n

nq
qx x

f
d f x x x

n
f x

d x x

=

→

⎛ ⎞
− −⎜ ⎟⎜ ⎟Γ +⎝ ⎠=

−

∑
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If this limit exits and is finite where N  is the largest integer for which thN  derivative 
of ( )f x  exists at 0x  and is finite, then we say LFD of order q  with 1N q N< ≤ +  

at 0x  exists. 

5.12.3   Critical Order of a Function and Its Relation to the Box 
Dimension 

Definition of critical order is α  at 0x x=  as supremum (of q ) the order of LFD, 

of order less than q  exists at 0x x= .  

Let us take a function ( )f x a bx c x
β= + +  with 1β > , say 1.5β = , then we 

have (0)f a=  and (1) (0)f b=  at 0 0x x= =  with 1N =  for this case we get: 

(1)

00

( 1)
(0) ( ) (0) (0)

( 1)[ ( 0)]

q q
q q

q q
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d d
D f f x f f x c x c x
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Clearly at the origin for q β= , fractional derivative exists and the fractional 

derivatives diverge at origin for q β> . The critical order for this example is thus β . 

Let us take example of an irregular function and find out its Critical Order. The 
example is of Weierstrass Function 

( 2)

1

( ) sins k k

k

W x xλ λ λ
∞

−

=

=∑ , 

with 1λ >  and 1 2s< < ; and x ∈\  (real number). The box dimension is Bd s= , 

for this function. The Hurst exponent is thus 2 2BH d s= − = − , for this function. 

This Weierstrass function is continuously fractionally differentiable locally for orders 
(2 )q s< −  and not for any fractional order q  between (2 )s−  and 1. This we 

discuss here in this section. Note that (0) 0Wλ = . Now we fractionally differentiate 

this: 
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Use scaling property of the Fractional Differintegration as:  
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and putting this above we get: 
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dx d x
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λ

∞ −
− +

−
=
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The fractional integral of ( )cos k xλ , of order 1 q−  is bounded uniformly for all 

values of k xλ . Here since 1q < , the operator 1qd −  is actually fractional integration 

operation. This implies that RHS of the obtained expression for fractional derivative 
of ( )W xλ will converge if 2 0s q− + <  or 2q s< − . This justifies taking the 

fractional derivative operator inside the sum. The fractional integral of cos x  as 

0x →  is zero ( cos ( , )v
x xD ax C v a− = , and 0 ( , ) 0C v a = ).  

Therefore, 

0

( )
lim 0

q

qx

d W x

dx
λ

→
= ; for 2q s< − . 

For any other point, other than zero i.e., 0x χ= ≠  we use  

x x χ′ = − , and; ( ) ( ) ( )W x W x Wλ λ λχ χ′ ′= + −� , so that (0) 0Wλ =� .  

We have: 
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Taking Fractional Derivative of ( )W xλ ′�  w.r.t. x′  and following the same procedure 

as above we can show that Fractional Derivative (LFD) for Weierstrass function of 
order 2q s< − exists at all points, and for 2q s> −  the LFDs diverge (does not 

exist).  
The critical order is therefore 2 sα = −  for Weierstrass function. Therefore the 

Weierstrass function is not differentiable by any integer order 1, 2… though is 
Fractionally Differentiable at all points. This is one classic example of a function 
which is continuous everywhere but nowhere differentiable, like graph of stock-
index fluctuations! 

We therefore write the rule relating the critical order to the box dimensions as for a 

function : [0,1]f → \  to be a continuous one, if 0( ) 0q f x =D  for q α<  where 

0 , 1q α< <  for all 0x  then box dimension of the function is 2Bd α≤ − . Also if 

there exist a sequence of nx  in close proximity of 0x and as n →∞  such that 

0( )q f x = ±∞D  for q α>  for all 0x  then 2Bd α≥ − . 
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5.12. 4   Information Content in LFD 

As mentioned in the Chapter 4 the derivative gives the measure of curvature of a 
function. In order to see the information contained in the LFD we consider the 
‘fractional’ Taylor series, with remainder term for a real function ( )f x . Let 

( )0 0 0

0

( , ; ) ( ) ( )
( )

q

q

d
F x x x q f x f x

d x x
− = −

−⎡ ⎤⎣ ⎦
, 

it is therefore clear that 0 0( ) ( ,0; )q f x F x q=D . Now for 0 1q< < , using 

Riemann-Liouvelli fractional integration definition we write from above 
formulation of F , by use of integration by parts, the following expression. 
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provided the second term in the above expression exists. Therefore we obtain: 
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That is the expression for ‘fractional’ Taylor series is as follows: 
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The remainder is given as:  
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This expansion of a function at a given point is fractional Taylor series expansion 
involving only the lowest leading terms. The further expansion may be carried on to 
higher terms provided the corresponding remainders are defined too. We note that 
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LFD gives a coefficient A  where 0( )qA f x= D , the LFD at point; for 

approximating a function ( )f x  in vicinity of 0x ; by  

0 0( ) ( ) ( ) / ( 1)qf x f x A x x q+ − Γ +∼ . 

This coefficient is non trivial at q α= , the critical order. One may generalize the 

Taylor series for higher order derivatives N  integer and fractional number 0 1q< <  

as: 

( )
0 0

0
0

( ) ( )
( ) ( , )

( 1) ( 1)

N n q
n q

q
n

f x f x
f x R x

n q
=

= Δ + Δ + Δ
Γ + Γ +∑ D

; 0 0x xΔ = − >  

We note that the function is differentiable up to N  with existence of first N  
derivatives, the Taylor expansion provides approximation of ( )f x  in vicinity 

of 0x . 

For 1q = , the expansion is 

1
(1)0

0 0 1 0 0 0 0
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( ) ( ) ( ) ( , ) ( ) { ( )}( )
(2)

f x
f x f x x x R x x f x f x x x= + − + ≈ + −

Γ
D

 

This is the equation of straight line. That is, the curves passing through 0x  and 

having the same slope (tangent) forms an equivalence class of functions 
(approximated by linear functions). Analogously all the curves (functions) with the 

same ‘critical order’ α  and the same LFD αD  will form an equivalence class 

approximated and represented by power law i.e., xα . This fractional Taylor series 
expansion may be taken as geometric interpretation of fractional derivatives 
generalizing the tangent concept. This is a useful observation when we try to 
approximate an irregular function (at a point) by piecewise smooth scaling function 
(as power law). 

The information that LFD gives is about strength of singularity. Consider a case of 

single isolated singularity as ( )f x axα=  with 0 1α< <  and 0x > . At the origin the 

critical order gives the ‘order of singularity’, whereas the LFD value at 0x =  i.e. 

(0) ( 1)f aα α= Γ +D , gives the ‘strength of singularity’. If there are multiple 

singularities we can use the LFD to detect weaker singularity masked by stronger 

one. Consider a function ( )f x ax bxα β= +  with 0x >  and 0 1α β< < < . The LFD 

of order of this function at 0x =  by using KG definition is 

0
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f a b x aα β αβα α
β α

−
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Using this value of stronger singularity we write a function ( ; )G x α  as: 

(0)
( ; ) ( ) (0)

( 1)

f
G x f x f x
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α
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D
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which for the function ( )f x ax bxα β= + , 0 1α β< < <  and 0x >  is: 
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β
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At q β=  the above expression is finite and thus critical order of the function  
( ; )G x α  is β  at the origin. This gives a method of using LFD to extract the secondary 

singularity of the function masked by the primary singularity of higher strength. 
The concept of fractional differentiation especially LFD allows us to quantify 

the loss of differentiability of ‘uni-fractal’ or ‘multi-fractal’ irregular and rough 
functions (signals). The larger the irregularity of the function the smaller is the 
extent of differentiability and smaller is the value of Holder exponent.  Bigger the 
fractal dimension the smaller is the extent of differentiability. Local Taylor series 
expansions or fractional Taylor approximation provides way to approximate 
irregular rough functions by piece wise scaling functions. In particular Holder 
exponents (box-dimensions) are related to the critical order of the corresponding 
Fractional (Local) derivative. This is useful in study of irregular signals, image 
processing where one can characterize singularities with image data. This LFD 
can extract information about the dimension of irregular graph, say the data of 
mortality rate from epidemic outburst; the fluctuations in stock market. The 
change in dimension of graph from say about 1.5 to a lower value approximately 
1.0 gives the indication about setting in of regular process from the random 
Brownian case (white-noise) to a regular behavior. A signal arrival point in time 
buried in large white noise can be estimated by looking at the point where 
dimension of the graph changes. Thus arrival time estimation of first seismic wave 
(buried in high noise background) can be estimated by LFD and its relation to the 
‘fractal-dimension’. 

For example an abrupt phase change of a process at point 0 0x =  is 

approximated as shown in Figure 5.11. 
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Fig. 5.11 Non-Differentiability at critical point zero is approximated by function 

Non-differentiability irregularity, at point 0 0x =  in this case of Figure 5.11 has 

value ( ) 2f x = , is approximated by a polynomial 0( ) 2 3P x x x− = +  with non-

linear power law  

0.5
0 4

h
C x x x− = . 

Response functions of several processes diverge algebraically near critical point, for 
example Vander Wall’s equation at critical point, Stress-strain curve near yield point, 
Magnetic Currie points etc. This way one can get ‘continuous phase-transition’ 
explanations. The enlarging of the differentiability of the Figure 5.11 approximation 
at critical point is shown in Figure 5.12. The function is continuous at critical point 

0 0x =  from differentiation of order 0q =  till 0.5q < . Beyond that 0.5q >  order 

the function diverges. The critical order is half, and the value at half order is 8 (1.5)Γ . 

Say in this phase transition ‘loss of integer order differentiability’ represents curve of 
specific heat with temperature, then at this phase transition point this finite value of 
fractional derivative 8 (1.5)Γ , may be termed as ‘Fractional Latent Heat’. This way 

one can have LFD to expand the ‘critical-points’ or ‘non-differentiable points’ or 
‘irregular points’ of physical systems. 
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Fig. 5.12 Observation of fractional differentiability for a non-differentiable function 

5.12.5   Finding Holder Exponent for Singularity at a Point 

We have made use of concept of Holder exponent at the ‘critical-point’ where 
differentiability gets lost, in earlier sections. The Holder exponent of a singularity 
can be evaluated using the Wavelet Transform (WT). The WT makes use of 
scaling functions that have the property of being ‘localized’ in both time and in 
frequency. A scaling coefficient s characterizes and measures the width of a 
wavelet. Continuous Wavelet Transform (CWT) is defined for a given signal 

( )f x  as 

0

0
,

1
( ) ( )w x

x x
W f f x dx

w w
ψ

+∞

−∞

−⎛ ⎞= ⎜ ⎟⎝ ⎠∫ , 

where ( )uψ , with 0( ) /u x x w= −  as the ‘kernel’ is also called ‘wavelet filter’, at 

origin 0u = , with ‘unit window’ 1w = . The WT can be used to determine 
singularity because ( )uψ , the kernel can be chosen in such a way as to be an 

orthogonal to polynomials up to degree n  that is,  

01
0mx x

x dx
w w
ψ

+∞

−∞

−⎛ ⎞ =⎜ ⎟⎝ ⎠∫ ; 

for all m  such that 0 m n≤ ≤ . 
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If function ( )f x  full fills the condition 

0( )
0 0( ) ( )

h x
nf x P x x C x x− − ≤ − , 0( )h x n> ; 

its WT is given as  

0
0 0

0

( )
( ) ( )

, ( ) ( )
h x

h x h x
w xW f C w u u du wψ

+∞

−∞
= ∝∫ , 

where 0( ) /u x x w= − . Therefore at least theoretically a Holder exponent of 

singularity can be evaluated as scaling exponent of WT coefficient for 0w→ . 
One of the kernel useful in this particular application is Mexican hat function 

(second derivative of Gaussian) that is, 2 2( ) (1 )exp( / 2)u u uψ = − − . The Mexican 

hat wavelet integrates to zero polynomial biases up to degree 1n = . Finally, due to 
exponential convergence of this wavelet to zero, in this Mexican hat function for 
large u , we may assume that this wavelet explores a ‘window size’ a ten times the 

scale s . These above arguments are true if there exists no other singularity in near 

neighborhood of 0x . Therefore calculate the , ( )
ow xW f  at a point 0x , with window 

of the kernel w varying from 0 to say 100, and then one can use linear regression for 
finding Holder exponent at 0x  that is, 0( )h x  by using the  

0, 0log ( ) ( ) logw xW f h x w C= + , 

the slope of this as 0w → . 

5.13   Numerical Solution of Fractional Order Differential Equation 
by Use of Grunwald-Letnikov Technique 

5.13   Numerical Solution of Fractional Order Differential Equation 

5.13.1   The Algorithm 

In this algorithm, the fractional differential term is directly replaced by the 
numerical approximation definition given by Grunwald-Letnikov. But in order to 
do that, we have to discretize the time with a sampling period satisfying the 
Nyquist criterion. 

Thus, we have t = h*n and f (t) is denoted by f (n) where f (n) is the discretized 
function. Using Grunwald’s approximation, 

0
0

1 (
( ) lim ( 1) ( )

1) 1)

n
j

t
h

j

D f Kh f Kh jh
j jh

α α
α→

=

Γ +1)
= − −

Γ(α − + Γ( +∑             (5.1) 
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where K is the number of data points available. 
Consider a system described by the fractional order differential equation given by: 

( )
( ) ( )

n

n

d y t
a by t u t

dt
+ = , with (0 1)n< <                                (5.2) 

Using approximation in (5.1),  

0

1 (
( 1) ( ) ( ) ( )

( (

n
j

n
j

n
a y Kh jh by Kh u Kh

n j jh =

Γ +1)
− − + =

Γ − +1)Γ +1)∑               (5.3) 

System output is given by  

     0

1 (
( ) ( 1) ( )

( (
( )

n
j

n
j

n

n
u Kh y Kh jh

n j jh
y Kh

a
b

h

=

Γ +1)− − −
Γ − +1)Γ +1)

=
+

∑
              (5.4) 

5.13.2   Obtaining the Step Response 

Equation (5.4) directly gives the solution for a simple n-th order FO system. Step 
response of the system represented by equation (5.5) is studied for various values of 
n. 

                         ( ) ( ) ( )
n

n

d
a y t by t u t

dt
+ =  with 0 1n< <                                (5.5) 

For all the plots, the total number of points taken for evaluation is 1000, shown in 
Figure 5.13 to Figure 5.16.  

5.13.3   Fractional Order System and Integer Order System 
Comparision 

5.13.3.1   Order of the FOS-n 

The step response of different values of n is plotted. It can be seen that the time 
constant of the system increases as the value of n reaches from 0 to 1. 

The step response for values of n greater than one is interesting. Since the order 
of the system is more, the response is more of an oscillating kind tending toward 
second order system with damping. This observation of oscillation relaxation is 
made for a non-Newtonian fluid under compression, where the order of fractional 
differential equation 1.5n =  gives a very good curve fitting on experimental data. 
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Fig 5.13 Step response of the system for different values of n using a=b=1 and y (0) =0 

5.13.3.2   Significance of Parameters a and b 

Now the values of the coefficients a and b are changed for n = 1.2. It can be 
observed that these parameters control the amount of damping experienced by the 
system as well as the steady state value of the solution. 
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Fig 5.14 Step response for different values of a, depicting increased damping for greater 
values of a. 

 

Fig 5.15 Step response for different values of parameter b. 
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5.13.3.3   Effect of Initial Conditions 

Unlike any integral differentiator operator, fractional differential operator is not a 
local operator. For integer derivative at a point P, only the knowledge of function 
values in the neighborhood of P is sufficient. When n is not an integer, it is not 
sufficient just to know the functional values of neighborhood of P in order to evaluate 

( )n
tD y t . Rather we need to have information about the entire history of the function 

from initial instant t0 to t.  
Ordinary and fractional derivatives differ in several ways.  The signal to which a 

fractional derivative is applied starts at t = 0. Before that, the signal is always 
assumed to be zero. If that is not the case, t = 0 must be moved to a time before which 
the signal does not differ from zero. The fractional derivative of a constant is not zero 
because the signal change from zero to a finite value at t = 0 gives a contribution to 
the fractional derivative at all later times. A derivative of integer order also assumes a 
value different from zero at the step at t = 0, which we call a delta functional, but 
there is no contribution at later times since the delta functional is very short. The 
fractional derivative is not zero even if the signal is zero because the signal might 
have differed from zero at an earlier time.  

The plot given below compares the memory for initial values for an integer order 
system with n=1 and a fractional order system with n=1.75. 

 

Fig. 5.16 Effect of initial conditions on a system with n =1, 1.75 for the  step response 
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From the above plot, it can be concluded that the effect of initial conditions in case 
of integer order systems dies out very fast when compared to that of fractional order 
systems. For n=1.75, the effect of initial condition is present feebly even after 25 sec 
while this effect dies down in 3 sec for the integer order system. 

5.14   Line, Surface and Volume Integration of Fractal Distributions 

Here in this section a method is described to get Fractal Distribution represented by 
‘Fractional Continuum Medium’ and then to perform surface or volume integration.  
The fractional integrals are considered as an approximation of integrals on fractals. 
This type of new approach is applicable in processes where the fractal features of the 
processes or the medium impose the necessity of using nontraditional tools in 
‘regular’ smooth physical equations. Smoothening of microscopic characteristics over 
the physically infinitesimal volume/area transforms the initial fractal distribution into 
fractional continuous model. The order of fractional integration is taken as equal to 
the fractal dimension of the distribution. Therefore fractional integrals may be 
considered as an approximation of integrals on fractals. Say the number of particles 
N  enclosed in a volume with characteristic size R  satisfies the scaling law 

( ) dN R R∼ ;( d is real number) whereas for a regular n -dimensional Euclidian 

object we have ( ) nN R R∼  ( n  is 1, 2, and 3 integer). The difference between the 

real fractal medium and fractional continuous medium model is analogous to the 
difference between the real atomic structure (fractal medium) and usual continuous 
models of those medium. 

The RL definition of Fractional Integration is: 

1
0

0

1
( ) ( ) ( )

( )

x

xD f x x u f u duα α

α
− −= −

Γ ∫ , 0v > . 

Consider the RHS and say the element du  is changed to elementary volume element 

3dV , in the Euclidian topological space, comprising of 3 ( )( )( )dV dx dy dz= . Then the 

volumetric integration of order 3α  is expressed as: 

3 1 1 1
0 , , 3

0 0 0

1
( , , ) ( ) ( ) ( ) ( , , )

( )

yx z

x y zD f x y z x u y v z w f u v w dudvdwα α α α

α
− − − −= − − −

Γ ∫ ∫ ∫  

Noting 3dV dudvdw=  and writing 3d α=  we can re-cast the above integral as: 

1 1 1
3 3 3

0 , , 33
0 0 0

1
( , , ) ( ) ( ) ( ) ( , , )

[ ( / 3)]

yx z d d d
d

x y zD f x y z x u y v z w f u v w dV
d

− − −− = − − −
Γ ∫ ∫ ∫  
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The LHS of above is ‘volume’ integration on fractional volume dV  with elemental 

volume ddV , symbolically.  

0 , , ( , , ) ( , , )( )d
x y z d

V

D f x y z f x y z dV− = ∫ . 

Equating the two with simplification we get: 

1 1 1
3 3 3

33

1
( , , )( ) ( ) ( ) ( ) ( , , )

( / 3)

d d d

d

V V

f x y z dV x u y v z w f u v w dV
d

− − −
= − − −

Γ∫ ∫  

We infer that fractional volume element ddV  is related to 3D- Euclidian elemental 

volume element 3dV  by a function, call it 

1
3

3 3

( )
( , , , )

( / 3)

d

xyz
K x y z d

d

−

=
Γ

, as: 3 3( , , , )ddV K x y z d dV= . 

Here we can approximate 

x y z rΔ = Δ = Δ = Δ , 

with x y z r≈ ≈ =  and in spherical coordinates we write: 

3

3 3
( , )

( / 3)

dr
K r d

d

−
≅
Γ

, for 2 3d< <  

Consider the ball of region W  such that r R≤  and spherically symmetric 
distribution of particles with number density as ( , ) ( )n r t n r= . Then number of 

particles enclosed in a fractal volume DV , will be 

( ) ( , )d d

W

N r n r t dV= ∫ . 

The number of particles in a 3D volume is 

3( ) ( , )
W

N r n r t dV= ∫ . 

The elemental volume is  

2
3 4dV r drπ=  
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in spherical geometry and considering 0( , )n r t n= , as a constant we have  

2 3
0 0

0

4
( ) 4

3

R

N r r n dr R nπ π= =∫  

Similarly we have  

2 2 30 0
0 3 3

0 0

4 4
( ) 4

( / 3) ( / 3)

R R d
d d

d d
n n R

N r r n dV r r dr R
dd d

π ππ −= = =
Γ Γ∫ ∫ ∼  

We have used the derived approximate expression 

( )
3 3

2
33 3

4
( / 3) ( / 3)

d d

d
r r

dV dV r dr
d d

π
− −

= =
Γ Γ

, 

to calculate ( )dN r , in above problem. 

With the similar arguments as above we can have relation between fractional 
infinitesimal area (surface) ddS  and Euclidian infinitesimal area (surface) 2dS  to 

have surface integration of fractal surfaces. The relation is approximately: 

2 2( , )ddS K r d dS= , 

with  
2

2 2
( , )

( / 2)

dr
K r d

d

−
=
Γ

, for 1 2d< < . Note that 2 ( , 2) 1K r = for 2d = . 

This relation can be helpful in finding ‘flux’ through a fractal surface. The 
usual definition of flux is ‘surface’ integral given as: 

( ) 2( )S

S

J dSφ ≡ •∫ , 

where ( , )J r t  denotes a flowing quantity. Say q  are charges flowing with number 

density of ( , )n n r t=  with velocity ( , )v v r t= , and then J qnv=  is current density 

of the flowing quantity. The fractional generalization of the flux for a fractal 
distribution can be:  

( ( , ) )
dS d

S

J r t dSφ = •∫ , 

where 
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2

22 ( / 2)

d

d
r

dS dS
d

−
=
Γ

. 

From the above discussion we can have the relation for line integration for fractal 
(line) distribution, with relating the elemental line elements as: 

1 1( , )ddL K r d dL= , for 0 1d< < ,  

with  

 
1

1( , )
( )

dr
K r d

d

−
=
Γ

.  

5.15   Fractional Generalization of Gauss’s Law and Stroke’s 
Law 

The Gauss’s law is following, giving the relation of surface integral and volume 
integral for region (volume) W , bounded by a surface S = W∂ . That is closed 
surface integral of a vector ( , )J r t is equal to the volume integral of divergence of 

the vector ( , )J r t . 

( ) [ ]2 3 3( , ) div ( , ) ( , )
W

W W

J r t dS J r t dV J r t dV
∂

• = = ∇•∫ ∫ ∫v , 

where ( , )J r t is a vector field say in x direction so that,  

div( ) / /J J dr J x= ∂ = ∂ ∂ . 

Using the above derived relation we write 

2 2 2( , )ddS K r d dS= , 

with 

2 2

2 2 2
2

( , )
( / 2)

dr
K r d

d

−
=
Γ

,  

and we get  

( ) ( )2 2 2( , ) ( , ) ( , )d

W W

J r t dS K r d J r t dS
∂ ∂

• = •∫ ∫v v . 

Using the usual Gauss’s law as described above, the RHS becomes: 

( ) 2 2 3( , ) div ( , ) ( , )d

W W

J r t dS K r d J r t dV
∂

• = ⎡ ⎤⎣ ⎦∫ ∫v  
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Using the expression obtained  

3 3 3( , )ddV K r d dV=  

Where 

3 1 3
3 3 3( , ) ( / 3)dK r d r d− −= Γ , 

we write the fractional generalization of Gauss’s law as: 

( ) ( ) 1
3 3 2 2( , ) ( , ) div ( , ) ( , )d d

W W

J r t dS K r d K r d J r t dV
−

∂

• = ⎡ ⎤⎣ ⎦∫ ∫v  

Analogous to the above Gauss’s law for fractal distribution we can generalize the 
Stroke’s law as: 

( ) 1
2 2 1 1( ) ( , ) curl ( , )d d

L S

E dL K r d K r d E dS
−• = ⎡ ⎤⎣ ⎦∫ ∫v  

where 1 1 1
1 1 1( , ) ( )dK r d r d− −= Γ ; as obtained in the previous section. 

In this chapter we mention the difference between the real fractal medium 
structures and replacing with by a fractional continuous mathematical model to have 
approximate line, surface and volume integrals. These tools are helpful in 
generalizing the laws of physics as charge conservation laws , gravitational potentials 
and integral Maxwell equations to obtain approximate representation where the 
distribution of charges or masses are fractal in nature. The application of this 
technique in analyzing dusty-plasma will be helpful. 

5.16   Concluding Comments 

The physical and geometric interpretation of fractional differintegration process has 
shown some insight of the mathematics, which lays in-between complete integration 
and complete differentiation. The elaborate block diagrams provide understanding for 
computation of these fractional processes. The up coming field of local fractional 
derivatives is just introduced, which is a tool for description of fractal process. The 
concepts of minimizing computation effort by digital signal processing fundamentals 
have given a direction to evolve efficient algorithms for digital control science 
applications. The concepts are evolving even today, and future will see much more 
insight into the concepts of fractional differ integrations. The use of fractional 
calculus to magnify the physical critical points non-differentiability has been 
examined along with its use to regularize the irregular behavior of functions. The use 
of fractional calculus to model a rough irregular system of charges lead to different 
sets of Maxwell equations in electrodynamics; this method could be of use even to 
represent irregular boundaries for fractal boundary value problems.  
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Initialized Differintegrals and Generalized 
Calculus 
6   Initial ized D ifferintegrals and Generalized Calcu lus 

6.1   Introduction 

This chapter demonstrates the need for a non-constant initialization for the fractional 
calculus. Here basic definitions are formed for the initialized fractional differintegrals 
(differentials and integrals). Here two basic popular definitions of fractional calculus 
are considered, those are Riemann-Liouville (RL) and Grunwald-Letnikov (GL). Two 
forms of initialization methods are prevalent, the ‘terminal initialization’ and the ‘side 
initialization’. The issue of initialization has been an essentially a neglected subject in 
the development of the fractional calculus. Liouville’s choice of lower limit as −∞  
and Riemann’s choice as c were in fact were issues related to the same initialization. 
Ross and Caputo maintained that to satisfy the composition of the fractional 
differintegrals, the integrated function and its integer order derivatives must be zero, 
for all times up to and including the start of fractional differintegration. Ross stated, 
“The greatest difficulty in Riemann’s theory is the interpretation of complimentary 
function. The question of existence of complimentary function caused much of 
confusion. Liouvelli was led to error and Riemann became inextricably entangled in 
his concept of a complimentary function.”  The complimentary function issue is raised 
here because an initialization function, ‘which accounts for effect of history’, of the 
function, for fractional derivatives and integrals, will appear in the definitions of this 
chapter. The form of initialization function is kept similar to what Riemann has used as 
complimentary function ( )xψ  however it’s meaning and use is different. Constant 

initialization of the past is insufficiently general, the widely used contemporary 
equations for the Laplace transform for differintegrals based on that assumption also 
lacks generality. Therefore the generalized form is presented here. In solution of 
fractional differential equations with assumed history, the set of initializing constants 
representing the values of fractional differ integrals at 0t = , are ineffective, will be 
deliberated in this chapter. Therefore required is ‘non-constant initialization’ for 
generalized concept of integration and differentiation. The Caputo definition vis-à-vis 
Riemann-Liouvelli definition with initialization is compared and the difficulty in 
physically making them compatible is too probed into. A brief discussion on criteria 
and properties of generalized calculus as given by Ross (1974) is mentioned and then 
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simple examples provided for getting the gist of fractional calculus, with importance 
given to initialization. In this chapter a section is included to evaluate fractional 
derivative and fractional integral of periodic functions, with lower terminal initialized 
to minus infinity and also with a finite start point in differintegration. The solution of 
Fractional Advection Dispersion Equation is solved in context of boundary condition, 
and concept of Levy stable law is demonstrated, as Long Range Dependency (LRD). 
This Long Range Dependence is extended to identify spiky delay dynamics of 
computer based system. A new aspect of identification of random delays (processes) 
of spiked nature is developed vis-à-vis fractional Langevin’s equation, driven by shot 
noise; the concept is general and can be generalized to other fractional stochastic 
processes, say market economy or say price fluctuation and any other fluctuating 
dynamics of random nature. These two dynamic problems are taken in view of initial 
condition and boundary condition for solution of Fractional Differential equation 
System. 

6.2   Notations of Differintegrals 

Mathematicians have used several notations since the birth of fractional calculus. As 
mentioned in the Introduction chapter (Historical Development of Fractional 
Calculus) several contemporary notations for fractional differentiation and fractional 
integration. Here attempt will be made to standardize the notations as differintegrals. 
The same operator used as integrator when index is negative and differentiator when 
index is positive. Separate notation will be used to indicate initialized differintegral 
operator and un-initialized operator. 

( )q
c tD f t  Represents ‘initialized’ q-th order differintegration of ( )f t  from start 

point c to t. ( )q
c td f t  Represents ‘un-initialized’ generalized (or fractional) q-th order 

differintegral. This is also same as  

[ ]
( )

( )
( )

q
q

c tq

d f t
d f t

d t c
≡

−
, 

shifting the origin of function at start of the point from where differintegration starts. 
This un-initialized operator can also be short formed as ( )qd f t . The initialization 

function (not a constant) is represented as ( , , , , )f q a c tψ  meaning that this is 
function of independent variable t, and is for differintegral operator of order q, the 
function born at 0t =  (before that the function is zero), and differintegral process 
starting at c. This initialization function can be short formed as ( ), ( , , )t f q tψ ψ . 
Therefore the expression between initialized differintegral and un-initialized one is: 

( ) ( ) ( , , , , )q q
c t c tD f t d f t f q a c tψ= +  

The notation contains lower limit of the process at the front subscript and the order 
of the process at the tail superscript, with independent variable with respect to 
what is being differintegrated. 
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6.3   Requirement of Initialization 

In real applications, it is usually the case that the problem to be solved is in some 
way isolated from past that is, it should not be necessary to retreat to −∞  in time 
to start the analysis. Usually, the analyst desires to start the analysis at some time 

0t t= , with the knowledge (or assumption) of all values of the function and its 

derivatives. Specifically, (1) (2) ( )
0 0 0 0( ), ( ), ( )..... ( )nf t f t f t f t , in the case of integer 

order calculus. In modern parlance this collection is called ‘state’ and contains the 
effect of all the past history. One way the behavior of the semi-infinite 
transmission line can be described is in terms of its input behavior (impedance) at 
the open end of the line, that is, as semi-differential equation. However, to 
practically use such fractional order differential equation requires additional 
function of time. In terms of the physics this time-function relates back to the 
initial voltage distribution (distributed initialization) on the semi-infinite lossy 
line. From Chapter 3 the input terminal behavior of the same is:  

0

(0, ) 1
(0, ) ( ,0)

srI s
V s e V d

s s

λ
α λ λ

α
α α

∞

= + ∫ , 

where λ  is, the dummy variable of integration and the variable s is Laplace 
variable. The above expression in Chapter 3 was obtained by iterated Laplace 
transformation technique applied to the basic diffusion equation. However, an 
attraction of the fractional calculus is the ability to express the behavior of the 
line, (a distributed system or mathematically partial differential equation) as part 
of the system of distributed equations using fractional differential equations. Such 
a fractional differential equation for the semi-infinite lossy line is: 

1/ 2

1/2

( )
( )

d v t
r i t

dt
α= , 

assuming ( ,0) 0v x = . To initialize this distributed system a function of time ( )tψ  

must be added to account for the integral term of the obtained expression for 
(0, )V s  written above. With this fractional differential equation is: 

1/ 2

1/2

( )
( ) ( )

d v t
t r i t

dt
ψ α+ = . 

The focus in this chapter will be on ( )tψ . Clearly, one can addend such terms in 

ad hoc way to the fractional differential equations which are being solved, the 
formal approach to evaluate this function is presented in detail in this chapter. If 
the analyst is constrained that the initial function value and all its derivatives are 
zero, the range of applicability for this entire class of problems, which includes 
eventually all distributed systems, will greatly be limited. Therefore all fractional 
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ordinary differintegral equations require initialization terms to be associated with 
each fractional differintegration term, in order to complete the description. This 
requirement is a generalization to the requirement of a set of initialization 
constants ‘states’, in integer order ordinary differential equations. Fundamentally 
it is the information to start the integration process of the differential equations 
while properly accounting for the effect of the past. 

6.4   Initialization Fractional Integration (Riemann-Liouville 
Approach) 

This non-constant initialization function ( )tψ , which shall be elucidated clearly 

brings out the past history, also brings to the definition of the fractional integral 
the effect of past namely, effect of fractionally integrating the function from its 
birth. This added effect will also be influencing the process after time t, the start of 
integration process. 

Consider fractional order q  integration of the ( )f t , the first starting at t a= , 

and second starting at t c a= >  

11
( ) ( ) ( )

( )

t
q q

a t

a

d f t t f d
q

τ τ τ− −= −
Γ ∫                                  (6.1) 

11
( ) ( ) ( )

( )

t
q q

c t

c

d f t t f d
q

τ τ τ− −= −
Γ ∫                                   (6.2) 

Assume that function was born at t a= , that is ( ) 0f t =  for all time less than equal to 

a. i.e. ( ) 0,f t t a= ≤ . Then the time period between a and c may be considered as 

history. The assumption is that the integral ( )( )q
c td f t− , is properly initialized so that 

it should function as continuation of integral starting at t a= . To this therefore an 
initialization must be added (to ( )q

c td f t− ), so that fractional integral starting at t c=  

should be identical to the result starting at t a=  for t c> . We call what Riemann 
proposed as complimentary function as initialization function as ψ.  

We have for the above argument the following: 

( ) ( ),q q
c t a td f t d f t t cψ− −+ = > . Then, ( ) ( ),q q

a t c td f t d f t t cψ − −= − >  

Therefore,  

11
( ) ( ) ( )

( )

c
q q

a c

a

t f d d f t
q

ψ τ τ τ− −= − ≡
Γ ∫ .          t c>            (6.3) 

Here ψ is a function of independent variable t, thus is ‘non-constant’. For integer 
order integration we put 1q = , and see that 
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( )
c

a

f d Kψ τ τ= =∫ , 

a constant. Because of increased complexity of the initialization relative to the 
integer order calculus, it is important to formalize the initialization process. This 
formalization will include the initialization term into the definition of these 
fundamental fractional order calculus operators. 

Two types of initialization are considered. The terminal initialization, where it is 
assumed that the differintegral operator can be initialized (charged) by effectively 
differintegrating prior to the start time, t c= ; and the side-initialization where fully 
arbitrary initialization may be applied to the differintegral operator at time t c= . 
These are in contemporary terms may be stated as terminal charging and side 
charging. First we restrict to RL type of differintegrals for formalizing these 
definitions. This initialization function ψ  has the effect of allowing the function 

( )f t  and its derivatives to start at a value other than zero, namely @( )q
a c t cD f t−

= , and 

continues to contribute to differintegral response after t c= . That is, a function of 
time is added to the uninitialized integral, (not just a constant at t c= ). 

6.4.1   Terminal Initialization 

The standard contemporary definition of fractional integral (RL) is accepted if an 
only if the differintegrand ( ) 0f t =  for all t a≤ . The initialization period (or 

space) is region a t c≤ ≤ . The fractional integration takes place for t c a> ≥ . 
Further the fractional integration starts at t c=  (i.e. point of initialization). 

11
( ) ( ) ( )

( )

t
q q

a t

a

D f t t f d
q

τ τ τ− −≡ −
Γ ∫ , 0.&.q t a≥ >                    (6.4) 

subject to ( ) 0f t =  for all t a≤ . 

The following definition of fractional integration will apply generally (at 
any t c> ): 

11
( ) ( ) ( ) ( , , , , ),

( )

t
q q

c t

c

D f t t f d f q a c t
q

τ τ τ ψ− −≡ − + −
Γ ∫                       (6.5)   

                              
0, , & ( ) 0@q t a c a f t t a≥ > ≥ = ≤

 

The function ( , , , , )f q a c tψ −  is called the initialization function and will be 

chosen such that 

 ( ) ( )q q
a t c tD f t D f t− −= .        t c>                                    (6.6) 



276 6   Initialized Differintegrals and Generalized Calculus
 

This condition gives: 

1 11 1
( ) ( ) ( ) ( ) ( , , , , )

( ) ( )

t t
q q

a c

t f d t f d f q a c t
q q

τ τ τ τ τ τ ψ− −− = − + −
Γ Γ∫ ∫ .         (6.7) 

Since, ( ) ( ) ( )
t c t

a a c

g d g d g dτ τ τ τ τ τ= +∫ ∫ ∫ . 

Therefore we get  

11
( , , , , ) ( ) ( ) ( )

( )

c
q q

a c

a

f q a c t D f t t f d
q

ψ τ τ τ− −− = = −
Γ ∫                        (6.8) 

                                      ,&, 0t c q> >  

This expression for ( )tψ gives ‘terminal initialization’, and also brings out in the 

definition of fractional integral the effect of the past ‘history’, namely the effect of 
fractionally integrating the ( )f t  from a to c. This effect is also called terminal 

charging. 

6.4.2   Side-Initialization 

When ψ , is arbitrary and terminal initialization equation is not valid then the 
effect is called ‘side-initialization’, or side charging. Figure 6.1 demonstrates 
concept initialization as block diagram, as a signal flow graph.       

)(tf
at

tfD q
ta )(

),,,,( tcaqf

q
ta d

DURING INITIALIZATION
(TERMINAL CHARGING)

.

+

)(tf +
q

tc d
ct

tfD q
tc )(

DURING NORMAL FUNCTION  

Fig. 6.1 Signal flow graph for demonstrating initialization of fractional integration 
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Example 1. Let function ( )f t t=  for 0t >  and ( ) 0f t =  for 0t < . The semi-

integral process with initialization is demonstrated below from start point of 
integration @ 1t = . By applying RL formulations for fractional integration we 
obtain the following: 

0 3/2
1/2 0.5 1 3/ 2

0 1/ 2
0

0
1/2 1/2

1 1/ 2
1

1 1 ( )( ) 4
( ) .

3 1(1/ 2) (1/ 2) 3. (1/ 2)
2 2

1 ( )( ) 2
( , 0.5,0,1, ) ( 1) (2 1) ( , 1 / 2,0,1, )

(1/ 2) 3

1,&, (0.5)

( , 1 / 2,0,1, )

t

t

t

t

t

t x dx t
D t t d t

x

t x dx
D t t t t t t t

x

t

t t

τ τ τ
π

ψ ψ
π

π

ψ

− −

−

−

− −= − = = =
Γ Γ Γ

− − ⎡ ⎤= + − = − + + −⎣ ⎦Γ

> Γ =

−

∫ ∫

∫

3/ 2 1/22
2 (2 1)( 1)

3
t t t

π
⎡ ⎤= − + −⎣ ⎦

 

Note may be taken about the nature of initialization function, which is semi-
integration of the function from 0-1, and is function of t. Also as time passes by 
the function decays to zero, i.e. ‘the effect of history is forgotten as future 
grows!’; lim ( , 0.5,0,1, ) 0

t
t tψ

→∞
− = , at least in this particular example. This is shown 

in the Figure 6.2: 

)(2/12/1 tdD ata

)(2/1 tdc

&)(2/1 tfD ),,,2/1,( tcat

tDc
2/1

t
0 1 2 3
(a) (c)  

Fig. 6.2 Graphical representation of initialized differintegration for f (t)=t 

6.5   Initializing Fractional Derivative (Riemann-Liouvelle Approach) 

This is contrary to integer order derivative, which is a point and also local quantity 
(property) where initialization is not called for. However the definitions of fractional 
derivatives do contain fractional integration and thus fractional derivative of a 
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function is not a point quantity. For fractional derivative initialization process is 
called for. Fractional derivative is non-local operator and therefore has history. In 
solution of differential equations the initialization constants, which sets the initial 
values of the derivatives, really have the effect of accounting for the integration of the 
derivative from −∞  to starting time of the integration (of the differential equation). 
In the fractional calculus initialization for derivatives are also required for handling 
the effect of ‘distributed initialization’, in actual system. Distributed initialization 
means initial voltage/charge profile in semi-infinite distributed transmission line 
(lossy of order ½ or lossless of order zero), or in case of initial strain distribution in 
elastic semi-infinite bar (order one). Extending generalization concept, the integer 
order derivative also calls for initialization in ‘fractional context’. Thus, a generalized 
integer order differentiation is defined as (with initialization)  

( ) ( ) ( , , , , )
m

m
c t m

d
D f t f t f m a c t

dt
ψ≡ + .                               (6.9) 

t c> . Here m is integer and ( , , , , )f m a c tψ  is an initialization function. Now bare 

or un-initialized fractional derivative is defined as: 

( ) ( )q m p
a t a t a tD f t D D f t−≡                                            (6.10) 

0q ≥ , t a> , and ( ) 0f t =  at t a≤ ; q m p= −  Meaning m is the integer just 

greater than the fractional order q, by amount p. The function is born at t a=  and 
before that the value is zero. The differentiation starts at t c> . Now as in 
fractional integration case, ( , , , , ) 0f p a a tψ − = . Further consider the 

( ) ( )p
a th t D f t−=  i.e. fractional integral of function starting at a with initialized 

term ( , , , , ) 0h m a a tψ = ; the initialized fractional derivative looks and defined as 

for 0, .q t c a≥ > ≥  

( ) ( ) ( )q m p
c t c t c tD f t D f t D f t−≡ .                                      (6.11) 

6.5.1   Terminal Initialization 

The definition and concept is similar to that obtained as terminal initialization for 
fractional integrals. The requirement is also same as for the fractional integrals, that is  

( ) ( )q q
c t a tD f t D f t=                                                          (6.12) 

for all t c a> ≥ . Specifically this requires compatibility of the derivatives starting 
at t a=  and t c=  for all t c> . Therefore it follows that: 

( ) ( )m p m p
c t c t a t a tD D f t D D f t− −=                                                    (6.13) 

Expanding the fractional integrals with initialization we obtain:  
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1 11 1
( ) ( ) ( , , , , ) ( ) ( ) ( , , , , )

( ) ( )

t t
m p m p

c t a t

c a

D t f d f p a c t D t f d f p a a t
p p

τ τ τ ψ τ τ τ ψ− −⎛ ⎞ ⎛ ⎞
− + − = − + −⎜ ⎟ ⎜ ⎟Γ Γ⎝ ⎠ ⎝ ⎠

∫ ∫  

 (6.14) 
 

For, and ( , , , , ) 0t c f p a a tψ>   − = . Using the definition of generalized integer 

order derivative as defined above we get: 

1
1

1
2

1
( ) ( ) ( , , , , ) ( , , , , )

( )

1
( ) ( ) ( , , , , )

( )

tm
p

m
c

tm
p

m
a

d
t f d f p a c t h m a c t

pdt

d
t f d h m a a t

pdt

τ τ τ ψ ψ

τ τ τ ψ

−

−

⎧ ⎫⎪ ⎪− + − + =⎨ ⎬Γ⎪ ⎪⎩ ⎭

− +
Γ

∫

∫
          (6.15) 

where 1 2( ) and ( )p p
c t a th D f t h D f t− −=   =  the integer order derivative is initialized 

at t a= , thus 2( , , , , ) 0h m a a tψ = . After rearranging the integrals we get: 

1
1

1
( , , , , ) ( ) ( ) ( , , , , )

( )

cm
p

m
a

d
h m a c t t f d f p a c t

pdt
ψ τ τ τ ψ−⎛ ⎞

= − − −⎜ ⎟Γ⎝ ⎠
∫ .        (6.16) 

This is the expression and ‘the requirement for the initialization for the derivative 
in general’. 

Under condition of terminal charging of the fractional integral  

11
( , , , , ) ( ) ( )

( )

c
p

a

f p a c t t f d
p

ψ τ τ τ−− = −
Γ ∫ , 

is the initialization function of fractional integration as defined and derived earlier 
(6.8). Therefore the 1( , , , , ) 0h m a c tψ = , a very important result is seen, that is 

‘integer order differentiation cannot be initialized through the terminal (terminal 
charging)’. 

6.5.2   Side-Initialization 

Refer the expression (6.16) and the requirement for initialization for general 
derivative as obtained in the terminal charging case. If side charging is employed 
meaning that the function ( , , , , )f p a c tψ −  is arbitrary. Thus it can be inferred 

from the requirement equation (6.16) that ( , , , , )f p a c tψ −  or 1( , , , , )h m a c tψ  can 

be arbitrary but not both together, but also should then satisfy the requirement 
expression derived above. 

The generalized expression for the side charging case can be stated as: 
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11
( ) ( ) ( ) ( , , , , ) , ( . )

( )

t
q m p

c t c t

c

D f t D t f d f p a c t t c
p

τ τ τ ψ−⎧ ⎫⎪ ⎪= − + − >⎨ ⎬Γ⎪ ⎪⎩ ⎭
∫     (6.17) 

m , is positive integer > q, with q m p= −  

11
( ) ( ) ( ) ( , , , , ) ( , , , , )

( )

tm m
q p

c t m m
c

d d
D f t t f d f p a c t h m a c t

pdt dt
τ τ τ ψ ψ−= − + − +

Γ ∫ (6.18) 

where, ( ) ( )p
a th t D f t−= . Here both the initialization terms are arbitrary and thus 

may be considered as a single (arbitrary) term, namely  

( , , , , ) ( , , , , ) ( , , , , )
m

m

d
f q a c t f p a c t h m a c t

dt
ψ ψ ψ≡ − + .                      (6.19) 

In case of terminal charging the fractional integral initialization part  

11
( , , , , ) ( ) ( )

( )

c
p

a

f p a c t t f d
p

ψ τ τ τ−− = −
Γ ∫  for t c>                        (6.20) 

Figure 6.3 demonstrates the initialization concept for fractional derivative  
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Fig. 6.3 Initialization of fractional derivative 

6.6   Initializing Fractional Differintegrals (Grunwald-Letnikov 
Approach) 

Here in this approach too, take function’s starting time as a, and the 
differinteration process starts at t c= . An initialization (notation same as for RL-
approach) is introduced to account for past history and goes back to t a= , with 

( ) 0f t =  @ all time before t a= . Then differintegration with arbitrary order q is: 
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[ ]
1

0

( ) ( )
( ) lim

( ) ( 1)( )

q

q N
q

a t q N
j

t a
d f t j q t aN

D f t f t j
q j Nd t a

−

−

→∞ =

−⎛ ⎞
⎜ ⎟ Γ − ⎛ − ⎞⎧ ⎫⎝ ⎠= ≡ − ⎨ ⎬⎜ ⎟Γ − Γ + ⎩ ⎭− ⎝ ⎠

∑       (6.21) 

                       & ( ) 0@t a f t t a> = ≤  

Grunwald-Letnikov (GL) definition for differintegrals will generally apply as: 

[ ]
( )

( ) ( , , , , )
( )

q
q

c t q

d f t
D f t f q a c t

d t c
ψ≡ +

−
.                                      (6.22) 

and ( ) 0, ( ) andf t at t a c a  =  ≤   ≥ . Here again ( , , , , )f q a c tψ  is selected such that 

( )q
c tD f t  will produce the same result as ( )q

a tD f t for t c> . Expressing as   

( ) ( ) ( , , , , ) ( )q q q
c t c t a tD f t d f t f q a c t D f tψ= + =                                  (6.23) 

will be self explanatory, for all t c> , and ( ) 0f t =  for all t a≤ . Therefore, 

( , , , , ) ( ) ( )q q
a t c tf q a c t D f t d f tψ = −  or identifying that ( ) ( )q q

a t a tD f t d f t→  i.e. 

un-initialized differintegral, as per standard notation we write the same 
as: ( , , , , ) ( ) ( )q q

a t c tf q a c t d f t d f tψ = − . In this substituting GL series we obtain the 

following: 

1

1

1
1

0 1

( )
( , , , , ) lim

( ) ( 1)

q

N

N
j

t a

N j q t a
f q a c t f t j

q j N
ψ

−

−

→∞ =

⎧ ⎫⎛ ⎞−
⎪ ⎪⎜ ⎟ ⎛ ⎞Γ − −⎪ ⎪⎝ ⎠= −⎨ ⎬⎜ ⎟Γ − Γ + ⎝ ⎠⎪ ⎪
⎪ ⎪
⎩ ⎭

∑  

                         
2

2

1
2

0 2

( )
lim

( ) ( 1)

q

N

N
j

t c

N j q t c
f t j

q j N

−

−

→∞ =

⎧ ⎫⎛ ⎞−⎪ ⎪⎜ ⎟ ⎛ ⎞Γ − −⎪ ⎪⎝ ⎠− −⎨ ⎬⎜ ⎟Γ − Γ + ⎝ ⎠⎪ ⎪
⎪ ⎪
⎩ ⎭

∑                   (6.24) 

For all t c>  and ( ) 0f t =  for t a< . 

After considerable manipulations by adjusting delay element as equal, that is 

2 1(( ) / ( ))N t c t a N= − − , and adjusting with  

1 3 1( ) / & (( ) / ( ))T t a N N c a t a NΔ = − = − −  
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[ ]( )
3

1

1
1

1
0 1

( 1 )
( , , , , ) lim 1

( ) ( )

Nq

N
j

N q jT
f q a c t f t N j T

q N j
ψ

−−

→∞ =

⎧ ⎫Γ − − −Δ= − − − Δ⎨ ⎬Γ − Γ −⎩ ⎭
∑       (6.25) 

6.7   Properties and Criteria for Generalized Differintegrals 

One of the fundamental problems of fractional calculus is the requirement that the 
function and its derivatives be identically equal to zero at the start of initialization 
(i.e. start of differintegration process) at time t c= . This needed to assure 
composition or index law holds implying that 

( ) ( ) ( )v u u v u v
c t c t c t c t c tD D f t D D f t D f t+= = . 

It is difficult in engineering sciences, to always require that the functions and its 
derivatives be at zero (rest) at initialization instants. This fundamentally implies 
that ‘there can be no initialization or composition is lost’. Thus it is not in general 
true that 

0
Q Q

Q Q

d d f
f

dt dt

−

−− = . 

Therefore while solving a fractional differential equation of the form 

Q

Q

d f
F

dt
= , 

additional terms must be added like:  

1 2
1 2 ...

Q Q
Q Q Q m

mQ Q

d d f
f C t C t C t

dt dt

−
− − −

−− = + +  

to achieve the most general solution: 

1 2
1 2 ...

Q
Q Q Q m

mQ

d F
f C t C t C t

dt

−
− − −

−= + + + + . 

These issues describe says that the index law or the composition law is inadequate. 
Minimal set criteria have been thought fit to be applied for fractional (or 

generalized) calculus. They are listed as follows and are called Ross (1974) 
criteria: 

(i) If ( )f z  is analytic function of the complex variable z, the differintegral  

          ( )v
c zD f z is analytic function of z and v. 
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(ii) The operator ( )v
c xD f x  must produce the same result of differentiation,  

            when v is a positive integer. 
(iii) If v is negative integer (say v n= − ) then ( )n

c xD f x−  must produce the same  

            result of n-fold integration of function ( )f x  and ( )n
c xD f x− must vanish  

            along with (1) (2) ( 1), ,... nf f f −

 
all the ( 1)n −  derivatives at x c= . 

(iv) ‘Zero’ operation leaves the function unchanged. 

0 ( ) ( )c xD f x f x=  

(v) Linearity of fractional (generalized) differintegral operator: 

[ ]( ) ( ) ( ) ( )q q q
c x c x c xD af x bg x a D f x b D g x− − −+ = +  

(vi) The law of exponents for arbitrary order is holding: 

( ) ( ) ( )u v u v v u
c x c x c x c xD D f x D f x D f x− − − − − −= =  

The above notations are used by Ross. 
It should be noted that there is a minor conflict contained in these criteria. Also 

clear notation explanation be given as the ( )q
c xD f x in the above criteria is un-

initialized differintegrals. It is correct as the function itself starts at c, and before 
that the same is zero. So  

@ t c= , ( ) ( )q q
c x c xD f x d f x= . 

The criteria (ii) and (iii) calls for backward compatibility and criteria (vi) calls for 
index law to be holding vis-à-vis integer order calculus. 

The fundamental theorem of integer order calculus violates this “zero law” as: 

0( ) ( ) ( )m md d f x d f x f x− ≠ = , 

for all ( )f x  and for all m (integer). The fundamental theorem states that 

' ( ) ( ) ( )
t

c

f t f t f c= −∫ , 

and can be thus observed that reversal of differentiation and integration differs from 
( )f t  by ( )f c , that is by the initialization (constant in integer order calculus). This 

failure in backward compatibility & index law is handled in the integer order calculus 
by constant of integration and by complimentary function for solution of differential 
equations (in ad-hoc manner). The law of exponents (index-law) is demonstrated in 
Figure 6.4. 

The composition law of index we summarize, with simplified example as: 



284 6   Initialized Differintegrals and Generalized Calculus
 

1. ( )( ) ( ) ( )v v vD D f t D f t D D f tμ μ μ− − − + − −⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ , for , 0vμ > , implies 

commutation and computation (addictiveness) is valid for fractional 
integration. 

2.  Integer derivative of fractional integration of a function is not equal to 
fractional integration of integer derivative of the function. They are related by  

[ ] [ ] 11( ) ( ) ( ) (0)v v vD D f t D Df t t v f
−− − −⎡ ⎤ = + Γ⎣ ⎦ ; 

that is initial condition. Here 0 1v< < . This follows from fundamental 
theorem of calculus-a generalization of the same. Thus Riemann-
Liouvelli and Caputo derivatives are not same unless the initial 
conditions are zero (static) 

3. Fractional integration of order ( 1)v −  of integer order derivative, of a 

function is not same as fractional integration of order 0 1v< < , but again 
related by initial condition as 

[ ] [ ] 11 ( ) ( ) ( 1) (0)v v vD Df t D f t t v f
−− − −= − Γ + . 

4. Arbitrary composition is invalid that is: 

( ) ( )u v u vD D f t D f t+⎡ ⎤ ≠⎣ ⎦ , 

for any ,u v ∈\ , this composition and commutation is only valid for 

fractional integrations. Let us take ( )f t t=  with 1/ 2u =  and 3 / 2v = . 

Then 1/ 2 1/ 2( ) ( ) ( ) / 2uD t D t π= = ,  

Similarly 3/2 1/ 2( ) 0vD t D t= = .  

Therefore ( ) 0u vD D t⎡ ⎤ =⎣ ⎦ .  

Now calculate as: 3/ 2 3( ) ( / 2) (1/ 4 )v uD D t D tπ⎡ ⎤ = = −⎣ ⎦ .  

Now calculate 2 3( ) ( ) (1/ 4 )u vD t D t t+ = = − .  

This calculation demonstrates that  

( ) ( )u v v uD D f t D D f t⎡ ⎤ ⎡ ⎤≠⎣ ⎦ ⎣ ⎦  and ( ) ( )u v u vD D f t D f t+⎡ ⎤ ≠⎣ ⎦  

This demonstrates that ( )u vD D f t⎡ ⎤⎣ ⎦ and ( )v uD D f t⎡ ⎤⎣ ⎦ both exist but they 

are not equal. Things could be worse that is one of them may not exist. 

Say take 1/ 2( )f t t −=  and let 1 / 2u = −  and 1v = , then ( ) 0v uD D f t⎡ ⎤ =⎣ ⎦ ,  

But 3/ 2( ) (1/ 2)vD f t t−= − , and ( )u vD D f t⎡ ⎤⎣ ⎦ does not exist since  

1/2 3/2

0

( )
t

t u u du− −−∫  diverges. 
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( , , , , )f v a c t ),,,,( tcauh

v
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u
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v
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u
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DURING INITIALIZATION
(TERMINAL CHARGING)  

Fig. 6.4 Demonstration of index law 

The discussion in all the differintegrations is limited to the real domain. Under 
the condition of terminal charging of the u-th and v-th differintegrations, 

( ) ( ) ( )u v v u u v
c t c t c t c t c tD D f t D D f t D f t+= =    for 0t >  

Under the following condition: 

a) 0, 0u v< <  for continuous ( )f t  

b) 0, 0u v> >  For ( )f t are m  times differentiable. ( )m
a tD f t exists and is non- 

         zero continuous function of t for t a> , where m an integer larger than  
         integer part [u] or [v]. 

c) 0, 0u v< > same as (b). 

6.7.1   Terminal Charging 

Under the conditions of terminal charging the above properties and criteria holds, 
this provides credibility to the initialized fractional (generalized) calculus. Some 
conditions are however imposed say on linearity of fractional integrals  

( ( ) ( )) ( ) ( ), ( )v v v
c t c t c tD bf t kg t b D f t k D g t t c− − −+ = + >  

holds only if  

( , , , , ) ( , , , , ) ( , , , , )bf kg v a c t b f v a c t k g v a c tψ ψ ψ+ − = − + −  

Relative to the criteria of backward compatibility with the integer order calculus, the 
addition of the initialized function is clearly a generalization relative to integer order  
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calculus. In a strict sense ( ) 0tψ ≠ , violates the criteria 2; however, we are looking 

for generalization of integer order calculus and it is clear that this generalization (i.e. 
addition of initialization function) will be very useful in many applications. 

Relative to the criteria of zero order property holds for terminal charging.  
Relative to linearity holds for the terminal charging subject to above said rule. 

Relative to composition rule the above a) b) c) should follow. 
It is noted that the, ( ) ( ) 0kf c =  for all k, no longer exists. This constraint has 

effectively been contained (shifted to) the requirement ( ) 0f t =  for all t a≤ . This 

allows initialization of fractional differential equations. 
In summary terminal charging case is backward compatible with integer order 

calculus and satisfies the applicable criteria established by Ross. 

6.7.2   Side-Charging 

The case for side charging is less definitive. Criteria for backward compatibility 
are the same as the terminal charging case. Relative to zero property the condition  

11
( , , , , ) ( ) ( ) 0 ( , , , , )

( )

c
p

a

f p a c t t f d h m a c t
p

ψ τ τ τ ψ−− = − = =
Γ ∫  

is required for side charging since ψ  is arbitrary. When this conditions are not met 

the zero order operation on ( )f t will return ( ) ( )f t g t+ , i.e. the original function 

with extra time function (( ( ))g t , the effect of initialization. Relative to linearity the 

side charging demands additional requirements about initialization. 
These are not so much of issue as it appears for practical applications. In the 

solution of fractional differential equations ( )tψ  will be chosen in the much the same 

manner as initialization are currently chosen for ordinary differential equations in 
integer order. This will imply nature of ( )f t  from a to c. The new aspect is that to 

achieve a particular initialization for a given composition now requires attention to 
the initialization of the composing elements. 

6.8   Initialization with Caputo Derivative and Its Difficulties 

In real applications, it is usually the case that the problem to be solved is in some way 
isolated from past. That is, it should not be necessary to retreat to −∞  in time; that is 
time immemorial, to start the analysis. Usually, the analyst desires to start the analysis 
at some time 0t t= , with the knowledge (or assumption) of all values of the function 

and its derivatives. Specifically, (1) (2) ( )
0 0 0 0( ), ( ), ( )..... ( )nf t f t f t f t , in the case of 

integer order calculus. In modern parlance, this collection is called ‘state’ and 
contains the effect of all the history. However, in integer order calculus these ‘initial-
conditions' are constants. A non-constant initialization or function (of time) appears, 
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as history in initializing differentiation (anti differentiation), as required for the 
fractional calculus, is well-documented for Riemann-Liouvelli (RL) and Grunwald-
Letnikov’s (GL) formulations, as described in the earlier sections of this chapter.  
However, the requirement of fractional initialization, conditions of type, 

(1/2) ( 1/ 2) ( )
0 0 0 0( ), ( ), ( )... ( )nf t f t f t f tα− −  are required which some-what (seems to be) 

physically unrealizable for those formulations, however great effort may be required 
to relate them physically (explained in Chapter 5).  

Caputo derivative (1967) definition is made to attach integer order initializations 
and making the fractional derivative of a constant as zero. However, these may be 
mathematically pure as requirement in Caputo formulation requirement is integer 
order initial conditions, yet the mathematical purity gives hard physical reality. A 
popular belief that Caputo derivative formulation of fractional derivative properly 
accounts for the initialization effect is not generally true when applied to fractional 
differential equations. Constant initialization of the past is insufficiently general, the 
widely used contemporary equations for the Laplace transform for differintegrals 
based on that assumption also lacks generality. Therefore, the generalized form 
requires an initialization function. In solution of fractional differential equations with 
assumed history, the set of initializing constants representing the values of fractional 
differintegrals at 0t = , is ineffective, thus  required is ‘non-constant initialization’ 
for generalized concept of integration and differentiation as explained in earlier 
sections of this chapter. The requirement of this initialization function for initializing 
generalized derivatives in RL formulations and difficulty in Caputo formulation, to 
get equivalent history function is demonstrated in this section; by solving few 
examples. Attempt is made to clarify, that initialization function, or assumed history 
function, required for Caputo formulation can give a drastic condition tracing to −∞ , 
which is much away from the actual functional behavior of the function being 
considered. Whereas, in RL formulation with terminal initialization, the continuity 
and the nature of the function is maintained throughout the interval. In this section, 
attempt is made through simple examples to point out the difficulties in initializing 
Caputo formulation, to physical reality. 

6.8.1   Relation between Caputo and Rieman-Liouvelli (RL) 
Fractional Derivative and Issues Relating to Initialization 

The generalized integration (RL), of any real number q -folds is: 

1
0

0

1
( ) ( )

( )

t
q q

td t f d
q

τ τ τ− −= −
Γ ∫  

In the above, expression let us put 
1

qt xτ = − , giving 

1
1

q

qd x dx
q

τ
−

= − , 
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substituting this change of variable the generalized (fractional) order integration 
relation is: 

11 1 10
1

0

0

1 1 1
( ) ( ) ( )

( ) ( ) q

q qt
q q q q q

t

t

d t f d t t x x f t x dx
q q q

τ τ τ
− −

− −
⎛ ⎞ ⎛ ⎞

= − = − + − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟Γ Γ ⎝ ⎠ ⎝ ⎠
∫ ∫  

                                                       

11 1 101
( )

( ) q

q q

q q q

t

x x f t x dx
q q

− −⎛ ⎞
= − −⎜ ⎟⎜ ⎟Γ ⎝ ⎠

∫  

                                                        
1

0

1
( )

( 1)

qt
qf t x dx

q
= −

Γ + ∫  

Therefore, the fractional integration of a function as defined above, by convolution 
integral can also be visualized geometrically, as an area under the ‘changing curve’ as 
time ( t  ) grows that is, 1/( )qf t x−  and the limit of integration is from 0x =  to 

qx t= . This is detailed in Chapter 5. The Rieman-Liouvelli (RL) derivative, and its 
initialization issues, covered in detail in earlier sections in this chapter. In this section, 
the Caputo derivative and RL derivative difference is pointed out, then following is 
the demanding initialization issues for the Caputo derivative is elaborated by one 
simple example, in following section. After that demonstration, generalization is 
made in subsequent sections. The symbolism of the initialized derivative, un-
initialized derivative and the initialization function is maintained as elucidated in 
earlier sections of this chapter. 

6.8.2   Un-initialized Derivatives RL and Caputo 

To understand the basic issues of differences between Caputo and RL derivative 
let us consider a simple function: 

2( ) ( 2) , 2

( ) 0, 2

f t t t

f t t

= + ≥ −
= < −

 

This means that system ( )f t  is at rest before time 2t = − . Our aim is to differentiate 

by order α  (we take as 0.5α = ), from time 0t ≥ , where the function value is 
( 0) 4f t = = , by forward differentiation method. For demonstration, we take the order 

of differentiation as less than one. Therefore, the highest integer order in this case is 
1 1/ 2m α= > = , as required by Caputo and RL definitions. The rule of fractionally 

differentiable is maintained as per existence criteria (Chapter 5) for this function that 
is, the candidate function is defined and bounded in the interval and at the lower 
terminal 2a = − , is ‘better’ behaved than 1( )t a −− . 

By Caputo definition, choosing integer order derivative as unity, and then 
obtaining semi integration of that derivative of the function from 0a = , we get: 
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1/2 2 (1/2) 2 (1/2) (1/ 2)
0 0 0 0

1 1
1 1

2 2

0 0

( 2) ( 2) (2 ) {(4)}

1
2 ( ) 4 ( )

(1/ 2)

C
t t t t

t t

d
d t d t d t d

dt

t d t dτ τ τ τ τ

− − −

− −

⎡ ⎤+ = + = +⎢ ⎥⎣ ⎦
⎡ ⎤

= − + −⎢ ⎥Γ ⎣ ⎦
∫ ∫

 

With the change of variable ( )t dxτ− = , we get ,d dx t xτ τ= − = − , substituting 

this and integrating with changed limits, we have: 

3 11/2 2 2 2
0

1 8
( 2) 8

(1/ 2) 3
C

td t t t
⎡ ⎤+ = +⎢ ⎥Γ ⎣ ⎦

                                    (6.26) 

Note that, in (6.26) there is no singularity term. Note also that Caputo definition of 
fractional derivative is ‘fractional integration of a derivative of a function’. 

The un-initialized RL derivative is as follows: 

1/ 2 2 (1/ 2) 2
0 0( 2) ( 2)t t

d
d t d t

dt
−⎡ ⎤+ = +⎣ ⎦  

The un-initialized semi-integration is 

1
1(1/ 2) 2 22

0

0

1
( 2) ( ) ( 2)

(1/ 2)

t

td t t dτ τ τ
−−− + = − +

Γ ∫  

Changing variable as ( )t xτ− =  gives: 

0 1
(1/ 2) 2 22

0

0 1 1 3
2 2 2 2

1
( 2) ( 2) ( )

(1/ 2)

1
{ ( 2) 2( 2) }

(1/ 2)

t

t

t

d t x t x dx

t x dx t x x dx

−−

−

+ = − + −
Γ

= − + + + −
Γ

∫

∫
 

Integration of this expression leads to: 

1 3 5
(1/ 2) 2 2 2 2 2

0

1 4 2
( 2) 2( 2) ( 2)

(1/ 2) 3 5td t t t t t t− ⎡ ⎤
+ = + − + +⎢ ⎥Γ ⎣ ⎦

 

Simplifying the above yields: 

5 3 1
(1/ 2) 2 2 2 2

0

1 16 16
( 2) 8

(1/ 2) 15 3td t t t t− ⎡ ⎤
+ = + +⎢ ⎥Γ ⎣ ⎦

. 

Differentiating by one integer order we obtain the RL un-initialized semi-derivative of 
the function as: 
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5 3 1 3 1
1/2 2 1/22 2 2 2 2

0

1 16 16 1 8
( 2) 8 8 4

(1/ 2) 15 3 (1/ 2) 3t

d
d t t t t t t t

dt
−⎡ ⎤⎧ ⎫ ⎡ ⎤

+ = + + = + +⎢ ⎥⎨ ⎬ ⎢ ⎥Γ Γ⎢ ⎥⎩ ⎭ ⎣ ⎦⎣ ⎦
(6.27) 

Note that the above expression (6.27) has a singularity at the start point of 
differentiation 0t = . Note also that, the RL fractional derivative is ‘a derivative of 
fractionally integrated function’. 

From the above expression (6.26) and (6.27) we find that the relation between 
un-initialized RL derivative and Caputo derivative is,  

1/2 1/ 2 1/ 2
0 0

(0)
( ) ( )

(1 1/ 2)
C

t tRL

f
d f t d f t t −⎡ ⎤ = +⎣ ⎦ Γ −

                                   (6.28) 

Noting, ( 0) 4f t = = , and the expression (6.28) equate the two definitions by a 

singularity at start point of differentiation. 
We can therefore write a general expression for 1α < order RL and Caputo 

derivative as 

( )
( ) ( ) ( )

(1 )
C

a t a tRL

f a
d f t d f t t aα α α

α
−⎡ ⎤ = + −⎣ ⎦ Γ −

                            (6.29) 

These two derivatives are equal only if at the start point of fractional 
differentiation the function is at rest, or the start point of differentiation coincides 
with the start point of the process (demonstrated below). Generally, if start point 
of differentiation differs from the start point of process, these two derivatives are 
not equal. The Caputo derivative is added by a function, which is singular at the 
start point, of the differentiation process. However, at steady state these two 
derivatives converge. 

For generalization proof of (6.29) let us consider 0a = , and observe the effect 
of Differentiation of integral, as follows: 

From definition of fractional integral as discussed above, we have the 
equivalence as: 

1
1

0

0 0

1 1
( ) ( ) ( ) ( )

( ) ( 1)

qt t
q q q

td f t t f d f t x dx
q q

τ τ τ− −= − = −
Γ Γ +∫ ∫  

To differentiate the above we use Leibniz’s rule, of differentiation of an 
integration (of several variables) namely: 

0 0

( , ) ( , )
t td G
G x t G t t dx

dt t

∂= +
∂∫ ∫ , 

the above formulation is function in ( , )x t  
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Put 
1

qx y= , and we obtain qx y= , and 1qdx qy dy−=  and obtain  

1( , ) ( ) qG t y f t y qy −= − , 

the fractional integral expression becomes:  
 

1
1

0

0 0 0

1 1 1
( ) ( ) ( ) ( ) ( , )

( ) ( 1) ( 1)

qt t t
q q q

td f t t f d f t x dx G t y dy
q q q

τ τ τ− −= − = − =
Γ Γ + Γ +∫ ∫ ∫  

Differentiation of above expression, with Leibniz’s rule one obtains: 

1
1

0

0

1 1
[ ] ( , ) ( )

( 1) ( 1)

qt
q q

t td d G t t f t x dx
q q t

− ∂= + −
Γ + Γ + ∂∫  

The first term is 1( , ) (0) qG t t f qt −=  and the second term, is obtained by putting 
1

qt x ξ− =  

1
1 1

0

0 0

1 1
( ) ( ) ( ) [ ( )]

( 1) ( )

qt t
q qq

t t

d
f t x dx t f d d d f t

q t q dt
ξ ξ ξ− −∂ − = − =

Γ + ∂ Γ∫ ∫  

Substituting these, and simplifying we obtain, the derivative of (fractional) 
integral operation as: 

1
1 1

0 0[ ] [ ( )] (0)
( )

q
q q

t t t t

t
d d d d f t f

q

−
− −= +

Γ
, 

putting 1q α= − , and applying definition of RL and Caputo derivatives we get 

(6.29) that is:  

0 0[ ] ( ) (0)
(1 )

C
t RL t

t
d d f t f

α
α α

α

−

= +
Γ −

 

6.8.3   Evaluation of RL and Caputo Derivative from the Start 
Point of the Function 

Let us now evaluate fractional derivative Caputo and RL from the start point of 
function itself ( 2a = − ). 

The Caputo derivative is: 
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1/ 2 2 1/2 1/2
2 2 2( 2) (2 ) (4)C

t t td t d t d− −
− − −+ = +  

                     
1 1

1 1
2 2

2 2

1
2 ( ) 4 ( )

(1/ 2)

t t

t d t dτ τ τ τ τ
− −

− −

⎡ ⎤
= − + −⎢ ⎥Γ ⎣ ⎦

∫ ∫  

                     
0 01 1

2 2

2 2

1
2 ( )( ) 4 ( )

(1/ 2) t t

x t x dx x dx
− −

+ +

⎡ ⎤
= − − + −⎢ ⎥Γ ⎣ ⎦

∫ ∫  

                     
1 3 1

2 2 2
1 4

4 ( 2) ( 2) 8( 2)
(1/ 2) 3

t t t t
⎡ ⎤

= + − + + +⎢ ⎥Γ ⎣ ⎦
 

                     
1

2
1 4

( 2) 4 ( 2) 8
(1/ 2) 3

t t t
⎡ ⎤= + − + +⎢ ⎥Γ ⎣ ⎦

 

                     
3

2
8

( 2)
3 (1/ 2)

t= +
Γ

 

The RL derivative is: 

{ }
1

11/ 2 2 (1/2) 2 22
2 2

2

1
( 2) ( 2) ( ) ( 2)

(1/ 2)

t

t t

d d
d t d t t d

dt dt
τ τ τ

−−
− −

−

+ = + = − +
Γ ∫  

                     

0 1
22

2

0 1
2 22

2

0 0 01 1 3
2 2 2 2

2 2 2

1 3 5
2 2 2 2

1
( 2) ( )

(1/ 2)

1
( 2) 2( 2) ( )

(1/ 2)

1
( 2) 2( 2)

(1/ 2)

1 4 2
2( 2) ( 2) ( 2)( 2) ( 2)

(1/ 2) 3 5

1

t

t

t t t

d
x t x dx

dt

d
x t t x x dx

dt

d
t x dx t x dx x dx

dt

d
t t t t t

dt

−

+

−

+

−

+ + +

= − + −
Γ

⎡ ⎤= + − + + −⎣ ⎦Γ

⎡ ⎤
= − + + + −⎢ ⎥Γ ⎣ ⎦

⎡ ⎤
= + + − + + + +⎢ ⎥Γ ⎣ ⎦

=

∫

∫

∫ ∫ ∫

5

2

3

2

16
( 2)

(1/ 2) 15

8
( 2)

3 (1/ 2)

d
t

dt

t

⎡ ⎤
+⎢ ⎥Γ ⎣ ⎦

= +
Γ

 

The above example states that the Caputo derivative and the RL derivative are equal 
when the differentiation process starts with the birth point of function or process itself. 

6.8.4   Initialization of Caputo Derivative 

Let ( )tψ be the time dependent initialization function taking into account history 

of the system, function ( )f t , which starts at time t a= and the differentiation 

process starts at time t c= , where a c t< < , and ( ) 0f t = , for t a≤ . 
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For un-initialized fractional integration of order q , the RL formulation is: 

11
( ) ( ) ( )

( )

t
q q

a t

a

d f t t f d
q

τ τ τ− −= −
Γ ∫ , for t a> . 

and 

11
( ) ( ) ( )

( )

t
q q

c t

c

d f t t f d
q

τ τ τ− −= −
Γ ∫ , for t c>  

The time between a  and c  is considered history of the fractional integral 
( )q

c td f t− , an-initialization function.  

Thus the expression, for entire integration should be, for t c≥ , is: 

( ) ( ) ( )q q
c t a td f t t d f tψ− −+ =  

The initialization function in terminal initialization sense is fractionally integrating 
the function ( )f t  from time a  to c .Thus, initialization function is:  

11
( ) ( ) ( )

( )

c
q

a

t t f d
q

ψ τ τ τ−= −
Γ ∫  

and for this terminal initialization the integral can be initialized prior to the start 
time t c= , of the differintegration process. In the standard symbols, one may thus 
express the initialization as: 

( ) ( ) ( , , , , )q q
c t c tD f t d f t f q a c tψ− −≡ + −  

The meaning of ( , , , , )f q a c tψ −  is fractionally integrating( by order q  )the 

function f  from time a  to c , for getting a time varying function ψ , for purpose 

of initializing the fractional integration process for t c> . 
We can therefore generalize the fractional derivative (as done for fractional 

integral) for RL definition as: 

( ) ( )q m p
c t c t c tD f t D D f t−≡  

Where m  is an integer such that ( 1)m q m− < <  and , 0,p m q q t c a= − ≥ > ≥ . 

The above expression is for initialized derivative, and converting the same by 
expansion with un-initialized derivative and initialization function (as done for 
fractional integration case) we get: 

Take as ( ) ( )p
a th t D f t−= , then 
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{ }( ) ( ) ( , , , , )m m
c t c tD h t d h t h m a c tψ= +  

{ }( ) ( ) ( , , , , ) ( , , , , )
m

q p
c t c tm

d
D f t d f t f p a c t h m a c t

dt
ψ ψ−= + − +  

For terminal initialization for integer order derivative ( )m , the initialization is 

zero that is: ( , , , , ) 0h m a c tψ = ,  

For terminal initialization the ( )tψ  is the operation on the function itself from 

time a  to c . For side initialization the initialization function ( )tψ  could be 

anything, such as Dirac’s delta function or Heaviside’s step function or the 
operation of obtaining initialization function is on any other function other than 

( )f t , call it ( ) ( )if t f t≠ . 

For the considered example 2( ) ( 2)f t t= +  take,  

1, 1 / 2,0 1, 0, 2m c aα α= = < < = = −  

Then  

{ }1 (1 )
0 0 0( ) ( )t t tD f t D D f tα α− −=  

{ }

{ }

(1 )
0

(1 )
0

0

0

( ) ( ,1, ,0, )

( ) ( , [1 ], ,0, ) 0

1 1
( ) ( ) ( ) ( )

(1 ) (1 )

t

t

t

a

d
D f t h a t

dt
d

d f t f a t
dt

d d
t f d t f d

dt dt

α

α

α α

ψ

ψ α

τ τ τ τ τ τ
α α

− −

− −

− −

= +

= + − − +

⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪= − + −⎨ ⎬ ⎨ ⎬Γ − Γ −⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
∫ ∫

 

We will use above formulation for initialized fractional semi-derivative for RL 
formulation, for terminal initialization case. 

1

2
0 1

11/2 2 1 2 22
0

0 2

1 1
( 2) ( ) ( 2) ( ) ( 2)

(1/ 2) (1/ 2)

t

t

d d
D t t d t d

dt dt
τ τ τ τ τ τ

−−

−

⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪+ = − + + − +⎨ ⎬ ⎨ ⎬Γ Γ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
∫ ∫  

For the first term in RHS of above we have already calculated as un-initialized 
semi derivative as above: 

5 3 1 3 1
1/ 2 2 1/22 2 2 2 2

0

1 16 16 1 8
( 2) 8 8 4

(1/ 2) 15 3 (1/ 2) 3t

d
d t t t t t t t

dt
−⎡ ⎤⎧ ⎫ ⎡ ⎤

+ = + + = + +⎢ ⎥⎨ ⎬ ⎢ ⎥Γ Γ⎢ ⎥⎩ ⎭ ⎣ ⎦⎣ ⎦
 

The second term we evaluate as total initialization, for terminal initialization case as: 
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0 1
1 22

2

1
( ) ( 2)

(1/ 2)

d
t d

dt
τ τ τ

−

−

⎧ ⎫⎪ ⎪− +⎨ ⎬Γ⎪ ⎪⎩ ⎭
∫  

                                                       

1
22

2

1
2 2

2

3 5

2 2
2 2

3 3 1 1

2 2 2 2

1
( 2) ( )

(1/ 2)

2( 2) ]1
4 2(1/ 2) ( 2) ] ]
3 5

1 8 8
( 2) 8 4

(1/ 2) 3 3

t

t

t
t

t t
t t

d
x t x dx

dt

t xd

dt t x x

t t t t

−

+

+

+ +

−

= − + −
Γ

⎡ ⎤⎧ ⎫
− +⎢ ⎥⎪ ⎪⎪ ⎪= ⎢ ⎥⎨ ⎬Γ⎢ ⎥⎪ ⎪+ + −
⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦

⎡ ⎤
= + − + +⎢ ⎥Γ ⎣ ⎦

∫

 

From above derivation, what we get as initialized RL semi-derivative as: 

3
1/2 2 2

0

1 8
( 2) ( 2)

(1/ 2) 3tD t t+ = +
Γ

 

This is same as RL (and Caputo) derivative un-initialized start point at -2, 
meaning equal to (as derived earlier) 

3
1/2 2 1/ 2 2 1/2 2 2

2 2 2

1 8
( 2) ( 2) ( 2) ( 2)

(1/ 2) 3
C

t t tD t d t d t t− − −+ = + = + = +
Γ

 

as, is obvious in this case ( )tψ  the required initialization will be zero that is: 

{ }2
( 2 , 1/ 2, 2, 2, ) ( , (1 ), , , ) 0

d d
t t f a a t

dt dt
ψ ψ α+ − − − = − − = , 

That is at the start point of the function the initialization is zero, the two 
definitions, RL and Caputo, and derivatives are equal. 

We have seen the relation between un-initialized Caputo and RL derivative as 
(6.29): 

0 0( ) (0)
(1 )

C
t t

t
d f t d f

α
α α

α

−

= +
Γ −

, 

For case 0 1α< < , to this we add on both the sides the initialization function 
expression of the fractional derivative and obtain: 

0 0

0 0

( ) ( , (1 ), ,0, ) ( ) (0) ( , (1 ), ,0, )
(1 )

( ) ( ) (0) ( , (1 ), ,0, )
(1 )

C
t t

C
t t

d t d
d f t f a t d f t f f a t

dt dt

t d
D f t d f t f f a t

dt

α
α α

α
α α

ψ α ψ α
α

ψ α
α

−

−

+ − − = + + − −
Γ −

= + + − −
Γ −

 

(6.30) 
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The Caputo derivative will be equal to initialized RL derivative if we make for 
(6.30): 

( , (1 ), ,0, ) (0)
(1 )

d t
f a t f

dt

α

ψ α
α

−

− − = −
Γ −

, 

In our example, considered here,  we can thus write this in form: 

1/2 1/24
( , 1/ 2, 2,0, ) 4

(1 1/ 2) (1/ 2)

d t t
f t

dt
ψ

− −−− − = − =
Γ − Γ

                  (6.31) 

In the above case this initialization is equal to differentiating a constant function 
by order half ( ) 4f t = − , so that 

1 1 1/22 00 2
1

2

(0 1) 4
( 4) 4

1 (1/ 2)(0 1)2

d t
t t

dt

−−Γ +− = − = −
ΓΓ − +

 

In this chosen example, one can choose the history function, (0 ) 4f − =  as a constant 

to have Caputo derivative same as RL initialized derivative, and that function is semi-
differentiated and then subtracted from Caputo to make them RL initialized derivative 
same as Caputo. However, choosing this constant as -4 will make the function ( )f t  

discontinuous at 0t = , as (0 ) 4 (0 ) 4f f− = − ≠ + = . But the argument suggests, that 

in order to make the RL initialized derivative and the Caputo process same, one has to 
use a constant function (at least in this chosen example) and the concept of terminal 
initialization will not work. This calls for side-initialization that is having initialization 
function ( )tψ , derived from any other function other than the function ( )f t ; call it 

( ) ( )if t f t≠ . 

Let the initialization function be formed for Caputo derivative by a history function, 
which is analytical at 0t c= = , is represented by Taylor series, for 0t ≤  as: 

( )

0

(0 )
( ) , 0

!

n
ni

i
n

f
f

n
τ τ τ

∞

=

−
= <∑  

For Caputo initialization we have 

0( )

0

(0 ) 1
( ) (0 )

! (1 ) (1 )

n
ni

n a

fd t
t d f

dt n

α
ατ τ τ

α α

−∞
−

=

⎧ ⎫−⎪ ⎪− = +⎨ ⎬Γ − Γ −⎪ ⎪⎩ ⎭
∑ ∫  

For 0n =  we get, 
0

(0 ) ( ) (0 ) ( ) (0 )i i

a

d
f t d f t a t t f

dt
α α α ατ τ− − − −⎡ ⎤− − = − − − = − +⎣ ⎦∫ . 
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For this identity to be valid then a → −∞ , gives (0 ) (0 )if f− = +  for 0t−∞ < < .In 

our example therefore to have Caputo and RL derivative initialized and equated we 
have to make the function 2( ) ( 2)f t t= +  abruptly take a constant value that is, value 

of the function at 0t = and be a constant at value (0) 4f = , from start point t = −∞ , 

till 0t = . In this argument though the continuity of the function at 0t = , is 
maintained though, the function looses its differentiability at this point. Therefore, the 
history function for Caputo derivative in this example is a constant Heaviside’s step 
function, multiplied by constant of value (0) 4f =  starting at t = −∞ . This is though 

not at all a backward continuation of the function being considered for derivative 
process. It is different from original function form from −∞  to the start point of 
differentiation, process i.e. 0t = . 

This condition seems to be physically demanding. Say the function represents, 
velocity that started at some time -2, and we are obtaining fractional acceleration 
by this process of half derivative, for obtaining forces acting. Now the situation is 
that if we want to initialize with Caputo formulation then we have to consider that 
system has constant velocity from time immemorial to time zero, and then 
suddenly takes our defined trajectory of the function. This seems to be unrealistic 
physically, at least in this case. 

In the terms of RL initialization let us take ( ) (0 ) 4if t f= + = , as history function 

from 2 0t− ≤ ≤ . In case of terminal initialization as demonstrated above the history 

function for RL was taken as 2( ) ( ) ( 2)if t f t t= = +  for 2 0t− ≤ ≤ . Evaluating the 

initialization term with revised history function ( ) 4if t =  we obtain: 

{ }
0 1

1
2

2

1
4, 1/ 2, 2,0, ( ) 4

(1/ 2)

d d
t t d

dt dt
ψ τ τ

−

−

− − = −
Γ∫  

                                   
1

2

2

4
( )

(1/ 2)

t

t

d
x dx

dt

−

+

= −
Γ ∫  

                                   
1 1

2 2
8 8

{ ( 2) }
(1/ 2) (1/ 2)

d
t t

dt
= − + +

Γ Γ
 

                                    

1 1

2 24 4( 2)

(1/ 2) (1/ 2)

t t
− −

+= − +
Γ Γ

 

The un-initialized RL derivative as obtained earlier is  

3 1 1 1

2 2 2 2
1/ 2 2 1/2 2

0 0

8 8 4 4
( 2) ( 2)

3 (1/ 2) (1/ 2) (1/ 2) (1/ 2)
C

t t

t t t t
d t d t

− −

+ = + + = + +
Γ Γ Γ Γ

 

Therefore the initialized RL derivative is: 
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{ }
3 1 1

2 2 2
1/2 2 1/2 2

0 0

8 8 4( 2)
( 2) ( 2) 4,1/ 2, 2,0,

3 (1/ 2) (1/ 2) (1/ 2)t t

d t t t
D t d t t

dt
ψ

−
++ = + + − = + +

Γ Γ Γ
 

The observation from above is that the singularity is shifted at, 2t = −  from 0t = , by 
taking this initialization function as constant of (value, 4) from start point of the 
function ( 2t = −  ) to start point of the fractional derivative ( 0t = ) process. However 
pushing the start point at minus infinity i.e., taking 2t → −∞ = − , makes the 
initialized RL derivative equal to Caputo derivative, exactly i.e. 

{ }
3 1

2 2
1/ 2 2 1/ 2 2 1/ 2 2

0 0 0

8 8
( 2) ( 2) 4,1/ 2, ,0, ( 2)

3 (1/ 2) (1/ 2)
C

t t t

d t t
D t d t t d t

dt
ψ+ = + + −∞ = + = +

Γ Γ
 

The exactness in RL and Caputo is thus achieved by pushing the singularity to 
−∞ , at least for this example. 

The value of the initialization function is: 

{ }
1

2

( ) ( ( ) 4,1/ 2, ,0, ) 4 (0 )
(1/ 2) (1 )i i

d t t
t f t t f

dt

α

ψ ψ
α

− −

= = −∞ = − = − +
Γ Γ −

 

that is, as though using a constant function and from time immemorial ( −∞ ) and 
putting the formulation of terminal initialization of RL derivative for obtaining 
initialization function to equate Caputo formulation, to cancel the singularity 
function which appears as difference of RL un-initialized and Caputo un-
initialized derivatives. However, it is observed that this history function makes the 
first derivative at 0t = as discontinuous. This restriction may not be physically 
viable for physical processes, though mathematically pure. 

6.8.5   Generalization of RL and Caputo Formulations 

The expression (6.29) and (6.30) may be extended by the above example for 
cases1 2α< < , the just greatest integer for RL and Caputo formulation is 2m =  
the initialization expression is:  

{ }
1 / 2

0 0 2

( 0) (0) ( 0) (0)
( ) ( ) , (2 ), ,0,

(1 ) (2 )
C

t t

t f t f d
D f t d f t f a t

dt

α α
α α ψ α

α α

− −− −= + + + − −
Γ − Γ −

, 

0t > ..…                                                                                      (6.32) 
 

For RL derivative initialized case to be equal to Caputo derivative initialization 
needs be the following expression: 

{ }
1 / 2

2

( 0) (0) ( 0) (0)
, (2 ), ,0, 0

(1 ) (2 )

t f t f d
f a t

dt

α α

ψ α
α α

− −− −+ + − − =
Γ − Γ −

         (6.33) 
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Again considering the initialization function as analytic for 0t ≤ ,  
(Taylor-Riemann series) 

( )
1

1
0

(0 )
( )

!

n
n

n

f
f t t

n

∞

=

−
=∑  

We obtain the condition for initialization as: 

0 ( )2 1
2 1 /1

2
0

(0 )1
( ) (0 ) (0 )

(2 ) ! (1 ) (2 )

n

na

fd t t
t d f f

ndt

α α
ατ τ

α α α

− −∞
− −

=

−
− = − + − +

Γ − Γ − Γ −∑∫ (6.34) 

Equating the 0n =  and 1n =  in this case gives the history function that will make the RL 
derivative and Caputo derivative equal, will have condition 1(0 ) (0 )f f− = + , and 

/ /(0 ) (0 )if f− = + , making history function as /
1( ) (0 ) (0 )f t f tf= + + +  for 0t−∞ ≤ ≤ . 

For the case 2( ) ( 2)f t t= + at 0t = , and say the 1.5α =  the history function will 

be 1( ) 4 4f t t= + , for 0t ≤ .Clearly this history function will have second derivative 

discontinuous at 0t = . Again, this possess a physical restriction, as to look at the 
function from time immemorial as a very different from the process itself. 

We therefore can generalize (6.29), (6.30) and (6.31) by induction, for any 
integer m so those fractional RL and Caputo derivatives are initialized, for 
( 1)m mα− < < . 

{ }
1

( )
0 0

0

( ) ( ) (0 ) , ( ), ,0,
( 1)

n mm
C n

t t m
n

t d
D f t d f t f f m a t

n dt

α
α α ψ α

α

−−

=
= + + + − −

Γ − +∑ , 0t >  

To have RL derivative and Caputo the same, for 0t > we have: 

{ }
1

( )

0

, ( ), ,0, (0 )
( 1)

m nm
n

m
n

d t
f m a t f

ndt

α

ψ α
α

−−

=

− − = − +
Γ − +∑  

0 1
1 ( )

1
0

1
( ) ( ) (0 )

( ) ( 1)

m nm
m n

m
na

d t
t f d f

m ndt

α
ατ τ τ

α α

−−
− −

=
− = − +

Γ − Γ − +∑∫  

Putting Taylor expression for 1( )f t the history function for 0t−∞ ≤ ≤ , the 
expression is: 

0 ( ) 1
1 ( )1

0 0

(0 )1
( ) (0 )

( ) ! ( 1)

nm nm
m n

m
n na

fd t
t d f

m n ndt

α
ατ τ

α α

−∞ −
− −

= =

−
− = − +

Γ − Γ − +∑ ∑∫ , 

will thus be valid for: ( ) ( )
1 (0 ) (0 )i if f− = + , for 0,1, 2,...( 1)i m= − . Therefore, the 

generalized history function to have initialized RL and Caputo derivative same for 
fractional derivative is a polynomial of order ( 1)m −  for 0t−∞ ≤ ≤ , represented as: 
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( 1) 1 ( 2) 2
1( ) (0) (0) ...m m m mf t f t f t− − − −= + + , 

This initialization law gives a discontinuity for derivatives higher than ( 1)m − for 

the function with history at 0t =  

6.8.6   Observations Regarding Difficulties in Caputo Initialization and 
Demanding Physical Conditions vis-à-vis RL Initialization 
Conditions and Relation to Physics in Solving Fractional Order 
Differential Equations 

The above discussion, in the sections, suggests that Caputo inferred history has 
discontinuous integer order derivatives at the start point of fractional differentiation 
process. While, the RL initialization is smooth continuation of function being 
fractionally differentiated, for terminal initialization case; there is difference in the 
two derivatives RL initialized with Caputo initialized, and is profound at large times, 
however the functional forms of the two derivatives are identical, (that is) power 
function with time for times significantly larger than the start point of fractional 
differentiation. The RL un-initialized derivative of the function starting at the start 
point of the function itself is a smooth backward continuation of initialized fractional 
RL derivative starting other than the start point of the function, for terminal 
initialization. It is also noted that RL fractional derivative, using Caputo inferred 
history for initialization for 0t c−∞ ≤ ≤ = , is same as Caputo fractional derivative. 
The two definitions of derivatives are exactly same if and only if the initialization part 
is zero or the derivative process for RL and Caputo starts at the birth of the function 
( /( ) ( ) 0f t f t= =  at 2t a≤ = − ). Else, the two derivatives are equated by a 

polynomial that is singular at the start point of differentiation ( 0t c= = ). 
Say we have a differential equation  

0( ) ( )C
ty t d x tα=  

Using Caputo inferred history may be acceptable if (a) it is found that the history 
acceptable to physics of the problem and (b) it is acceptable to have discontinuity 
of the integer order derivative of ( )x t of the order 1m − , where ( 1)m mα− < < . 

Suppose we consider a slightly complicated fractional order differential 
equation as: 

3 1

2 2
0 0( ) ( ) ( ) ( )C C

t ty t d x t d x t x t= + + , 

and suppose we assume (for simplicity) that both the fractional derivative terms have 
the same history i.e. 1( )x t , for 0t ≤ . For this example, the orders of the terms lay 

between different integer orders, for the first term of fractional derivative, the order 
1 1.5 2α< = < , and for the second fractional derivative, the order is between, 
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0 0.5 1α< = < . From our discussion on generalization of the initialization, the 

history for the first term is /
1 ( ) (0) (0)x t x tx= + , and the second term the history will 

be 1( ) (0)x t x=  for 0t−∞ ≤ ≤ , clearly only history that will satisfy both the 

fractional terms is 1( ) (0)x t x= , for 0t−∞ ≤ ≤ , with / (0) 0x = (which is not the 

case, as with this history the first derivative will be discontinuous at 0t = ).  
If on the other hand each have separate histories that means each fractional 

differential terms in the equation is disconnected from one other, and being acted on 
by their own individual history, in negative time. Then at time zero the entire 
individual position, velocity, have the same value at time zero, under this condition 
and scenario the initialization of each term reverts to the case, as discussed for, the 
case 0( ) ( )C

ty t d x tα= . 

6.9   Fractional Differintegrations for Periodic Signals 

6.9.1   Fractional Derivative/Integral of Generalized Periodic Function 

The function ( )PERf t , which can be expressed as sum of complex conjugated 

exponential functions as: 

_

1

2 j 2 j
( ) exp expPER k K

k

kt kt
f t A A

T T

π π∞

=

⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑  

where kA  and 
_

kA  are conjugate constants, T  is the period of the function, and 

then using the differentigration expression for exponential as:  

*

2 j 2 j 2 j
exp exp

( 2 j / )

2 j 2 j
exp ,

qq q

q q

q

d kt kt d kt

T T Tdt d kt T

kt kt
t q

T T

π π π
π

π πγ−

⎛ ⎞ ⎡ ⎤ ⎛ ⎞± = ± ±⎜ ⎟ ⎜ ⎟⎢ ⎥ ±⎝ ⎠ ⎣ ⎦ ⎝ ⎠
± ±⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

 

gives complete description of fractional derivative of a periodic function. After 
that, use of expansion of incomplete Gamma function for small and large values of 
t  one gets the asymptotic expansions. [Abramowitz and Stegun] 

For small values of t  the power series of incomplete Gamma function when used, 
we get: 

0

2 j [ 2 j / ]
exp

( 1)

q m
q

q
m

d kt kt T
t

T m qdt

π π∞
−

=

± ±⎛ ⎞ =⎜ ⎟ Γ − +⎝ ⎠
∑ . 

Therefore in the limit of small t , the fractional differintegration of periodic 
function is: 
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1

1 1 1

[ ] j [ ]
( 0) ..... ...........

(1 ) (2 )

q
q qk k k k

PERq
k k k

A A k A Ad
f t t t

q T qdt

∞ ∞ ∞
− −

= = −

+ −
→ = + +

Γ − Γ −∑ ∑ ∑  

The asymptotic formulation for large t for incomplete Gamma function gives 
using the fact ( j)q±  a complex number exp( j / 2)qπ± yields the following: 

1

0

2 j 2 j 2 [ 2 j / ]
exp exp

( )

qq m
q

q
m

d kt k kt kt T
t

T T T q mdt

π π π π − −∞

=

± ± ± ±⎛ ⎞ ⎡ ⎤ ⎛ ⎞≈ −⎜ ⎟ ⎜ ⎟⎢ ⎥ Γ − −⎝ ⎠ ⎣ ⎦ ⎝ ⎠
∑  

Yielding: 

1

2
( ) exp 2 j exp( 2 j

4 4

qq

PER k kq
k

d k kt q kt q
f t A A

T T Tdt

π π π
∞

=

⎧ ⎫⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤→ ∞ = + + − +⎨ ⎬⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠⎩ ⎭
∑  

             
2

1 2
2

1

j[ ] [ ]
...

2 ( ) 4 ( 1)
q qk k k k

k

A A T A A T
t t

k q qπ π

∞
− − − −

=

⎧ ⎫− +
+ + +⎨ ⎬Γ − Γ − −⎩ ⎭
∑  

In the above expression, the terms grouped inside the first summation are periodic. 
They show that the effect of differintegration of order q  is to change the amplitude 

of each component by [ ]2 /
q

k Tπ  and to change the phase by an angle / 2qπ . 

Within the second summation, the terms are aperiodic; provided 1q > − , as the 

condition for standard fractional differentiability, they are representing transients, 
which die down, and become insignificant at large times. 

One can use this and can write: 

2 4

cos( ) cos ...
2 ( 1) ( 3)

q q q

q

d x x
x x q

q qdx

π − − − −⎛ ⎞= + + − +⎜ ⎟ Γ − − Γ − −⎝ ⎠
 

1 3

sin( ) sin ...
2 ( ) ( 3)

q q q

q

d x x
x x q

q qdx

π − − − −⎛ ⎞= + + − +⎜ ⎟ Γ − Γ − −⎝ ⎠
 

This above described method is one of the methods to obtain the fractional 
differintegrals of periodic function. However, other methods are available, as to 
fractional derivatives of the trigonometric functions may be represented by higher 
transcendental functions or transcendental trigonometric functions in terms of 
Mittag-Leffler functions Miller Ross functions etc, some were discussed earlier in 
Chapter 1 and Chapter 2. 
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6.9.2   Fractional Derivative of Periodic Function with Lower 
Terminal Not at Minus Infinity 

The sin sin
2

q q
tD t t q

πλ λ λ−∞
⎛ ⎞= +⎜ ⎟
⎝ ⎠

, meaning that if the derivative (or anti 

derivative process is started from time immemorial then we get a steady state 
condition, that the periodic function gets phase shifted either leading , or lagging by 

2
q

π
. But the situation is different if the lower limit of differentiation (integration) is 

shifted from time immemorial to some other time (say time t c= ). In that case, we 
write initialized differintegral of a function as uninitialized part plus initialization 
function as: 

( ) ( ) ( , , , , )q q
c t a tD f t d f t f q a c tψ= + , 

where the function ( ) 0,f t =  for t a< , and the initialization function is result of 

differintegrating the function from time a  to c  by order q , for terminal charging 

( terminal-initialization)case and can be chosen as arbitrary as per requirement for 
side charging (side-initialization) case. The uninitialized differentigral is: 

( ) ( )
[ ]

q
q

a t q

d
d f t f t

d t a
=

−
. 

The differintegration of sinusoidal function can be represented as: 

1 3[ ] [ ]
sin( ) sin .....

2 ( ) ( 2)[ ]

q q q

q

d t a t a
t t q

q qd t a

π − − − −− −⎛ ⎞= + + − +⎜ ⎟ Γ − Γ − −− ⎝ ⎠
 

This expression suggests that fractional differintegration of sinusoidal periodic 
function gives a phase change in the periodic part and there are transients associated 
with the non-periodic part which dies down at large times, becoming insignificant. 

Putting 0a =  we get; 

1 3

0 sin( ) sin ...
2 ( ) ( 2)

q q
q
t

t t
d t t q

q q

π − − − −⎛ ⎞= + + − +⎜ ⎟ Γ − Γ − −⎝ ⎠
 

Let us put 
1

2
q = , and 0a ≠ , the semi-differentiation is: 

We get,  

3 7
2 21

2
[ ] [ ]

sin( ) sin ...
4 ( 1/ 2) ( 5 / 2)a t

t a t a
d t t

π − −− −⎛ ⎞= + + − +⎜ ⎟ Γ − Γ −⎝ ⎠
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Taking the a = −∞ , the polynomial of fractional order above to zero gives:  

1
2 sin( ) sin

4a td t t
π

=−∞
⎛ ⎞= +⎜ ⎟
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Putting 
1

2
q = − , and 0a ≠ , we have semi-integration as: 

51
2 21

2 [ ] [ ]
sin( ) sin ...

4 (1/ 2) ( 3 / 2)a t

t a t a
d t t

π − −
− − −⎛ ⎞= − + − +⎜ ⎟ Γ Γ −⎝ ⎠

 

In this case also putting a = −∞ , gives, higher order terms in the remainder 
polynomial as zero yielding: 

1
2 sin( ) sin

4a td t t
π−

=−∞
⎛ ⎞= −⎜ ⎟
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Using scaling law ( ) ( )
( )

q q
q

q q

d d
f x f x

dx d x
λ λ λ

λ
= , we get: 
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q q
q q q q
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t t
d t t q

q q
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Putting 1q =  in the expression 

1 3

0 sin( ) sin ...
2 ( ) ( 2)

q q
q
t

t t
d t t q

q q

π − − − −⎛ ⎞= + + − +⎜ ⎟ Γ − Γ − −⎝ ⎠
, 

we get: 

2 4
1

0 sin( ) sin .... sin 0 cos( ) sin( )
2 ( 1) ( 3) 2t

t t d
d t t t t t

dt

π π− −⎛ ⎞ ⎛ ⎞= + + − + = + + = =⎜ ⎟ ⎜ ⎟Γ − Γ −⎝ ⎠ ⎝ ⎠
. 

Here we have used properties of reciprocal Gamma function which is zero at all 
negative integer points. 

Putting 1q = −  in the expression  

1 3

0 sin( ) sin ...
2 ( ) ( 2)

q q
q
t

t t
d t t q

q q

π − − − −⎛ ⎞= + + − +⎜ ⎟ Γ − Γ − −⎝ ⎠
 

we get 
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0 2
1

0

0

sin( ) sin .... sin 1 cos( ) 1 sin( )
2 (1) ( 1) 2

t

t

t t
d t t t t t dt

π π−
− ⎛ ⎞ ⎛ ⎞= − + − + = − + = − + =⎜ ⎟ ⎜ ⎟Γ Γ −⎝ ⎠ ⎝ ⎠ ∫  

The above expression shows that the expression for fractional differentigration of 
sin( )t  is correct for one complete integer order differentiation and one complete 

integration of integer order. 
In above derivation we have assumed the arbitrary initialization function as 

zero i.e. (sin( ), , , , ) 0t q a c tψ = , and the ( ) sin ( ) 0f t t t= = , for 0t a< = .  

6.10   Fractional Advection Dispersion Equation and Its Solution 

An example of fractional differential equation is taken without going into thought of 
earlier sections of dichotomy of using RL or Caputo formulation in the fractional 
derivative part. This example is taken and also its physical significance is discussed. 
This is boundary value problem and the spatial fractional derivatives are Fourier 
transformed, and therefore the limit of integration is from −∞  to +∞ . Thus in this 
case RL or Caputo initialization issues are not considered. Fractional Advection 
Dispersion Equation, which is generalization of Advection Dispersion Equation 
(ADE) also called Fokker Plank Equation (FPE). This originates from theory of 
conservation of probability (Chapter 1) and describes transport of solute 
concentration ( , )C x t  in medium. The generalized equation is: 

1 1
(1 ) (1 )

2 2 ( )

C C C C
v

t x x x

α α

α αα αβ β∂ ∂ ∂ ∂= − + + + −
∂ ∂ ∂ ∂ −

D D , 2α <  

Here we solve the boundary value problem for instantaneous injection of a unit Dirac 
delta function spike of solute (that is Green’s function) via Fourier transformation. 

The boundary condition is ( ), 0C x t→ ∞ = . The unit of αD  is cm / sα  is diffusion 

(dispersion constant). For 2α = , the normal ADE is recovered as  

2 2 2 2/ / ( )d dx d d x= − . 

Transforming the above equation by Fourier transform we get: 

1 1ˆ ˆ ˆ ˆ( , ) (i ) ( , ) (i ) (1 ) ( , ) ( i ) (1 ) ( , )
2 2

d
C k t v k C k t k C k t k C k t

dt
α α

α αβ β= − + + + − −D D  

We have used { } ˆ( ) ( i ) ( )D f x k f kα α
±ℑ = ± , with i 1= − ; that is generalized 

Fourier identity (Chapter 1). The solution in k  Fourier-coordinates is thus: 

1 1ˆ ( , ) exp (1 )( i ) (1 )(i ) i
2 2

C k t k t k t kvtα α
α αβ β⎡ ⎤= − − + + −⎢ ⎥⎣ ⎦

D D  
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Let us simplify, the above obtained solution with cos( ) / 2 απαΒ = D  and 

identities i / 2i e π= and i cos isine θ θ θ= +  to get: 

[ ]{ }ˆ ( , ) exp 1 i sgn( ). tan( / 2) iC k t t k k kvt
α β πα= −Β + −  

This above expression does not have closed form inverse. Hence putting it in the 

form of characteristic function (substituting k  with k− ), the density ˆ ( , )C k t− , can 

be manipulated in canonical forms of α -stable densities that is: 

[ ]{ }ˆ ( , ) exp 1 i sgn( ). tan( / 2) iC k t t k k kvt
α β πα− = −Β − +  

where 
1

( )t ασ = Β  indicates a stable density that is shifted by a mean vtμ =  and is 

invariant upon scaling by 
1

t α . For 0β =  the solution implies symmetrical Fractional 

Fokker Plank System or symmetrical fractional Advection Dispersion equation, given 
by vector equation as: 

C
v C C

t
α

α
∂ = − • ∇ + ∇
∂

D , 

with 0α < , and symmetrical solution in k -Fourier coordinate is  

( )ˆ ( , ) exp iC k t t k kvt
α= −Β − . 

It is simple matter to show that for any 2α <  the stable variables have infinite 

variance (as for power-law), since one or both tails decay as 
1

( )f x c x
α

α
− −∼ . 

However a finite sampling of the density (that is plume) yields a finite sample 

variance. Since, the density is scale invariant with 
1

t α , the sample variance must 
grow proportional to the square of this. So the density (plume) undergoing this Levy 

motion, would have sample variance that grows proportional to 
2

t α , or always equal 
to or faster than the Fickian growth. The solution to the classical ADE with 
continuous source initial condition is generally written in closed form using the error 
function. 

2

0

2
erf ( ) exp( )

x

x y dy
π

= −∫ . 

The step function, of constant 0C  boundary value problem using the classical 

ADE is given by 
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0C
1 erf

2 2

x vt
C

t

⎡ ⎤−⎛ ⎞= −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦D

. 

For the symmetric fractional ADE, ( 0β = ) the solution for the similar step 

function uses generalized error function as 

0
1

C
1 serf

2 ( )

x vt
C

t α

⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟= −
⎜ ⎟⎢ ⎥Β⎝ ⎠⎣ ⎦

, 

where 
0

serf ( ) 2 ( )
x

x f y dyα α= ∫ .  

The function ( )f xα  is standard symmetric α -stable density, defined with 

vtμ = , 
1

( )t ασ = Β  and ( )( ) exp if k k k
αα

α σ μ= − + . This α − stable density 

will be elaborated in following section. 

6.11   Identification of Random Delays 

We might expect that network traffic would best be represented, modeled or 
simulated by having some random source and random sized packets in a network. 
Following this line of thinking, the distribution of delay times on network access, 
would be Poisson distribution. As it turns out this as naïve model for network traffic 
seems to be wrong. Network traffic is best modeled by a process which displays non-
random nature of Hurst parameter H which gives Long Ranged Dependence (LRD) 
with lingering memory tail, and a non-Gaussian distribution. ‘Indeed Nature’s 
prediction toward LRD has been well documented in hydrology, metrology and 
geophysics’. Here in this section LRD is established for ‘stochastic delay’ of 
computer based network system. 

6.11.1   Random Delay a Stochastic Behavior 

Dynamics of delay in any systems demonstrate the stochastic behavior. The delay of 
random nature has wide spikes and if a statistics be taken, it is like a power law, with 
pronounced tail. For example, effect of network delay in control system is very 
widely researched topic, and has practical relevance to modern computer control 
industry.  A Brownian motion to model the stochastic process of ‘random delay 
dynamics’ is proposed, through fractional equivalent of Langevin equation driven by 
‘shot-noise’. A shot noise results when a ‘memory-less filter’ is excited by train of 
impulses derived from a homogeneous Poisson’s Point Process (PPP). For simplicity 
we assume the impulse response of the filter as ( ) exp( / )t tϕ η= − for 0t ≥ . 

Therefore we can represent a shot-noise as 
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1
( ) ( )

n

k kk
F t a t tϕ

=
= −∑ . 

We consider the fractional form of Langevin type stochastic differential equation, 
and replace standard ‘white noise’ Gaussian stochastic driving excitation force, by 
‘shot-noise’ 

1
( ) ( )

n

k kk
F t a t tϕ

=
= −∑  

whose each pulse has randomized amplitude, a ; the pdf of the amplitude ( )P a , 

has characteristic function, ( ) exp{ }W k b k
αα= − , with 0 2α< ≤ .  

The force is acting on a delay generating block where the Fractional equivalent 
of Langevin equation is dynamic representation of the system as: 

( ) ( ) ( )q
tD t t F tτ λτ= + , 

with 0 1q< ≤ , and 0τ  representing fractional initial condition of the delay 

generating dynamic system. This equation is detailed in next subsection. The 
driving force is train of pulses, will give a delay function of time ( )tτ , which also 

may be called fractional stochastic variable, from this above dynamic system as 

0( ; , )t Fτ τ . The fluctuation of this fractional stochastic variable is, 0( ; , )t Fτ τ τ− . 

This fluctuating delay function then generates spiked delay as 0( ( ; , ))t Fδ τ τ τ− .  

The physics of the delay generating system can be explained in following manner 
that is, say for one moment we have demanded a particular data (information), say the 
computer gives that data (information) after time of 500mS; the next moment a 
different data (information) is called for and the new data (information) now gets 
available say at 5000mS. The type of data or information signifies the amplitude, ka  

of shot-noise pulse, which after exciting the delay generating system, makes the 
particular data or information available. So these 500mS and 5000mS duration 
becomes the stochastic variable ( )tτ  with height at the data availability time, gives 

spike that is, ( ( ))tδ τ . So a plot of 0( ; , )t Fτ τ τ−  and its delay time 

0( ( ; , ))t Fδ τ τ τ− , will give spike nature of fluctuating delay dynamics. These spikes 

are really spiky in nature, deviate and fluctuates a lot. The first type of data again when 
asked may take 10mS or even may take 10,000mS; that depends on the load on net-
work traffic. Therefore, the fluctuations are really spiky in real terms. 

The classical method of fluctuation dynamics is by Gaussian assumption of the 
random behavior, and dynamics of the same applied to fluctuations in financial assets 
is widely used in mathematical finance because of simplification it provides in 
analytical calculations. This gives integer order differential equation formulations 
giving Gaussian solutions.  

Mandelbrot who introduced the term ‘fractal’ observed that in addition to being 
non-Gaussian, the stochastic process of financial returns shows interesting property of 
‘self-similarity’ that is, the statistical dependencies of ‘random phenomena like 
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financial returns, Brownian motion, have similar functional form as discussed earlier 
in this book, for various time increments tΔ .  Motivated by ‘pronounced tails and the 
stable functional forms at different time scales, Mandelbrot proposed that 
distributions of ‘such’ fluctuation is consistent withα -stable Levy distributions that 
is the fluctuating processes can be modeled as α -stable Levy process. Thus from the 
point of view of the fractal concept here in this section, attempt is made to provide 
fractality concept for random fluctuating delay dynamics of general (computer, 
finance) system. It is well known that the trajectories of Brownian and Levy 
stochastic processes are fractals as discussed in earlier chapter, it means that they are 
non-differentiable, self similar curves whose fractal dimensions are different from 
topological dimensions.  

Here in this section, developed a new extension of fractality concept for dynamics 
of random delay. It is proposed here that a possible fractional calculus approach to 
model the evolution of stochastic dynamics of random delay. The proposed fractional 
dynamic stochastic approach allows obtaining the probability distribution function 
(pdf) of the modeled random delay. As an application of the developed general 
approach we derive the equation of pdf of increments of random delay τΔ , as a 
function of increment of time tΔ , ( ) ( ) ( )t t t tτ τ τΔ Δ = + Δ −  where the value of 

random delay generating system at any time is ( )tτ . Statistical properties of 

incremental delay of computer control system play important role in understanding 
the control system for example its stability measures with gain variations and its 
robustness. The theoretically predicted pdf of increments of delay τΔ  as a function 
of increment of time tΔ  is to be experimentally verified, for calibration of numerical 
parameters of the proposed dynamical model for random delay. 

6.11.2   About Levy Distribution 

A random variable X is said to have an α -stable distribution was demonstrated in 
previous section; if and only if its characteristic function has the following form: 

[ ]{ }( ) exp i 1 i sgn( ) ( , )f x x x x w x
αδ γ β α= − + , i 1= −  

    With 
tan ; 1

2( , )
2

log ; 1
w x

x

απ α
α

α
π

⎧ ≠⎪⎪= ⎨
⎪ =
⎪⎩

, and

1; 0

sgn( ) 0; 0

1 0

x

x x

x

>⎧
⎪= =⎨
⎪− <⎩

 

                             0 2; 1 1; 0;α β γ δ< ≤ − ≤ ≤ > −∞ < < ∞  

This was also discussed in brief in Chapter 1. Therefore, an α -stable distribution can 
be completely determined by four parameters. 1. The characteristic exponent α . It is 
the shape parameter which specifies the thickness of the tail of the probability density 
function. Lesser the value more pronounced is the tail, indicating strong lingering 
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memory. In other words, α  changes the level of spikiness in the distribution, the 
larger the value ofα , the less likely it is to observe random variable that is distant 
from its central location. For a normal distribution 2α = , where the tail decays 
exponentially fast from central ‘dome’, indicating that there is less likelihood of 
presences or a random variable at far places, from ‘mean’. This parameter is also 
called ‘stability’ parameter. For 2α <  the distribution of the random variable has no 
finite variance, and for 1α < , the finite mean does not exist. Generally, 0 2α< ≤ . 
2. The skewness index β . Positive values for β  make the distribution skewed 

toward the right tail and negative values make it skewed toward the tail on the left 
hand side. For normal distribution or any symmetric distributions 0β = . Generally 

1 1β− ≤ ≤ + . 3. The variable γ  is called the scale parameter or dispersion parameter 

and it expresses the dispersion of the distribution. For normal distribution γ  is equal 

to standard deviation. For non-normal distribution this γ  has a finite non-negative 

value but it is not the same as standard deviation. For non-normal stable distribution 
the standard deviation is infinite. For all cases 0γ >  4. The variable δ  is called the 

location parameter and it is an expression of the mean or median of the entire 
distribution. This is also termed as measure of centrality or mean. For a normal 
distribution and other stable distributions for which 1α > ; δ  is same as the mean 
value of distribution. When 1α =  mean value is not defined, here the value, δ  of the 
distribution is not the same as mean value. Generally δ−∞ < < +∞ . 

The α -stable distributions obey two major properties. 1. The stability property, 
which states that the sum of weighted independent α -stable random variables is still 
stable with the same characteristic exponent α . 2. The generalized central limit 
theorem which states that the sum of a number of independently and identically 
distributed (i.i.d) random variables, can only be a stable distribution. The generalized 
central limit theorem defines the randomness as a result of cumulative effects and 
these effects are distributed with heavy-tailed probability density. 

A symmetric characteristic function for Levy distribution is 

( ) exp( )f b
ααθ θ= − . 

The pdf of Levy stable distribution can be obtained by performing numerically 
Fourier cosine transform giving  

0

1
( ) exp( ) cosf x dk bk kx

α

π
∞

= −∫  . 

The delays of computer control system or any other dynamics of fluctuation like in 
finance, follows a random behavior, could be explained by the heavy tailed 
distributions of such type. The delays in computer control system arise due to forces 
of random nature are inbuilt into the software delays caused by ‘multi-tasking 
programming methods’, and the randomness in ‘Network Traffic’, ‘data bus traffics’, 
hardware ‘arbitration logic’ of share resources, ‘decision making algorithms’ etc. 
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6.11.3   Fractional Stochastic Dynamic Model 

Let us take an example of delays in computer systems. Here it is proposed to describe 
the dynamics of random delay of computer control system ( )tτ by the fractional 

stochastic differential equation, representing Brownian motion like system. 

( ) ( ) ( )
q

q

d
t t F t

dt
τ λτ= +                                             (6.35) 

where, 0 1q< ≤ . 

We have ‘fractional stationary’ condition, as initial condition as: 

1

01
0

( )
q

q

t

d
t

dt
τ τ

−

−
=

=                                                             (6.36) 

where λ  is a constant, expected delay rate (like Poisson’s process formulation) this 
value could be zero too that case is discussed later. ( )F t , is the random forcing 

function and /q qd dt  is Riemann-Liouvelli (RL) fractional derivative, of order q . 

Using the definition of RL fractional integration, /q qd dt− − of a function ( )f t  that is: 

0 0 1
0

1 ( )
( )

( ) ( )

tq
q q
t t q q

d f t
I D f t dt

qdt t t

−
−

− −

′′= ≡ =
′Γ −∫ , 

for 0 1q< ≤ , yields solution to (6.35) as: 

( ) ( )1 1
0 , 0 ,

0

( ; , ) ( )( ) ( )
t

q q q q
q q q qt F t E t dt F t t t E t tτ τ λ τ λ− −′ ′ ′ ′= + − −∫             (6.37) 

( ), 0
( ) /k

k
E z z kα β α β∞

=
= Γ +∑  

is two parameter Mittag-Leffler function. 
The fractality index q is related to Mandelbrot’s self-similarity parameter H , also 

called Hurst Index (was introduced in Chapter 4), where, (1/ 2)q H= + . 

The mathematical motivation for applying the fractional stochastic problem (6.35) 
and (6.36) is following. It is easy to see when 1q = , the Eq. (6.35) reduces to the 

standard (integer order) Langevin equation with integer order initial condition 

00
( )

t
tτ τ

=
= , and Eq. (6.37) gives standard well-known stochastic Poisson’s process 

problem. 

( )
0 0

0

( ; , ) ( )
t

t t tt F e dt F t eλ λτ τ τ ′−′ ′= + ∫ , 

because of 1,1( ) zE z e= . 
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Thus we see that the fractional stochastic initial value problem (6.35) and 
(6.36) seems to be fractional generalization of well known Langevin approach to 
fluctuating phenomena. We define the probability distribution function (pdf) 

( , )qP tτ of the fractional stochastic variable ( )tτ in the following way, by Fourier 

integral of Dirac’s delta function. 

0( , ) ( ( ; , )qP t t Fτ δ τ τ τ= −  

       { }0

1
exp [i ( ( ; , )

2
d t Fω ω τ τ τ

π

∞

−∞

= −∫  

( )1 1
, 0 ,

0

1
exp [i ( ( ) )] i ( )( ) ( )

2

t
q q q q

q q q qd t E t dt F t t t E t tω ω τ λ τ ω λ
π

∞
− −

−∞

⎧ ⎫⎪ ⎪′ ′ ′ ′= − − − −⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫  

{ }

( )

1
, 0

1
,

0

1
exp i ( ( ) )

2

exp i ( )( ) ( )

q q
q q

t
q q

q q

d t E t

dt F t t t E t t

ω ω τ λ τ
π

ω λ

∞
−

−∞

−

= −

⎧ ⎫⎪ ⎪′ ′ ′ ′× − − −⎨ ⎬
⎪ ⎪⎩ ⎭

∫

∫
                        (6.38) 

where the brackets ...  means the averaging over the all possible realizations of the 

random force ( )F t . Thus the ‘averaging operator’ ...  is applied to second term, as 

the first term in (6.38) is force free.  Here, i 1= − . In (6.38) we have used the 

Fourier identities, with 2πξ ω= , for ˆ( ) {exp( i2 ) ( )} 1dx x xδ ξ π ξ δ
+∞

−∞
= − =∫ . The 

inverse Fourier as  

i21 ( )xe d xπ ξ ξ δ
+∞

−∞
=∫ , 

and orthogonality of Fourier kernel as 

1 2 2 1
*i2 i2 i2 ( )

1 2( )t t te e dt e dtπξ πξ π ξ ξ δ ξ ξ
+∞ +∞ − −

−∞ −∞
⎡ ⎤ = = −⎣ ⎦∫ ∫  

Let the stochastic force ( )F t  be a generalized shot noise as defined in statistical 

communication theory as follows, and explained in previous subsection as: 

1

( ) ( )
n

k k
k

F t a t tϕ
=

= −∑                                             (6.39) 

Here, ka  are the random amplitudes, ( )tϕ is the ‘impulse’ response function of 

‘memory-less linear filter’, and kt  are the homogeneously distributed on time interval 

[ ]0,T  moments of time, the number n  obeys the Poisson law. We guess that, 
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defined by Eq. (6.39), random force ( )F t  describes the influence of the different 

fluctuating factors on the ‘delay generation dynamics’. These forces of random nature 
are inbuilt into the software delays caused by ‘multi-tasking programming methods’, 
and the randomness in ‘Network Traffic’, ‘data bus traffics’, hardware ‘arbitration 
logic’ of share resources, ‘decision making algorithms’ etc.  A single-shot-noise pulse 

( )k ka t tϕ −  describes the influence of a piece of information which has become 

available at the random moment kt  on the decision-making process at a later time t . 

The amplitude ka  responds to the magnitude of pulse ( )kt tϕ − ; it will depend on 

type of information and will, therefore, be subjected to probability distribution. For 
simplicity we assume that each pulse has the same functional form or, in other words, 
one general response function ϕ  can be used to describe the delay process; in our 

case it is exp( / )t η− . Thus, the averaging procedure includes three statistically 

independent averaging techniques, which is used to calculate, the average of (6.38)  
that is: 

( )

( )

1
,

0

1
,

10

exp i ( )( ) ( )

exp i [ ( )]( ) ( )

t
q q

q q

t n
q q

k k q q
k

dt F t t t E t t

dt a t t t t E t t

ω λ

ω ϕ λ

−

−

=

⎧ ⎫⎪ ⎪′ ′ ′ ′− − −⎨ ⎬
⎪ ⎪⎩ ⎭

⎧ ⎫⎪ ⎪′ ′ ′ ′= − − − −⎨ ⎬
⎪ ⎪⎩ ⎭

∫

∑∫
 

Let  

( )1
,

0

( )( ) ( )
t

q q
q q qdt t t t t E t t Rϕ λ−′ ′′ ′ ′− − − =∫  

a function of t′  and λ  which will be derived later. Using this we have simplified 
above expression as 

( )1
,

10

exp i ( )( ) ( ) exp i
t n

q q
q q q k

k

dt F t t t E t t R aω λ ω−

=

⎧ ⎫ ⎧ ⎫⎪ ⎪′ ′ ′ ′− − − = −⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎩ ⎭⎩ ⎭

∑∫  

Now we demonstrate term by term averaging over all possible parameters of 
force. 

1. Averaging over random amplitudes, ka  that is  ...
ka

 , 

( )1 1 1 1... ( ,..., )
k

n na
f da da P a a f= ∫                                 (6.40) 

where 1( ,..., )nP a a is the probability distribution of amplitudes ka .Using (6.40) we get 
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( )1
, 1 2 1

10

exp i ( )( ) ( ) ... ( ... ) exp i

k

t n
q q

q q n n q k
k

a

dt F t t t E t t da da da P a a R aω λ ω−

=

⎧ ⎫ ⎧ ⎫⎪ ⎪′ ′ ′ ′− − − = −⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎩ ⎭⎩ ⎭

∑∫ ∫   

Define a function ( )W ζ  is characteristic function of the probability distribution 

( )P a , as 

( ) ( )i aW dae P aζζ
∞

−

−∞

= ∫ , 

and pdf ( )P a is distribution function of the amplitudes of the shot-noise pulses. 

Also for simplicity assume that; 

1 1
1

( ,..., ) ( ) ( ( ))
n

n
n k

k

P a a P a P a
=

= =∏ . 

Using this simplification we factorize and write the following, for averaging over 

ka , as: 

( )
1 2

1
,

0

i i i
1 1 2 2

i

exp i ( )( ) ( )

( ) ( ) ... ( )

( ) ( )

k

q q q n

q

t
q q

q q

a

R a R a R a

n n

n nR a

q

dt F t t t E t t

da P a e da P a e da P a e

daP a e W R

ω ω ω

ω

ω λ

ω

−

− − −

−

⎧ ⎫⎪ ⎪′ ′ ′ ′− − −⎨ ⎬
⎪ ⎪⎩ ⎭

=

⎡ ⎤ ⎡ ⎤= = ⎣ ⎦⎣ ⎦

∫

∫
∫

            

2.  Averaging over kt  on time interval T . 

2 1 2

0 0

1 1
... ( )

T T

nT
f dt dt f

T T
= ∫ ∫                                         (6.41) 

Above obtained average expression, we now use (6.41) and write to average over kt  

( )1
, 1 2

0 0 0 0,

0

1 1 1
exp i ( )( ) ( ) ... ( )

1
( )

k k

t T T T
nq q

q q n q

a t

nT

qn

dt F t t t E t t dt dt dt W R
T T T

dtW R
T

ω λ ω

ω

−⎧ ⎫⎪ ⎪′ ′ ′ ′ ⎡ ⎤− − − =⎨ ⎬ ⎣ ⎦⎪ ⎪⎩ ⎭

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

∫ ∫ ∫ ∫

∫

  

3. Averaging over random numbers n of time moments kt  
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where n vT= and v is the density of points kt on time interval [0, ]T . Using (6.42), 

we get 
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Let us calculate the RHS of above 
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with 
0

( , ) 1 ( )
T

q qJ t v dt W Rω ω⎡ ⎤= −⎣ ⎦∫ . 

Taking into the account of Eq. (6.38) and performing the averaging in 
accordance with (6.40)-(6.41), as described and derived above we obtain, with the 
time interval [0, ]T is changed as[0, ]t . 
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q q

q q q qP t d t E t J tτ ω ω τ λ τ ω
π

∞
−

−∞
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where the following notation is introduced as derived from above averaging 
method 
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q q
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∫ ∫      (6.44) 

Here the function ( )W ζ  is characteristic function of the probability distribution 

1( )P a , 
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i
1( ) ( )aW dae P aζζ

∞
−

−∞

= ∫  

and pdf 1( )P a is a “one-particle” distribution to be introduced into consideration 

because of simple assumption that is, we consider a delay dynamics when 
probability distribution 1( ,..., )nP a a is factorized as product of n equal “one-

particle” distribution 1( )P a , Eq. (6.45).  

1 1
1

( ,..., ) ( )
n

n k
k

P a a P a
=

= ∏                                          (6.45) 

To evaluate the integrals in Eq. (6.43) and (6.44) we should know the type of 
response function ( )tϕ and pdf 1( )P a . Let us choose an exponential response 

function, 

; 0( )
0; 0

t

e tt
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ηϕ
⎛ ⎞−⎜ ⎟
⎝ ⎠
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⎪ <⎩

                                               (6.46) 

This means, that the impact has a characteristic-time (time constant) as a number 
η . Evaluate the integral over dt′ in Eq. (6.44), 
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Expanding in series the ( ) /t te η′ ′′− −  and using the formula 
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makes RHS of Eq. (6.47) as 
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The function ( , )qJ tω as in Eq. (6.44) then is: 

0

( , ) 1 ( ( ; )
t

q qJ t v dt W R tω ω λ′ ′⎡ ⎤= −⎣ ⎦∫                             (6.48) 
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As a second step choose the Levy α -stable distribution 1( )P a as “one-particle” 

probability distribution function: 

i
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aP a d e Wζζ ζ

π
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−∞

= ∫ , and { }( ) expW b
ααζ ζ= − , 0 2α< ≤           (6.50) 

where b is scale parameter of Levy α -stable distribution. 
Thus in accordance with Eq. (6.42) the new general equation for the pdf of  

the fractional stochastic delay process ( )tτ described by Eq. (6.34) can be 

rewritten as: 
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∫ ∫  

  (6.51) 

with ( )qR t′ defined as in Eq. (6.49). 

Note that putting 1q = in Eq. (6.49) we get ( )( )/
1 ( ) / ( 1) t tR t e eλ δη λη ′ ′−′ = + − . 

6.11.4   Fractional Delay Dynamics 

Let us apply the developed general approach to derive the analytical expression 
for the pdf of increments τΔ  of the delay generating system as a function of time 
increment tΔ , ( ) ( )t t tτ τ τΔ = + Δ − , where the value of the instantaneous delay of 

the delay generating system is ( )tτ . The pdf of delay increments fluctuation plays 

an important role in understanding the delay dynamics, and in overall system 
engineering to plant control by computers. As usual we define the pdf 

( , , ; )qP t tτ αΔ Δ  of the increments ( ) ( ) ( )t t t tτ τ τΔ Δ = + Δ −  of the delay  

dynamics system of delay ( )tτ  as a function of incremental time tΔ by following 

expression: 

{ }( ), 0 0( , , ) ( ; , ) ( ; , )qP t t t t F t Fα τ δ τ τ τ τ τΔ Δ = Δ − + Δ −             (6.52) 



318 6   Initialized Differintegrals and Generalized Calculus
 

where ...  means averaging over the all possible realizations of random force 

( )F t  in accordance with Eq. (6.40)-(6.42). Repeating the same steps used above 

for derivation of Eq. (6.51), we find for the pdf ( ), , ,qP t tα τΔ Δ as: 

              , ( , , )qP t tα τΔ Δ  

              ( )( )1
,

0

1
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with  
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t

q q qL t t v dt b R t t R t
αα α

α ω λ ω λ λ′ ′ ′Δ = − − + Δ −∫ , 

where ( ; )qR t λ′  is by Eq. (6.49). Equation (6.53) presents a new general 

expression for the fractional pdf of increments of delay ( ) ( )t t tτ τ τΔ = + Δ −  

fluctuations, when delay ( )tτ  is described by fractional stochastic differential 

equations (6.35). 
For a case when 0λ = the Eq. (6.53) can be rewritten as 

, ( , , )qP t tα τΔ Δ  
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where 
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α ω ω′ ′ ′Δ − − − + Δ −∫ , 

and ( )qr t′ is obtained from Eq. (6.49) by placing 0λ = , that is  

( )1,1( ) ( ; 0) ( ) /q
q q qr t R t t E tλ η+′ ′ ′ ′= = = −                          (6.55) 

Further in limit for large time the asymptotic pdf we obtain as: 
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Here ( ), ,qL tα ω Δ is defined as: 
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α αω ω ω

∞
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In Eq. (6.57) 0 1q< ≤ and 1 2α< ≤ . 

The limiting pdf , ( , )qP tα τΔ Δ  is characterized by the fractality index q  and the 

Levy indexα . Thus, it is shown how general fractional dynamic approach 
developed here; one derives the expression for pdf , ( , )qP tα τΔ Δ  of increments of 

delay dynamics. The new pdf , ( , )qP tα τΔ Δ  allows studying any statistical and 

scaling dependencies of the fluctuating dynamics and developing the new general 
approach to deal with random delays in computer controls, and evaluate its risks 
and robustness. 

In special case of integer order delay dynamics case with 1q = the general  

Eq. (6.57) can be expressed as: 
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where we have used (1) 1Γ =  and ( )1,2 ( ) 1 /zE z e z= − . Then Eq. (6.56) leads to  
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Substituting with u  instead of t′  we have / /(1 )t tu b e eη ηω ′− −Δ= − , ( / )du dt u η′= −  

we get, 
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∫ ∫        (6.59) 

The pdf in Eq. (6.59) is α -generalization of Eq. (6.40) and (6.41), the Gaussian 
case will be obtained for 2α = , for Eq. (6.59) that is, 2,1( , )P tτΔ Δ . 

Obtain the delay values for large number of time, and say we form a set 

1 2 3{ } { ( ), ( ), ( ).......}i t t tτ τ τ τ= . In this set we take differential delay and make the set 

as 1 2 1 2 3 2 3 4 3{ } { ( ) ( ), ( ) ( ), ( ) ( ),.......}i t t t t t tτ τ τ τ τ τ τ τ τ τΔ = Δ = − Δ = − Δ = − . This 

new set of data has value zero, positive and negative; showing incremental delay 
spread. 
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Simply filling of empirical values for data by ordinary symmetrical Levy α -
stable is by 

LEVY 0

1
( / ) cos( / ) exp( )P c dk k c k

c
ατ τ γ

π
∞

Δ = Δ∫ , 

where α is Levy index and γ is scale factor be performed as designed by Famma 

and Roll in 1972. This we will detail in Chapter 10.  Here, c is number in order to 
normalize the data set. In our delay case this could be one. 

For numerical calculations of (6.57) that is: 

( ) ( ) { }( ), ,

0

, lim , , 1 exp ( ) ( )q q q q
t

L t L t t v dt b r t t r t
αα α

α αω ω ω
∞

→∞
′ ′ ′Δ = Δ = − − + Δ −∫  

Write as: 
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where /y t ωΔ = Δ  is new dimensionless parameter, signifying change in time, the 

other dimensionless parameters are K vη=  and /q
qS b cη= , and the function is 

1,1( ) ( )q
q qs z z E z+= . Then plot the pdf as: 

, ,0

1
( / , ) cos( . / ) exp{ ( , )}q qP c y d c L y

cα ατ χ χ τ χ
π

∞
Δ Δ = Δ × − Δ∫ , 

for various values of α  and q  starting with 2α = , 1q =  and decreasing the same. 

By varying these fractality parameters empirically fitting of the data of delay, the pdf 
can be seen. 

6.11.5   The Random Dynamics of Computer Control System 

From the basic signals and systems point of view, the random delay of computer 
control system can be regarded as an output signal of “a (delay generating) dynamic 
system” driven by some known signal say ‘shot-noise’. If we know? better about the 
generating ‘dynamic system’, can we do better job in compensating it. Well, the 
answer is yes. This is a new research frontier for exploration which is especially 
fundamental and important in the understanding of randomized delay.  

The same effect as above cause randomness of the time variant of ( )tτ . This 

implies that the distribution of such stochastic process follows a stable model. The 
variation of ( )tτ , with the bursts (spikes) implies the heavy tailed behavior in the 

distribution. α -stable distribution is different from Gaussian in a way that there only 
exists moments of order less than characteristic exponent α . Hence the variance of a 
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stable (non-Gaussian) distribution is divergent (infinite) unless 2α = , in which case 
the distribution becomes a Gaussian. This is called the ‘Fractional Lower Order 
Moment’ statistics. It has been established that the fundamental solutions of fractional 
order diffusion equations generate probability density functions (pdf) evolving in 
time or varying in space related to stable distributions, earlier in this book. Thus the 
randomization dynamics is well defined by fractional differential equations.  

Thus basic research question is 

1. How to use Fractional Calculus to best characterize the Random 
Dynamics of physics of delay? 

2. How to make use of the acquired knowledge of random dynamics to 
design a better controller, possibly also a fractional order controller, to 
accommodate the randomness in ( )tτ  influence on control performance 

of computer control system. 

Here we have elaborated a fractality concept and fractional differential equation in 
mathematics to represent randomized computer control delay. Our main assumption 
is that the fluctuating delay can be adequately described by means of fractional 
calculus, non-Gaussian, long range dependence, heavy tailed stochastic process. To 
describe the dynamics of the random delay, we have introduced a new fractional 
stochastic differential equation, driven by a random forcing function ‘shot-noise’, for 
which each pulse has random amplitude with α -stable Levy distribution. As a result 
we have obtained the general expression for the fractional pdf of incremental delays 
with time. Future studies and experiments on computer control system delay data is 
required to calibrate the parameters obtained in this description of pdf. The new 
fractional pdf has fractality parameters q  and α . The parameter q  describes the 

dynamical memory effects in the delay stochastic evolution, while the Levy index 
α describes the long range dependencies of external impacts on the delay dynamics, 
like ‘multi-tasking programming methods’, and the randomness in ‘Network Traffic’, 
‘data bus traffics’, hardware ‘arbitration logic’ of share resources, ‘decision making 
algorithms’ etc. More research and experimental data are indeed required to quantify 
these effects described in these random delay phenomena of computer control 
system. In Chapter 10 identification algorithm will be discussed for estimating H  
and important parameters for the Levy stable distribution from the data series of the 
experiment. 

6.12   Concluding Comments 

Strong motivation exists for the study, development of the fractional calculus. This 
may be readily verified and validated by large number of applications discussed in 
preceding chapters, where need for fractional calculus and initialization in particular 
is pointed.  Fractional integration and fractional differentiation processes require the 
use of non-constant initialization function. This initialization function is the behavior 
of the function before the process of differintegration is taken up, and makes up the 
process continuous in future. Whereas, for Riemann-Liouvelli (RL) formulation, with 
terminal initialization the continuity and the nature of the function is maintained 
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throughout the interval, which is not so simple to initialize Caputo formulation. 
Though Caputo formulation requires integer order initial states for solving compared 
to fractional order initial conditions for RL formulations, yet the generalized theory of 
initialization function is far from simple while dealing with Caputo formulation. 
Some future developments in theory of fractional differential equation solution 
should be able to merge these two diverging definitions; and provide ease in tackling 
generalized dynamic systems. The initialization function is history or memory 
associated with process of differintegration of the function since its birth. This history 
or memory fades away as the time passes by and appears as output of fractional 
differintegrator as an added function. The initialized differintegration process is 
generalization of the total calculus theory, for fractional order systems or integer 
order systems. The unifying concepts and notation of fractional calculus provide a 
significant benefit that greatly simplifies the solution of certain differential equations 
(distributed systems). Perhaps the strongest motivation to develop the fractional 
calculus is the belief that a wide variety of physical problems that have resisted 
compact (and first principles) description when using integer order calculus will yield 
to the methods of fractional calculus, otherwise major recourse was probabilistic 
methods. A new extension of a fractality concept and fractional calculus for random 
delay dynamics in computer control system as well as solution of Fractional 
Advection Dispersion Equation is described. These examples show that Long Ranged 
Dependence (LRD) of the solution in these processes with fractality has long tailed 
power law stable distributions, different from normal Gaussian distributions. These 
processes have fluctuation dynamics which deviates larger than normal fluctuation 
stochastic processes, like Brownian Paths. These anomalous processes well suited to 
be described by fractional differintegration be it Riemann-Liouvelli type be it Caputo 
formulation type; the engineers and scientists would like them to have solution with 
close physical picture relating to initial values or initialization functions; and they 
would like to relate them to experimental observations; irrespective of type of 
fractional differintegrations used. 
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7.1   Introduction 

Differential equations of fractional order appear more and more frequently in various 
research areas of science and engineering. An effective method for solving such 
equations is needed. The method of Laplace transforms technique gives almost unified 
approach to solve the fractional differential equations. Also generalization of the same 
in view of initial conditions appropriately put (terminal/side charging) gives unified 
generalized approach. Also the fundamental fractional order differential equation 
concept is touched; its solution is the fundamental time response, whose combination 
provides solution to complicated systems. From this transfer function is constructed 
with fractional pole, which is the transfer function of the fundamental fractional 
differential equation, and is fundamental building block for more complicated 
fractional order systems. In this chapter scalar initialization and vector initialization 
problem is taken to describe the approaches developed for initialization function. 
These problems give insight into fractional “state” variable concepts and general 
system description of fractional order systems, and controls. For fractional order 
control system stability analysis transformed Laplace qs w→  plane (wedge) is 
introduced. The pole-placement and its properties for control system stability for 
fractional order systems are carried on in this w-plane. The realization of fractional 
Laplace operator by rational function approximation is also introduced in this chapter. 
Here generalized stationary conditions are discussed and idea is developed as 
generalized Laplace transform to define Riemann-Liouvelli and/ or Caputo derivative 
(or even a derivative having the mix of two!).  

7.2   Recalling Laplace Transform Fundamentals 

Let us recall some basic facts about Laplace transforms, developed for classical 
integer order calculus. The function ( )F s  of complex variable (frequency) s  is 

defined by: 
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( ) ( ) ( )stF s f t e f t dt
∞

−= = ∫L  

is called Laplace transform of the function ( )f t , which is called the original. For 

Laplace transform to exist, ( )f t  must be of an exponential orderα . In other 

words the function ( )f t , must not grow faster than a certain exponential function 

when t tends to infinity. The original ( )f t  can be restored from Laplace transform 

( )F s  with the help of inverse transform: 
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Where 0γ = for all singularities of ( )F s if in the left half of s-plane (LHP) i.e. all 

( )F s poles at LHP. 

Laplace transform of ( )
t

b

f t dt∫ is given by 
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Constructing this for initialized case, the generalized integer order Laplace 
transformation for integration operation can be expressed as: 

{ } { }1 1( ) ( ) ( , 1, , , ) ( ) ( , 1, , , )
t

b t b t

b

D f t d f t f a b t f t f a b tψ ψ− − ⎧ ⎫⎪ ⎪= + − = + −⎨ ⎬
⎪ ⎪⎩ ⎭
∫L L L  

{ } { }
0

1 1 1
( ) ( ) ( ) ( , 1, , , )b t

b

D f t F s f t dt f a b t
s s

ψ− = + + −∫L L . 

However in the most general case the ψ  is selected arbitrarily, if chosen as 

constant K, then since { } /K K s=L , it is clear that this term contains 

initialization effect of the second term on the RHS of the above Laplace 
expression for initialized integer order integration. Hence it is not necessary to 
include such terms that redundantly bring in the effect of initialization from the 
integer order calculus. Therefore: 

{ } { }1 1
( ) ( ) ( , 1, , , )b tD f t F s f a b t

s
ψ− = + −L L  

For multiple integer order integrals the Laplace Transform derivation is as follows: 
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is to be evaluated. For convenience write  
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Repeating this n times we get the result as: 
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where coefficients ic is given as 
0

( )i i i

b

c g t dt= ∫  

Thus  

{ }3 31 2
3 2 3

1
( ) ( )

cc c
D f t F s

ss s s
− = + + +L . 

With this observation can we write the Laplace of fractional integral as: 
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{ }2.3 1 2
0 2.3 2

1
( ) ( )t

c c
D f t F s

ss s
− = + +L ; 

with choice of integer order integration index greater but just less than the 
fractional order integration index. That is, 2 is the integer order index, just less 
than 2.3 the fractional order index.  

Consider the integer order derivative and its Laplace transform as 

{ }1( ) ( ) ( ) (0 )
d

f t f t sF s f
dt

+⎧ ⎫ = = −⎨ ⎬
⎩ ⎭
L L . 

For the initialized calculus case the formulation is 

{ }1
0

( )
( ) ( ,1, ,0, )t

df t
D f t f a t

dt
ψ⎧ ⎫= +⎨ ⎬

⎩ ⎭
L L . 

Substituting the first definition into the second one we get: 

{ } { }1
0 ( ) ( ) (0 ) ( ,1, ,0, )tD f t sF s f f a tψ+= − +L L . 

Again in the most general case the ψ  is selected arbitrarily. If it is chosen as value of the 

function ( )f t  at 0t += , represented by Dirac delta function as: ( ) ( 0 )f t tψ δ += − −  

then,  

{ } { }( ) ( 0 ) (0 )f t t fψ δ + += − − = −L L . 

This term then contains the initialization effect brought in by the integer order 
calculus Laplace expansion. It is again not necessary to include the redundant term. 

The notation (0 )f +  may be changed to (0)f  with understanding that 0t =  

will be actually 0t += . For repeated derivative the Laplace Transform gives: 

{ }( ) 1 2 (1) ( 1)( ) ( ) (0) (0) ..... (0)n n n n nf t s F s s f s f f− − −= − − − −L  

Therefore 

{ }
{ } { } { }

3 3 2
0

3 2

@ 0 @ 0 @ 0

( ) ( ) (0) (0) (0)

( ) ( ) ( ) ( )

t

t t t

D f t s F s s f sf f

s F s D f t D f t f t= = =

= − − − =′ ′′

= − − −′ ′′

L
 

With similar argument we can write Laplace of fractional derivative as: 

{ }
{ } { } { }

2.3 2.3 1.3 0.3 0.7
0

2.3 1.3 0.3 0.7

@ 0 @ 0 @ 0

( ) ( ) (0) (0) (0)

( ) ( ) ( ) ( )

t

t t t

D f t s F s s f s f s f

s F s D f t D f t D f t

−

−
= = =

= − − −′ ′′

= − − −′ ′′

L
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Here the nearest integer order derivative to 2.3 is chosen to be 3. 
For semi-derivative the Laplace transform, may be expressed as: 

{ } { }0.5 0.5 0.5 0.5 0.5
0 @ 0

( ) ( ) (0) ( ) ( )t t
D f t s F s s f s F s D f t− −

== − = −L  

Here the nearest integer order derivative to 0.5 is chosen to be 1.  
The observation is for Laplace Transform of fractional derivative, the requirement 

is of fractional initial states, like (2.3) (1.3) ( 0.5)(0), (0), (0)f f f − , and they need be finite 

too. Experimentally these fractional states are hard to visualize, though one may try to 
correlate these with the integer order states with some effort and physical reasoning. 
For sake of solution with this extension of integer order calculus for Laplace of 
fractional order differentiation and fractional order integration, assume that these 
fractional initial states exist and are finite.  

Let us take a fractional integral equation as: 

1
2

0

( ) ( ) ( )
t

ty t t y dτ τ τ−= −∫  

The above is form of semi-integration, of Riemann-Liouvelli (RL) definition; except 
Gamma of ½ is missing from the expression. Putting that constant multiplier of 
reciprocal of Gamma of ½ to both the sides we rearrange the integral equation and 
write as 

1
2

0

10 2
0 0

( ) ( ) 0

( ) 0

t

t t

ty t D y t

t D D y t

π

π

−

−

− =

⎡ ⎤− =⎢ ⎥⎣ ⎦

 

We use the identity { } 11 s−=L , with { } { }2 1 1st s D−= = − ⎡ ⎤⎣ ⎦L L , and 

{ }0 1( ) ( )stD y t D Y s= −L , to get Laplace of the above integral equation as: 

11 2( ) ( ) 0sD Y s s Y sπ −+ =  

1
2

dY
s ds

Y
π −= −  

Integrating both the sides and with integration constant k , we get: 

ln ( ) 2Y s s kπ= − + , giving 2( ) sY s Ke π−= , using inverse Laplace the 

solution, for 0t >  is: 

3
2( ) ty t Kt e

π−−=  

Let us apply this observation to solve, a fractional differential equation  
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1
2 ( ) ( ) 0tD y t y t− =  

We use the identity { } 11 s−=L , with { } { }2 1 1st s D−= = − ⎡ ⎤⎣ ⎦L L , and get 

{ } { }1 1 1 112 2 2 2( ) ( ) ( ) (0)stD y t D D y t D s Y s D y
−⎡ ⎤ ⎡ ⎤= − = − −⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦

L L , 

using this in the fractional differential equation, we  obtain: 

1 11 2 2( ) (0) ( ) 0sD s Y s D y Y s
−⎡ ⎤− − − =⎢ ⎥⎣ ⎦

 

Differentiating (with respect to s ) we obtain: 

                                     
11 2 ( ) 0 ( ) 0sD s Y s Y s⎡ ⎤− + − =⎢ ⎥⎣ ⎦

 

( ){ }1 11 12 2( ) ( ) ( ) 0s sD s Y s s D Y s Y s− + − =  

                                
1 1 12 2

1
( ) ( ) ( ) 0

2 ss Y s s D Y s Y s
−− − − =  

Dividing the above expression by ½ and rearranging we obtain 

11 1 2
1

( ) ( ) 0
2sD Y s s s Y s

−−⎛ ⎞+ + =⎜ ⎟⎝ ⎠
 

which is a first order Linear Differential Equation on ( )Y s , which is rearranged 

for solving by integration as: 

11 2
1

2

dY
s s ds

Y
−−⎛ ⎞= − −⎜ ⎟⎝ ⎠

 

Integrating both the sides we obtain the solution with k as constant of integration as: 

1 22

1
ln ln 2

2

( ) s

Y s s k

Y s Ks e
− −

= − − +

=
 

Using standard Laplace Inverse we get the solution for 0t >  as: 

{ } 111 2( ) ( ) ty t Y s Kt e
−−−= =L  
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This example demonstrates use of Laplace Transforms to solve Fractional order, 
integral and differential equation vis-à-vis integer order calculus.  However, these 
examples are of Fractional Differential/Integral equations with non-constant 
coefficients and non-linear fractional order systems. Nevertheless, these examples 
could be solved by Laplace Technique to arrive at analytical close form solutions. 
Thus strong motivation exists to generalize the Laplace Transformation and apply 
the same for solution of Fractional Order Differential Equations. 

7.3   Laplace Transform of Fractional Integrals 

Consider starting point of integration as 0c = , for simplicity. The Laplace 
transform of the initialized fractional integral looks like: 

 { }
1

0

0 0

( )
( ) ( ) ( , , ,0, )

( )

t q
q st

t

t
D f t e f d f q a t dt

q

τ τ τ ψ
∞ −

− − ⎛ ⎞−= + −⎜ ⎟Γ⎝ ⎠∫ ∫L               (7.1) 

                            0, 0q t> > .  

Apply convolution for Laplace transforms i.e.  

0

( )* ( ) ( ) ( ) ( ) ( )
t

h t g t h g t d H s G sτ τ τ= − ↔∫ . 

For the above fractional integral take  

{ }
1 1

( ) ( ); ( ) ; ( )
( )

q

q

t
h t f t g t g t

q s

−

= = =
Γ

L . 

The Laplace of the fractional integral therefore is 

{ }1
( ) ( ) ( )

q
F s G s f t

s
= L , 0q > . 

This gives the result as: 

{ } { } { }0

1
( ) ( ) ( , , ,0, )q

t q
D f t f t f q a t

s
ψ− = + −L L L , 0q >                (7.2)  

Here the observation is that the initialization function ( , , ,0, )f q a tψ −  may be 

thought to have equivalent (compound) effect of initialization to create 0 ( )q
tD f t− . 

For fractional case 0 ( )q
tD f t−  can be composed in infinite ways as opposed to 

integer order calculus, where only, integer order combinations are possible for 
composition, as indicated below for integer order n:  
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{ }( ) 1 2 (1) ( 1)( ) ( ) (0) (0)... (0)n n n n nf t s F s s f s f f− − −= − − +L  

This implies that ( )nf  is decomposed into n separate differentiations of unity 

order; conversely ( )nf  is composed of n separate discrete differentiation. But for 

fractional order this composition is not discrete but can thus be decomposed in 
infinite ways. This is described next. 

7.3.1   Decomposition of Fractional Integral in Integer Order 

For generalized integration (with initialization) the composition law holds. The 
decomposition of the following Laplace of initialization function is demonstrated 
by integration by parts, for 1q > . The initialization function ( , , ,0, )f q a tψ −  is  

q-th order integration of ( )f t  from a to zero and is function of t, defined as in the 

Chapter 6 of initialized differintegrals. The function ( ) 0f t = , for t a<  and 

Laplace is from 0t a= >  

   
0

11
( , , ,0, ) ( ) ( )

( )
q

a

f q a t t f d
q

ψ τ τ τ−− = −
Γ ∫     1q >                               (7.3) 

{ }
0

( , , ,0, ) ( , , ,0, )stf q a t e f q a t dtψ ψ
∞

−− = −∫L                                 (7.4) 

Take ( , , ,0, ), stu f q a t dv e dtψ −= − = , then 

  

(1)( , , ,0, )

st

d
du f q a t dt dt

dt

e
v

s

ψ ψ

−

= − =

= −
 

yields 

{ } (1)

00

1
( , , ,0, ) ( , , ,0, ) ( , , ,0, )

st
ste

f q a t f q a t e f q a t dt
s s

ψ ψ ψ
∞ ∞−

−⎡ ⎤
− = − − + −⎢ ⎥

⎣ ⎦
∫L   (7.5) 

{ } { }(1)
@ 0

1 1
( , , ,0, ) 0 ( , , ,0, ) ( , , ,0, )tf q a t f q a t f q a t

s s
ψ ψ ψ=− = + − + −L L         (7.6) 

Repeating this same another time gives: 

{ } { }(1) (2)
@ 0 @

1 1 1 1
( , , ,0, ) ( , , ,0, ) ( , , ,0, ) ( , , ,0, )t t of q a t f q a t f q a t f q a t

s s s s
ψ ψ ψ ψ= =

⎡ ⎤− = − + − + −⎢ ⎥⎣ ⎦
L L

(7.7) 
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Now repeating the process a total number of n times where n is integer such that 
1n q n+ > >  gives, the expression for the equivalent initialization function. 

For 2.3 1q = > , then 2n = . 

{ } { }( ) ( 1)
@ 0

1

1 1
( , , ,0, ) ( , , ,0, ) ( , , ,0, )

n
n j

tn j
j

f q a t f q a t f q a t
s s

ψ ψ ψ −
=

=

− = − + −∑L L
(7.8)

 

Putting this, the Laplace transform of the fractional integral yields: 

{ } { } { }( ) ( 1)
0 @ 0

1

1 1 1
( ) ( ) ( , , ,0, ) ( , , ,0, )

n
q n j

t tq n j
j

D f t f t f q a t f q a t
s s s

ψ ψ− −
=

=

= + − + −∑L L L  

(7.9) 

The expression states that the q-th differintegral is composed (or can be decomposed) 
of n order 1 integer integrations and a fractional integration of order q n−  refer  

figure 7.1. For 2.3q = , meaning the composition have 2n = full integer order 

integration and 0.3q n− =  order fractional integration. Further the order 1 

integrations are each initialized by a constant ( 1)
@ 0

j
tψ −
= , (the integer order integrations 

are initialized via constants). 
The fractional integration of order 2.3, with integer order as 2n =  is thus: 

{ }{ }2.3 1 1 0.3 (2) (1)
0 0 0 0( ) ( ) (0) (0)t t t tD f t d d d tψ ψ ψ− − − −= + + +  

The Laplace is  

{ } { } { } { }

{ } { } { }

2.3 (2) (1)
0 0.3

(2) (1)
2.3 2

1 1 1
( ) ( ) ( ) (0) (0)

1 1 1
( ) ( ) (0) (0)

tD f t F s t
s s s

F s t
ss s

ψ ψ ψ

ψ ψ ψ

− ⎡ ⎤⎡ ⎤= + + +⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦

= + + +

L L L L

L L

 

For (1)(0), (0)ψ ψ  is chosen to be constants K ’s, to initialize integer order 

integrations. With, Laplace of constant as 1s K− , the initialized Laplace expression 
for 2.3 fractional integration with ( ) ( , 2.3, ,0, )t f a tψ ψ= −  as: 

{ } { }2.3 (2) (1)
0 2.3 2 2

1 1 1 1
( ) ( ) ( ) (0) (0)tD f t F s t

ss s s
ψ ψ ψ− ⎡ ⎤= + + +⎢ ⎥⎣ ⎦

L L  

Laplace for semi-integration of a function is generalized from Figure 7.1 
decomposition as:   

0.5 0.5
0 0( ) ( ) ( , 0.5, ,0, )t tD f t d f t f a tψ− −= + −  
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{ } { }0.5
0 0.5

1
( ) ( ) ( , 0.5, ,0, )tD f t F s f a t

s
ψ− = + −L L  

),,,,()( tcaqfn )1(n )2(n )1( )0(

0t 0t 0t 0t 0t

)t 0 D q
t

+ + + + + +

(f + + + )(tf

n - ORDER 1 INTEGRATION

( )
(0)

n 1
(0)

n (1)
(0)

(0)
(0)

+ + + + + +
( )f t

0 ( )qD f t

- ORDER 1 - INTEGRATIONn
( ) ( )

(0) 0( , , , , )n n
tL f q a c t

qnd 1d 1d 1d

nqs
1

s
1

s
1

s
1

 

Decomposition for 1q >  

Fig. 7.1 Block diagram representing integer order decomposition of fractional integral (time 
and frequency domain)  

Following we describe for sake of comparison the Laplace transform for 
multiple Integer order Integrals. The compatibility is observed for (7.9) and (7.10) 
for 1, 2,3...q n= = and properly choosing ψ . 

{ } { } { }

{ }

1 2 1 1 2
1 2 1 2

1

1
( ) ....... ( ) ...... ( ) ...

1
( )

t t t tn n
b b b b n n n n n

n
j

n j
j

cc c
g t f t dt dt dt dt f t

ss s s
c

f t
s s

−
−

=

= ∫ ∫ ∫ ∫ = + + + +

= +∑

L L L

L
   

(7.10) 
 

The coefficients are 
0

( )j j j

b

c g t dt= ∫ .  

In the Figure 7.1, the integer order integrations could just be replaced by 
general (fractional) integrations each also of order 1. Each of these then will allow 
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non-constant initialization function. Figure 7.2 is 0 ( )q
tD f t−  decomposed into n 

generalized order 1 integrations and a fractional integration of order q n− + . 

Where n is greatest integer less than q , with Further the order 1 integrations are 

each initialized by a constant 0q > .The break up expression for Figure 7.2 is: 

1 1 1
0 1 0 1 1 0 2 0 2

1 2 1 1 2 3
1 0 2 0 3 0 3 1 0 2 0 3 0 3

( ) ( ) ( ) ( ( ))

( ( )) ( )

q
t n t n t t n

t t t n t t t n

D f t x t d x t d d x t

d d d x t d d d x t

ψ ψ ψ
ψ ψ ψ ψ ψ ψ

− − − −
− −

− − − − − −
− −

= = + = + + =

+ + + = + + +
 (7.11) 

Observing the fact that 1 0 0( ) ( ) ( , , ,0, ) ( )q n q n
t tx t D f t f q n a t d f tψ− + − += = − + + , 

repeating the above iteration n times we have the following: 

( 1)
0 0 0 0

1

( ) ( ) ( , , ,0, ) ( , 1, ,0, )
n

q q n j
t t t t j j

j

D f t d f t d f q n a t d x a tψ ψ− − − − −

=

= + − + + −∑ (7.12) 

as the mathematical representation of Figure 7.2. Taking the Laplace transforms we 
get. 

 

{ } { } { } { }0 ( 1)
1

1 1 1
( ) ( ) ( , , ,0, ) ( , 1, ,0, )

n
q

t j jq n j
j

D f t f t f q n a t x a t
s s s

ψ ψ−
−

=

= + − + + −∑L L L L  

(7.13) 

 
This expression is generalization of the expressions of Figure 7.1, where the 
initialization effect was done by constants Further the order 1 integrations are each 
initialized by a constant K ’s, values of ( )

@ 0( )n
ttψ = . In this case, of Figure 7.2 the 

initialization effect is carried out by functions of time instead (i.e. nψ ), Here for 

2.3q = , the integer 2n = , meaning the composition with three integer order 

integration and one fractional order 0.3q n− + = − integration. 

),0,,,( taqnf ),0,,1,( 1 taxn )( 2x )( 22 nx ),0,,1,( 11 taxn

+ + + + + + +

)(tf + +1x 2x )(0 tfDx q
tn

- GENERALIZED ORDER – 1 INTEGRATIONn

qnd 1d 1d 1d

 

Fig. 7.2 Block diagram of integer order decomposition of fractional integration of order q, 
for 0t c> =  

For q as 2.3, then Laplace from figure 7.2 is composed, with 2n =  as: 
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{ } { } { } { }2.3
0 2 2 1 12.3 2

1 1 1
( ) ( ) ( , 0.3, ,0, ) ( , 1, ,0, ) ( , 1, ,0, )tD f t F s f a t x a t x a t

ss s
ψ ψ ψ− = + − + − + −L L L L  

The fractional integral composition is: 

2.3 2.3 2 1
0 0 0 1 1 0 2 2( ) [ ( ) ( , 0.3, ,0, )] ( , 1, ,0, ) ( , 1, ,0, )t t t tD f t d f t d f a t x a t d x a tψ ψ ψ− − − −= + − + − + −  

The semi-integration is composed, with 0n =  as: 

0.5 0.5
0 0( ) ( ) ( , 0.5, ,0, )t tD f t d f t f a tψ− −= + − , 

and its Laplace as: 

{ } { }0.5
0 0.5

1
( ) ( ) ( , 0.5, ,0, )tD f t F s f a t

s
ψ− = + −L L  

7.3.2   Decomposition of Fractional Order Integral in Fractional 
Order 

Here the decomposition of 0 ( )q
tD f t−  is not limited to only integer order integral 

elements. Refer figure 7.3 where this decomposition is indicated. The mathematics 
is explained below (for convenience subscript is dropped i.e. 0

q q
tD D− −→ ) 

1 2 1
0 1 1( ) ( ) ... ( )n nq q q qq

t nD f t x t D D D D x t−− − − −−
+= =     0.&. 0jt q> >              (7.14)  

where 
1

n

i
i

q q
=

= ∑ . 

Then starting from inside:  

{ } { } { }1
2 0 1 1 1 1( ) ( ) ( , , ,0, )q

tx t d x t x q a tψ= + −L L L , 

can be written with simplified symbols as  

{ } { } { }1 1
2 1 1 1 1( ) ( )q qx d x s s x sψ ψ− −= + = +L L L  

{ } { }2
3 2 2 ( )qx d x sψ−= +L L  

{ } { }{ } { }2 1 2 1 1
3 1 1 2 1 1 2( ) ( ) ( ) ( )q q q q qx s s x s s s x s s sψ ψ ψ ψ− − − − −= + + = + +L L L  

{ } { } { } { }3 3 3 2 1 3 2 3
4 3 3 3 3 1 1 2 3( ) ( ) ( ) ( ) ( )q q q q q q q qx d x s s x s s x s s s s sψ ψ ψ ψ ψ− − − − − − − −= + = + = + + +L L L L  

{ } { }3 2 1 3 2 3
4 1 1 2 3( ) ( ) ( )q q q q q qx s x s s s s sψ ψ ψ− − − − − −= + + +L L  

Repeating this process till 1nx + , we arrive at the following: 
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{ } { }1 2 2 3 3 4 1....... ....... .......
1 1 1 2 2 1( ) ( ) ... ( ) ( ) ( )n n n n n nq q q q q q q q q q q q

n n n nx s x s s s s s s s s sψ ψ ψ ψ ψ−− − − − − − − − − − − −
+ − −= + + + + + +L L   

Defining aB as  

n

a i
i a

B q
=

=∑ , 

we can have general form of decomposition expression as, where 1 a n≤ ≤ ; 

{ } { } 31 2
1 1 1 2 1( ) ( ) ... ( ) ( )nB BB B

n n nx s x s s s s s s sψ ψ ψ ψ− −− −
+ −= + + + + +L L     (7.15) 

Summarizing this in compact form we get: 

{ } { } 1

1

0
1

( ) ( ) ( ) ( )j

n
Bq q

t n j
j

D f t s f t s s sψ ψ+
−

−− −

=

= + +∑L L  
n

a i
i a

B q
=

=∑    1 a n≤ ≤  (7.16) 

The effective initialization here in this case is: 

{ } 1

1

1

( ) ( )j

n
B

eff n j
j

s s sψ ψ ψ+
−

−

=

= +∑L  

)(1 t )(2 t )(1 tn )(tn

+ + + + +

)(tf + +2x 3x nx 1nx

1x
1qD 2qD 3qD nqD

)(01 tfDx iq
tn

: FRACTIONAL INTEGRATIONn 0ct

1qd 2qd 3qd nqd

 

Fig. 7.3 Decomposition of fractional order integral in fractional order 

Let us decompose the fractional integration of order 2.3 by fractional integration of 
order 0.7 three times and followed by fractional integration of 0.2. This means  

4n =  , as per Figure 7.5. The composition for Laplace following the Figure 7.3 will 
be: 

1( ) ( )X s F s= , { }1 1 1( ) ( , 0.7, ,0, )s x a tψ ψ= −L  

2 1 10.7

1
( ) ( ) ( )X s X s s

s
ψ= +  
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3 2 20.7

1
( ) ( ) ( )X s X s s

s
ψ= +  

4 3 30.7

1
( ) ( ) ( )X s X s s

s
ψ= +  

{ }2.3
5 4 4 00.2

1
( ) ( ) ( ) ( )tX s X s s D f t

s
ψ −= + = L  

From Figure 7.3 the decomposition of the fractional integral of order 2.3 by fractional 
integrals of order 0.7 three numbers plus fractional integral of order 0.2 is: 

( )( )( )2.3 0.2 0.7 0.7 0.7
0 0 0 0 0 1 2 3 4( ) ( ) ( ) ( ) ( ) ( )t t t t tD f t d d d d f t t t t tψ ψ ψ ψ− − − − −⎡ ⎤= + + + +⎣ ⎦  

2.3 2.3 1.6 0.9 0.2
0 0 0 1 0 2 0 3 4( ) ( ) ( ) ( ) ( ) ( )t t t t tD f t d f t d t d t d t tψ ψ ψ ψ− − − − −= + + + +  

The Laplace decomposition of fractional integral of order 2.3 is: 

{ }2.3
0 1 2 3 42.3 1.6 0.9 0.2

1 1 1 1
( ) ( ) ( ) ( ) ( ) ( )tD f t F s s s s s

s s s s
ψ ψ ψ ψ− = + + + +L  

7.4   Laplace Transformation of Fractional Derivatives 

The derivative starting point is taken as 0c =  for simplicity and the function 
( )f t  is born at a, before t a=  the function is zero. Here we will find 

{ } { }0 0 0( ) ( )u m p
t t tD f t D D f t−=L L  

With 0u > , and m is the least integer greater than u, such that u m p= − . For 

2.3u = , the integer 3m = . In the case of integration decomposition the integer 
n is chosen as the greatest integer less than the fractional order of integration q . 

Using the definitions and expanding we get (for 0t > ) 

{ } { }
1

0 0 0

0

( )
( ) ( ) ( ) ( , , ,0, )

( )

tm p m
u m p
t t t m m

d t d
D f t D D f t f d f p a t

pdt dt

τ τ τ ψ
−

−
⎧ ⎫⎛ ⎞ ⎧ ⎫−⎪ ⎪= = + − +⎨ ⎬ ⎨ ⎬⎜ ⎟Γ⎝ ⎠⎪ ⎪ ⎩ ⎭⎩ ⎭

∫L L L L

+ { }( , , ,0, )h m a tψL                                       (7.17) 

where 0( ) ( )p
th t d f t−= . Defining equivalent initialization function as 

( , , ,0, )eq f u a tψ :   

{ }( , , ,0, ) ( , , ,0, ) ( , , ,0, )
m

eq eqm

d
f u a t f p a t h m a t

dt
ψ ψ ψ

⎧ ⎫
= − +⎨ ⎬
⎩ ⎭

      (7.18) 
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Now consider the first term of the expanded expression i.e.  

1 1 1

1
0 0 0

( ) ( )
( ) ( )

( ) ( )

t tm p m p
st

m m

d t d d t
f d e f d dt

p dt pdt dt

τ ττ τ τ τ
∞− − −

−
−

⎧ ⎫⎛ ⎞ ⎛ ⎞− −⎪ ⎪ =⎨ ⎬⎜ ⎟ ⎜ ⎟Γ Γ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
∫ ∫ ∫L           (7.19) 

Apply integration by parts by selecting stu e−= and  

1 1

1
0

( )
( )

( )

tm p

m

d d t
dv f d dt

dt pdt

τ τ τ
− −

−

⎛ ⎞−= ⎜ ⎟Γ⎝ ⎠∫  

Therefore, stdu se dt−= − and 
1 1

1
0

( )
( )

( )

tm p

m

d t
v f d

pdt

τ τ τ
− −

−

−=
Γ∫ , yields  

1 1 2 1

1 2
0 0 00

( ) ( )
( ) ( )

( ) ( )

t tm p m p
st st

m m

d t d d t
e f d s e f d dt

p dt pdt dt

τ ττ τ τ τ
∞ ∞− − − −

− −
− −

⎡ ⎤ ⎛ ⎞− −= +⎢ ⎥ ⎜ ⎟Γ Γ⎝ ⎠⎣ ⎦
∫ ∫ ∫   (7.20) 

 

The first term is zero after putting the end values; therefore we get the Laplace 
expression as; 

1 2 1

2
0 0

( ) ( )
( ) ( )

( ) ( )

t tm p m p

m m

d t d d t
f d s f d

p dt pdt dt

τ ττ τ τ τ
− − −

−

⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞− −⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟Γ Γ⎝ ⎠ ⎝ ⎠⎪ ⎪ ⎪ ⎪⎩ ⎩⎭ ⎭
∫ ∫L L          (7.21) 

Repeating the process m times yields: 

 { }
1

0

0

( )
( ) ( )

( )

tm p
m p

tm

d t
f d s d f t

pdt

τ τ τ
−

−⎧ ⎫−⎪ ⎪ =⎨ ⎬Γ⎪ ⎪⎩ ⎭
∫L L                         (7.22) 

using this result the Laplace expression for fractional derivative is: 

{ } { } { } { }0 0 0 0( ) ( ) ( ) ( , , ,0, ) ( , , ,0, )
m

u m p m p
t t t t m

d
D f t D D f t s d f t f p a t h m a t

dt
ψ ψ− − ⎧ ⎫

= = + − +⎨ ⎬
⎩ ⎭

L L L L L

(7.23) 
or  

{ } { } { }0 0( ) ( ) ( , , ,0, )u m p
t t eqD f t s d f t f u a tψ−= +L L L                     (7.24) 

here applying integral Laplace result for Laplace of 0
p

td − , we get: 

{ } { } { } { } { }0 ( ) ( ) ( , , ,0, ) ( ) ( , , , 0, )u m p u
t eq eqD f t s f t f u a t s f t f u a tψ ψ−= + = +L L L L L    

(7.25) 
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This is most general form of Laplace Transform of the fractional derivative, and is 
similar to what is obtained for Laplace of fractional integration. As the case with 
fractional integrals the fractional derivatives also can be decomposed (or is 
composed off) infinite ways, thus several possible formulations exist for 

( , , , , )eq f u a c tψ . 

7.4.1   Decomposition of Fractional Order Derivative in Integer 
Order 

Equivalent form for { }( , , ,0, )f u a tψL  of (7.25) is considered. Consider the 

expression appeared in the previous derivation (7.17) i.e.  

1

1
0

( , , ,0, ) ( , , ,0, )
m m

st
m m

d d d
f p a t e f p a t dt

dtdt dt
ψ ψ

∞ −
−

−

⎧ ⎫ ⎛ ⎞
− = −⎨ ⎬ ⎜ ⎟⎝ ⎠⎩ ⎭

∫L  

For integrating by parts take stu e−= , and  

1

1
( , , ,0, )

m

m

d d
dv f p a t dt

dt dt
ψ

−

−= − . 

So stdu se dt−= − and  

1

1
( , , ,0, )

m

m

d
v f p a t

dt
ψ

−

−= − .  

Therefore 
 

1 1

1 1
0 0

( , , ,0, ) ( , , ,0, ) ( , , ,0, )
m m m

st st
m m m

d d d
f p a t e f p a t s e f p a t dt

dt dt dt
ψ ψ ψ

∞ ∞− −
− −

− −

⎧ ⎫ ⎡ ⎤⎪ ⎪− = − + −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎩ ⎣ ⎦⎭

∫L  

                      
1 1

1 1
0

( , , ,0, ) ( , , ,0, )
m m

m m
t

d d
f p a t s f p a t

dt dt
ψ ψ

− −

− −
=

⎡ ⎤ ⎧ ⎫⎪ ⎪= − − + −⎢ ⎥ ⎨ ⎬
⎢ ⎥ ⎪ ⎪⎣ ⎦ ⎩ ⎭

L  

 

(7.26) 
 

These results thus use to get: 
 

2 2 2

2 2 2

0

( , , ,0, ) ( , , ,0, ) ( , , ,0, )
m m m

m m m

t

d d d d
f p a t f p a t s f p a t

dt dt dt dt
ψ ψ ψ

− − −

− − −
=

⎧ ⎫ ⎛ ⎞ ⎧ ⎫
− = − − + −⎨ ⎬ ⎨ ⎬⎜ ⎟⎝ ⎠⎩ ⎩⎭ ⎭

L L

 
(7.27) 

Therefore,  



7.4   Laplace Transformation of Fractional Derivatives 339
 

1

1

0

( , , ,0, ) ( , , ,0, )
m m

m m

t

d d
f p a t f p a t

dt dt
ψ ψ

−

−
=

⎧ ⎫ ⎡ ⎤
− = − −⎨ ⎬ ⎢ ⎥

⎩ ⎣ ⎦⎭
L       

2 2

2 2

0

( , , ,0, ) ( , , ,0, )
m m

m m

t

d d
s f p a t s f p a t

dt dt
ψ ψ

− −

− −
=

⎡ ⎤⎛ ⎞ ⎧ ⎫
+ − − + −⎢ ⎥⎨ ⎬⎜ ⎟⎝ ⎠⎢ ⎥⎩ ⎭⎣ ⎦

L              (7.28) 

Repeating this process m times and writing: 

( )( , , ,0, ) ( , , ,0, )
k

k
k

d
f p a t f p a t

dt
ψ ψ− = −  

gives: 
 

{ } 1
0

1

( , , ,0, ) ( , , ,0, ) ( , , ,0, )]
m m

m j m j
tm

j

d
f p a t s f p a t s f p a t

dt
ψ ψ ψ− −

=
=

⎧ ⎫
− = − − −⎨ ⎬

⎩ ⎭
∑L L  

(7.29) 
 

Substituting the above obtained expression into equation for Laplace transform of 
fractional derivative we obtain Laplace transform of generalized derivative 
decomposed into integer differentiations with @ 0( , , , , )m j

tf p a c tψ −
=− , a constant 

initialization, as: 

{ } { }
{ } { }

{ }

0 0 0

1
0 0

1

( ) ( )

( ) ( , , ,0, ) [ ( , , , 0, )]

( , , ,0, )

u m p
t t t

m
m p m j m j

t t
j

D f t D D f t

s d f t s f p a t s f p a t

h m a t

ψ ψ

ψ

−

− − −
=

=

=

⎛ ⎞
= + − − −⎜ ⎟⎝ ⎠

+

∑

L L

L L

L

 

(7.30) 

Here  

1
0

0

1
( ) ( ) ( ) ( )

( )

t
p p

td f t t f d h t
p

τ τ τ− −= − =
Γ ∫ , 

the un-initialized fractional integration starting at 0t c= = . 

{ } { }
{ } { }

0 0 0

1
0

1

( ) ( )

( ) ( ( , , ,0, )] ( , , ,0, )

u m p
t t t

m
u j m j

t
j

D f t D D f t

s f t s f p a t h m a tψ ψ

−

− −
=

=

=

⎛ ⎞
= − − +⎜ ⎟⎝ ⎠

∑

L L

L L

 (7.31) 

Figure 7.4 gives the illustration of the decomposition. 
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The composition of Laplace of fractional derivative of order 2.3 with integer 
order derivative (order 3) and then fractional order integration of order 0.7 is: 

{ } { }
{ }

[ ]
{ }

2.3 3 0.7
0 0 0

2.3 3

(2) (1)

0 0

2

0

0.7

( ) ( )

( ) ( , 0.7, ,0, )

( , 0.7, ,0, ) ( , 0.7, ,0, )

( , 0.7, ,0,

( ( ),3, ,0, )

t t t

t t

t

a t

D f t D D f t

s F s s f a t

f a t s f a t

s f a t

d f t a t

ψ

ψ ψ

ψ

ψ

−

= =

=

−

=

= + −

⎛ ⎞⎡ ⎤ ⎡ ⎤− + −⎣ ⎦ ⎣ ⎦− ⎜ ⎟
⎜ ⎟+ −⎝ ⎠

+

L L

L

L

 

Comparing with integer order, Laplace of third derivative of a function is given as: 

{ } ( )3 3 (2) (1) 2
0 0 0 0( ) ( ) ( ) ( ) ( )t t t tD f t s F s f t sf t s f t= = == − + +L  

The similarity in these two cases is observed, and is explained as above. 
The semi-derivative of a function gets decomposed as: 

{ } { } { }0.5 1 0.5 0.5 0.5
0 0 0( ) ( ) ( ) ( , 0.5, ,0, ) ([ ( )],1, ,0,t t t a tD f t D D f t s F s f a t d f t a tψ ψ− −= = − − +L L L  

Yields, similarity with Laplace of first order integer derivative: 

{ }1
0 0( ) ( ) ( )t tD f t sF s f t == −L  

0C 1C ……… 1mC ( , )h m

+ - - - - -
( )f t + + + + +

( , )f p ( )u
o tD f t

- ORDER - 1 - DIFFERENTIATIONm
),,,,()( toapfC jm

jm

0t

ps s s s s

 

Fig. 7.4 Decomposition of fractional derivative into integer order 

Note what has been done here is to decompose the integer order derivative part 
of 0 ( )u

tD f t  namely into m integer order 1 differentiations. For integer order 

Laplace transform of derivative we have 

{ } { }( ) 1 ( )

1

( ) ( ) (0)
m

m m j m j

j

f t s f t s f− −

=

= −∑L L . 
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In equation (7.31) put 0p = . This becomes zero-order operation then 

set ( , , ,0, ) 0h m a tψ = , as discussed for terminal charging case for integer order 

initialization in Chapter 6, gives a specialized case with 

( ) ( )
@ 0( ,0, ,0, ) (0)m j m j

tf a t fψ − −
= = . 

This will give the above result of integer order repeated derivative Laplace 
relation as indicated above. 

In context of equation (7.31) the Laplace expression of total initialized system 
is: 

{ } { }1 ( )
@ 0

1

( , , ,0, ) [ ( , , ,0, )] ( , , ,0, )
m

j m j
t

j

f u a t s f p a t h m a tψ ψ ψ− −
=

=

= − − +∑L L . 

Further generalization is possible with (7.31). From equation (7.17) consider the term  

( , , ,0, )
m

m

d
f p a t

dt
ψ

⎧ ⎫
−⎨ ⎬

⎩ ⎭
L  

and for complete arbitrary initialization let, 

1 2
0 1 0 2 0 0

1

( , , ,0, ) ( ) ( ) ..... ( ) ( )
m

m m m m j m
t t t m t j

j

f p a t d t d t d t d tψ ψ ψ ψ ψ− − − −

=

− = + + =∑ .  

Then 

{ }
1 1

( )
( , , ,0, ) ( )

jm m m
j j

jm j
j j

d td
f p a t s t

dt dt

ψ
ψ ψ

= =

⎧ ⎫⎧ ⎫ ⎪ ⎪− = =⎨ ⎬ ⎨ ⎬
⎪ ⎪⎩ ⎭ ⎩ ⎭
∑ ∑L L L . 

Here redundant terms have been dropped. Therefore the equation (7.31) is further 
generalized as: 

{ } { } { } { } { }0 0 0
1

( ) ( ) ( ) ( ) ( , , ,0, )
m

u m p u j
t t t j

j

D f t D D f t s f t s t h m a tψ ψ−

=

= = + +∑L L L L L ,  

the difference with (7.31) is that, the orders of 1 derivatives are each initialized by 
time varying functions. Meaning the order 1 differentiations is now generalized 
order 1 differentiation. The derivative initialization of (7.17) i.e. 

{ }( , , ,0, )h m a tψL  can also be similarly decomposed, to have similar effect, 

distributed over the order 1 derivative term. 
For derivative of order 2.3 the Laplace composition is: 
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{ } { }
{ } { } { } { }

2.3 3 0.7
0 0 0

2.3 2 3 0.7
1 2 3

( ) ( )

( ) ( ) ( ) ( ) ( ( ),3, ,0, )

t t t

a t

D f t D D f t

s F s s t s t s t d f t a tψ ψ ψ ψ

−

−

= =

= + + + +

L L

L L L L
 

The Laplace composition in this case with semi derivative is: 

{ } { } { } { }0.5 1 0.5 0.5 0.5
0 0 0 1( ) ( ) ( ) ( ) ( ( ),1, ,0, )t t t a tD f t D D f t s F s s t d f t a tψ ψ− −= = + +L L L L

 

7.4.2   Decomposition of Fractional Derivative in Fractional Order 

Figure 7.5 demonstrates this concept as signal flow graph. 

kpd kmd

),0,,,( tapxk ),0,,,( tamh kk

+ + +

+)(txk )(1 txk

DIFFERENTIATOR ELEMENT EXPANDED

),0,,,( taqx kkk

+

+)(txk )(1 txk

EQUIVALENT DIFFERENTIATION ELEMENT

kqd

 
 

Fig. 7.5 Decomposition of fractional derivative (fractional differentiation element) 

As the decomposition of fractional integration was done by breaking into 
several fractional elements kq−  in the integration section, similarly by replacing 

all the fractional integration components k kq r− = , this process is carried out. 

The result of the figure 7.5 is  

{ } { } { } { } 11 1

1

0 0 1 1 1
1

( ) ( ) ( ) ( ) ( ) ( )j

n
BB Bq

t t n n j
j

n

a i
i a

D f t D x t x t s x t s s s

B r

ψ ψ+
−

+
=

=

= = = + +

=

∑

∑

L L L L
 

(7.32) 
0kr ≥  and 1 a n≤ ≤ , 
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with initialization as:  

1( , , ,0, ) ( , , .0, ) ( , , ,0, )
k

k

m

k k k k k k km

d
x r a t x p a t h m a t

dt
ψ ψ ψ−= − + , 

where km is the least integer such that k k kr m p= − and 0 ( )kp
k t kh d x t−= . 

Let us decompose the fractional differentiation of order 2.3 by fractional 
differentiation of order 0.7 three times and followed by fractional differentiation of 
0.2, composing this derivative by four number of fractional order derivatives 4n = , 
for this case. The composition for Laplace following the Figure 7.5 will be: 

1 ( )x f t= , with 1 2 3 40.7; 0.2r r r r= = = =  and 1 2 3 4 1m m m m= = = =  

The initialization functions for each stage is: 

[ ] 0.3
1 1 1 1 1 0( , , ,0, ) ( , 0.3, ,0, ) ( ( ),1, ,0, )t

d
x r a t x a t d f t a t

dt
ψ ψ ψ ψ −= = − +  

[ ] 0.3
2 2 2 2 2 0 2( , , ,0, ) ( , 0.3, ,0, ) ( ,1, ,0, )t

d
x r a t x a t d x a t

dt
ψ ψ ψ ψ −= = − +  

[ ] 0.3
3 3 3 3 3 0 3( , , ,0, ) ( , 0.3, ,0, ) ( ,1, ,0, )t

d
x r a t x a t d x a t

dt
ψ ψ ψ ψ −= = − +  

[ ] 0.3
4 4 4 4 4 0 4( , , ,0, ) ( , 0.8, ,0, ) ( ,1, ,0, )t

d
x r a t x a t d x a t

dt
ψ ψ ψ ψ −= = − +  

{ } { } { }2.3 0.7 0.7 0.7 0.2
0 0 5

2.3 1.6 0.9 0.2
4 1 2 3

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

t tD f t D f t x t

s F s s s s s s s sψ ψ ψ ψ

+ + += =

= + + + +

L L L
 

7.4.3   Effect of Terminal Charging on Laplace Transforms 

In all above discussions the initialization terms ψ  is taken as completely arbitrary 

treating as ‘side charging’ of the differintegrals.  The composition for Laplace 
described above is for any type of initialization method. The effect of ‘terminal 
charging’ is readily determined by appropriate substitutions for the ψ  terms. That is 

for integer derivative make ( , , ,0, ) 0, 1,2...h m a t mψ = = , and for the fractional 

integrations take  

0
11

( , , ,0, ) ( ) ( )
( )

p

a

f p a t t f d
p

ψ τ τ τ−− = −
Γ ∫ . 

This part of fractional integration’s initialization comes alone as in initialized 
fractional integration and also for initialized fractional derivative.  
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Some modest simplifications are done to Laplace transform of the fractional 
integral the term ( )kψ  for terminal charging, for fractional integration 

decomposition of figure 7.1, as following. 

01 1
( )

0 1

0

( )
( , , ,0, )] ( )

( )

k q
k

t k
a t

d d t
f q a t f d

dt qdt

τψ τ τ
− −

= −

=

⎧ ⎫⎛ ⎞−⎪ ⎪− = ⎨ ⎬⎜ ⎟Γ⎝ ⎠⎪ ⎪⎩ ⎭
∫ , 0t >  

Apply Leibniz’s rule and we have: 

02 ( 1) 1
( )

0 2

0

( 1)( )
( , , ,0, )] ( )

( )

k q
k

t k
a t

d d q t
f q a t f d

dt qdt

τψ τ τ
− − −

= −

=

⎧ ⎫⎛ ⎞− −⎪ ⎪− = ⎨ ⎬⎜ ⎟Γ⎝ ⎠⎪ ⎪⎩ ⎭
∫  

Substitute  

( 1) 1

( ) ( 1)

q

q q

−
=

Γ Γ −
, 

then integral is recognized as ( 1)q − -th order differintegral and continuing the 

process gives  

( )
0 0( , , ,0, )] ( , , ,0, )]k

t tf q a t f q k a tψ ψ= =− = − + , for 0t >  

In similar fashion a more general term is to be substituted for terminal initial 
function as: 

0
( ) 11

( , , ,0, ) ( , , ,0, ) ( ) ( )
( )

n q n

a

f q a t f q n a t t f d
q n

ψ ψ τ τ τ− −− = − + = −
Γ − ∫  

0,t > and ( 1 0)n q n+ > > > , for integer, n  

For 2.3q = fractional integration case with decomposition as per figure 7.1, 2n =  

then: 

0
(2) 0.71

( , 2.3, ,0, ) ( , 0.3, ,0, ) ( ) ( )
(0.7) a

f a t f a t t f dψ ψ τ τ τ−− = − = −
Γ ∫  

7.5   Start Point Shift Effect 

7.5.1   Fractional Integral 

Specifically effect of start of function at non-zero a is considered and 
differintegration start at c (non-zero) is shown. 0.&. 0c a q> ≥ > .  
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Then Laplace transform of uninitialized fractional integral is (for 0q > and 0a ≥ ) 

{ } { } 11
( ) ( ) ( ) ( )

( )

t
q q q

a t a t

a

D f t d f t t f d
q

τ τ τ− − −⎧ ⎫⎪ ⎪= = −⎨ ⎬Γ⎪ ⎪⎩ ⎭
∫L L L  

By definition ( ) 0f t = for t a≤ thus following can be formulated by unit 

step ( )H t  at t a= as ( ) ( ) ( )f t H t a f t= − . The result is  

{ } { } { }0( ) ( ) ( ( ) ( ))q q q
a t a t tD f t d f t d H t a f t− − −= = −L L L  

7.5.2   Fractional Derivative 

Under the same condition as above the un-initialized fractional derivative is 
considered then 

{ } { } 11
( ) ( ) ( ) ( )

( )

tm
q m p p

a t a t a t m
a

d
d f t d d f t t f d

pdt
τ τ τ− −⎧ ⎫⎪ ⎪= = −⎨ ⎬Γ⎪ ⎪⎩ ⎭

∫L L L , 

as before m is the least integer greater than q, and 0q > ,with p m q= − . 

Again by definition ( ) ( ) ( )f t H t a f t= − . Thus 

{ }
{ }

1
0

0

0

1
( ) ( ) ( ) ( ) ( ( ) ( ))

( )

( ) ( )

tm m
q p p

a t tm m

q
t

d d
d f t t H a f d d H t a f t

pdt dt

d H t a f t

τ τ τ τ− −⎧ ⎫ ⎧ ⎫⎪ ⎪= − − = −⎨ ⎬ ⎨ ⎬Γ⎪ ⎪ ⎩ ⎭⎩ ⎭
= −

∫L L L

L
 

So the final result is  

{ } { }0( ) ( ) ( )q q
a t td f t d H t a f t= −L L  

7.6   Laplace Transform of Initialization Function 

7.6.1   Fractional Integral 

From shifting theorem of Laplace transform we have  

{ } { }( ) ( ) ( )asg t a H t a e g t−− − =L L , 

for 0a ≥ . Taking ( ) ( )f t g t a= −  we have thus for 0a ≥  
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{ } { }( ) ( ) ( )asf t H t a e f t a−− = +L L . 

Now the fractional integral under terminal charging the desired Laplace transform is: 

{ } { } { } { } { }0 0( , , , , ) ( ) ( ) ( ) ( ) ( ) ( )q q q q
a t c t t tf q a c t d f t d f t d f t H t a d f t H t cψ − − − −− = − = − − −L L L L L                                         

{ } { }( ) ( ) ( ) ( )q qs f t H t a s f t H t c− −= − − −L L  

Finally  

{ } { } { }( , , , , ) ( ) ( )q as csf q a c t s e f t a e f t cψ − − −⎡ ⎤− = + − +⎣ ⎦L L L  

7.6.2   Fractional Derivative 

The equivalent initialization function, for fractional derivative of order u  ,is:  

( , , , , ) ( , , , , ) ( , , , , )
m

eq m

d
f u a c t f p a c t f p a c t

dt
ψ ψ ψ= − + − , 

where m is the least integer greater than u, and u m p= −  For terminal charging it 

has been shown ( , , , , ) 0h m a c tψ = , therefore 

{ } { }( , , , , ) ( , , , , )mf u a c t s f p a c tψ ψ= −L L  

In this, expression applying the shifting theorem, as obtained in previous section 
of Laplace the final result for is 0 a c< ≤  

{ } { } { }( , , , , ) ( ) ( )u as csf u a c t s e f t a e f t cψ − −⎡ ⎤= + − +⎣ ⎦L L L  

7.7   Examples of Initialization in Fractional Differential 
Equations 

Proper initialization is crucial in the solution and understanding of fractional 
differential equations the examples will elucidate the application of initialized 
fractional calculus to the solution of differential equations. 

Example 1 

1/2
0 ( ) ( ) 0tD f t bf t+ =           0t > ;        1/ 2

0 @ 0( )t tD f t C−
= =  

Assuming here the fractional initial state is finite and observable in the experiment. 
The notation above is un-initialized semi-derivative and by obtaining Laplace 

transform will give 
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1/2( )
C

F s
s b

=
+

. 

The inverse Laplace gives 1/2
0.5,0.5( ) ( )f t Ct E b t−= − and for b=1, the solution is: 

( )1
( ) erfctf t C e t

tπ
⎛ ⎞= −⎜ ⎟⎝ ⎠

. 

Now the initialized approach is given below, considering semi-derivative as initialized. 

1/2
0 ( ) ( ) 0tD f t bf t+ =            0t >  

with ( ,1 / 2, ,0, )f a tψ  is arbitrary, for ‘side initialization’ case. Therefore the 

equation is written as 

1/ 2
0 ( ) ( ,1 / 2, ,0, ) ( ) 0td f t f a t bf tψ+ + = , 0t >  

With ( ,1 / 2, ,0, )f a tψ arbitrary choice. 

Laplace transforms gives now,  

1/2 1/ 2

( ,1 / 2, ,0, ) ( )
( )

f a s s
F s

s b s b

ψ ψ−
= = −

+ +
 

This Laplace transform is same as for un-initialized approach (done above). 
When ( ) ( )t C tψ δ= − , i.e. ‘when impulse at 0t =  is used to initialize the fractional 

differential equation’. Now using R function (variant of Mittag-Leffler function) 
the generalized inverse of the initialized transform by applying  

{ }
( 1) 1

, ,
0

( ) ( )
( , , ) ; ( , , )

(( 1) )

n n q v v

q v q v q
n

t c s
R c t R c t

n q v s

αα α
α

+ − −∞

=

−≡ =
Γ + − −∑ L  

With convolution integral definition we obtain most general solution of the form as: 

1/2,0
0

( ) ( ,0, ) ( )
t

f t R b t dτ ψ τ τ= − − −∫      0t >  

Now with this arbitrary initialization the above convolution integral is the most 
general solution. If ( ) ( )t C tψ δ= − , from the derived general equation we obtain, 

1/2,0( ) ( ,0, )f t CR b t= − , which is identical to the above result of un-initialized case. 

For ‘terminal initialization’ a more useful result would appear using the terminal 
charging definition as  



348 7   Generalized Laplace Transform for Fractional Differintegrals
 

( , , ,0, ) ( , , ,0, ) ( , , ,0, )
m

m

d
f q a t f p a t h m a t

dt
ψ ψ ψ= − +  0q >   ( ) ( )p

a th t d f t−=  

In the present case q m p= − , 1m = , 1 / 2p =  and ( , , ,0, ) 0h m a tψ = . Then  

0
1/21

( ,1 / 2, ,0, ) ( , 1 / 2, ,0, ) ( ) ( )
(1/ 2) a

d d
f a t f a t t f d

dt dt
ψ ψ τ τ τ−= − = −

Γ ∫  

Example 2 

0 0( ) ( ) ( )Q q
t tD f t D f t H t+ =           1 1

0 0 @ 0
( ) ( )Q q

t t t
D f t D f t C− −

=
⎡ ⎤+ =⎣ ⎦  

The problem uses symbolism as un-initialized fractional differential operator. Two 
separate ones to identify the most general solution as will replace the initialization 
of equation: 

0 1 0 2( ) ( , , ,0, ) ( ) ( , , ,0, ) ( )Q q
t td f t f Q a t d f t f q a t H tψ ψ+ + + =  

and taking Laplace transform: 

1 2( ) ( ) ( ) ( , , ,0, ) ( , , ,0, )Q qs F s s F s H s f Q a s f q a sψ ψ+ = − −  

1 2( ) [ ( ) ( , , ,0, ) ( , , ,0, )]
1

q

Q q

s
F s H s f Q a s f q a s

s
ψ ψ

−

−

⎛ ⎞
= − −⎜ ⎟+⎝ ⎠

 

again using generalized R function and the convolution definition we get a most 
generalized form of solution is. 

, 1 2
0

( ) ( 1,0, )( ( ) ( , , ,0, ) ( , , ,0, ))
t

Q q qf t R t H f Q a f q a dτ τ ψ τ ψ τ τ− −= − − − −∫ . 

In this general expression allows having effect of continuing past, as in terminal 
initialization. Giving these initialization function arbitrary values of 
say 1 1 2 2( ).&. ( )C t C tψ δ ψ δ= − = −  and putting C=C1+C2 the general solution will be 

, ,
0

( ) ( 1,0, ) ( 1,0, )( ( ))
t

Q q q Q q qf t CR t R t H dτ τ τ− − − −= − − + − −∫ . 

It is to show that in this case of side charging the effect of continuing past is not 
shown in the solution. 

Example 3 

Consider the same example as in 2 i.e. 
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( ) ( ) ( )Q q
c t c tD f t D f t H t+ =  

This may be written as  

1 2( ) ( ) ( ) ( , , , , ) ( , , , , ) ( ) ( )Q q
c t c t eqd f t d f t H t f Q a c t f q a c t H t tψ ψ ψ+ = − − = −  

The Laplace transform of un-initialized fractional derivative is 

{ } { } { }0( ) ( ) ( ) ( )q q cs q
c t td f t d H t c f t e s f t c−= − = +L L L , 

where ( )H t c−  is unit step function, at time t c= . Thus, the Laplace transform of 

the equation yield:  

{ } ( ) ( )
( ) ( ) ( ) ( )

( 1)
eq cs

eqcs q Q q

H s s
f t c e G s H s s

e s s

ψ
ψ− −

−
⎡ ⎤+ = = −⎣ ⎦+

L , 

where 
1

( )
( 1)q Q q

G s
s s −=

+
. 

Consider two time intervals. First interval 1 1 0a c= =  and second interval 

2 2 1a c= = . First interval is used as initial period (charging) for the second interval. 

We take excitation (forcing function) as 1( ) ( ( ) ( 1))H t H t H t= − − , i.e. square 

window of height unity from 0-1. Also ( ) 0, 0f t at t=   <  which also tells 

1 2( , ,0,0, ) ( , ,0,0, ) 0f Q t f q tψ ψ= = . 

In this first interval solution is:  

{ }1 1

1 1
( ) ( )

( 1)

s s

q Q q

e e
f t G s

ss s

− −

+ −

⎛ ⎞− −= = ⎜ ⎟+ ⎝ ⎠
L  

And 

1 , 1 , 1( ) ( 1,0, ) ( 1) ( 1,0, 1)Q q q Q q qf t R t H t R t− − − − − −= − − − − −               0t >  

For 0 1t< <  then 

1 , 1( ) ( 1,0, )Q q qf t R t− − −= −  

In this second interval consider the forcing function ( ) 0H t = , and the interval 1 is 

the initialization interval. The equation for this interval is  
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1 2 1 2( ) ( ) ( )Q q
t t eqd f t d f t tψ+ = − . 

Using Laplace we get:  

{ }2

( )
( 1)

( 1)
eq

s q Q q

s
f t

e s s

ψ
− −

−
+ =

+
L  

The eqψ  is taken based on the historic forcing 1( )H t  as was in the first interval.  

1( ) ( ( ) ( 1))eq H t H t H tψ = − = − − − .
 

Hence, 
1

( )
s

eq

e
s

s
ψ

−−
= − . Substituting these we get 

{ } { }2 11

1 1
( 1) ( ) ( )

( 1)

s s
s

q Q q

e e
e f t G s f t

ss s

− −
−

+ −

− −+ = = =
+

L L  

Applying the Laplace shift rule we have { } { }2 1( ) ( 1) ( )f t H t f t− =L L . 

Thus for 1t >  we have important result 2 1( ) ( ), 1f t f t t= > . 

7.8   The Fundamental Fractional Order Differential Equation 

The problem to be addressed in this section is the solution of the fundamental linear 
fractional order differential equation (7.33). This system is considered to be 
fundamental because its solution is the fundamental time response, whose 
combination provides the solution of more complicated systems, analogous to the 
exponential function for the integer order differential equation. The fundamental 
equation is: 

( ) ( ) ( , , , , ) ( ) ( )q q
c t c tD x t d x t x q a c t ax t bu tψ≡ + = − + , 0q >               (7.33) 

Where the left side should be interpreted to be q-th derivative of ( )x t  starting at time c 

and continuing until time t. Here it will be assumed for clarity that the problem starts at 
0c = . We also assume temporarily in this section that the initialization function 

( , , , , ) 0x q a c tψ = . Thus we will be concerned only with the forced response for time 

being. Rewriting the equation (7.33) with these assumptions we get: 

0 ( ) ( ) ( )q
td x t ax t bu t= − + , 0q >                                             (7.34) 

Ignoring the initialization terms the equation (7.27) can be Laplace transformed 
as: 
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( ) ( ) ( )qs X s aX s bU s= − +                                     (7.35) 

This equation can be rearranged to obtain the system transfer function: 

( )
( )

( ) q

X s b
G s

U s s a
= =

+
                                        (7.36) 

This is the transfer function of the fundamental linear fractional order differential 
equation. As such, it contains the fundamental ‘fractional-pole’ and is fundamental 
building block for more complicated fractional order systems. As the constant b in 
equation (7.36) is a constant multiplier, it can be assumed without loss of 
generality to be unity. Typically transfer functions are used to study various 
properties of a particular system. Specifically they can be inverse Laplace 
transformed to obtain the system impulse response, which can then be used with 
convolution approaches to the problem. Generally, if ( )U s is given then the 

product ( ) ( )G s U s can be expanded using partial fractions, and forced response 

obtained by inverse transforming each separately. To accomplish these tasks, it is 
necessary to obtain the inverse of equation (7.36), which is the impulse response, 
or generalized exponential function, of the fundamental fractional-order system. 

7.8.1   The Generalized Impulse Response Function 

Although the Laplace transform of equation (7.36) is not contained in standard 
Laplace transform table, the following transform pair is available: 

11

( )

q

q

t

qs

−⎧ ⎫
= ⎨ ⎬Γ⎩ ⎭
L , 0q >                                                  (7.37) 

If we expand the right hand side of equation (7.36) in describing powers of s, we 
can then inverse transform the series term by term and obtain the generalized 
impulse response. Then expanding the equation (7.36) about s = ∞ , we get: 

( )2

2 3
0

1 1 1
( ) ...

n

q q q q q nq
n

aa a
G s

s a s s s s s

∞

=

−
= = − + − =

+ ∑                      (7.38) 

This series can be inverse transformed term-by-term using (7.37). The result is: 

{ }
2 1 2 1 2 3 1

1 1
2 3

1
( ) ... ...

( ) (2 ) (3 )

q q q

q q q

a a t at a t
G s

q q qs s s

− − −
− − ⎧ ⎫

= − + − = − + −⎨ ⎬ Γ Γ Γ⎩ ⎭
L L          (7.39) 

The right side (7.39) now be collected into summation and used as definition of 
the generalized impulse response function: 
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[ ] { }( )
1

0

( )
,

1

n nq
q

q
n

a t
F a t t

n q

∞
−

=

−
− ≡

Γ +∑ , 0q >                                   (7.40) 

We thus have important Laplace identity as  

[ ]{ } 1
,q q

F a t
s a

=
−

L , 0q > . 

Also the F function is generalization of exponential function for 1q = ,  

[ ] ( )
1

0

,
( 1)

n

at

n

at
F a t e

n

∞
−

=

−
− = =

Γ +∑  

This generalization is the basis for solution of most linear fractional order 
differential equations. 

Here we have established the F- function as the impulse response of the 
fundamental linear differential equations. This function is important because it 
will allow the creation of concise theory for fractional order systems, which is a 
generalization of that of integer order systems, and where the F- function 
generalizes and replaces the usual exponential function. 

Several other variants of this F- function is possible for the solution of the 
fundamental equation (7.34), like Miller-Ross function R function and G-function 
listed in Chapter 2. 

From equations (7.39) and (7.40) we obtained impulse response as: 

{ } [ ]1 1

0

( )
( ) ( ) ,

( )

n nq
q

q
n

a t
g t G s t F a t

nq q

∞
− −

=

−= = ≡ −
Γ +∑L , 0q >                      (7.41) 

The function [ ],qF a t  is closely related to the Mittag-Leffler function q
qE at⎡ ⎤⎣ ⎦ , 

where one-parameter Mittag-Leffler function in series form is defined as: 

[ ]
0 ( 1)

n

q
n

x
E x

nq

∞

=

≡
Γ +∑ , 0q >                                        (7.42) 

Letting qx at= − , this becomes: 

0

( )

( 1)

n nq
q

q
n

a t
E at

nq

∞

=

−⎡ ⎤− ≡⎣ ⎦ Γ +∑ , [ ],qF a t−                                    (7.43) 

which is similar to [ ],qF a t−  expressed in (7.41), but not same as equation (7.41). 

The Laplace transform of this Mittag-Leffler function (7.43) can also be 
obtained via term-by-term transform of the series expansion as: 
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{ }
2 2 2

1 2 1

1 1
... ...

(1) (1 ) (1 2 )

q q
q

q q q

at a t a a
E at

q q s s s+ +

⎧ ⎫
⎡ ⎤− = − + + = − + +⎨ ⎬⎣ ⎦ Γ Γ + Γ +⎩ ⎭

L L   (7.44) 

or compactly: 

{ }
2

2
0 0

1 1 1 1 ( )
1 ...

n n
q

q q q q nq
n n

a a a
E at

s s ss s s s

∞ ∞

= =

⎡ ⎤ − −⎛ ⎞⎡ ⎤− = − + + = =⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦
∑ ∑L          (7.45) 

It should be noted that the summation expression (7.45) is similar to equation 
(7.42). Using equation (7.42) the equation (7.45) can be rewritten as: 

{ } 1 q
q

q q

s
E at

s s a

⎡ ⎤
⎡ ⎤− = ⎢ ⎥⎣ ⎦ +⎣ ⎦

L                                             (7.46) 

or equivalently: 

{ } { }1
[ , ]q q

q qE at s F a t
s
⎡ ⎤⎡ ⎤− = −⎣ ⎦ ⎣ ⎦L L                                  (7.47) 

Thus a general result can be expressed as: 

{ }
1q

q
q q

s
E at

s a

−

⎡ ⎤± =⎣ ⎦ ∓
L , 0q >                                          (7.48) 

From equation (7.47) the relation between Mittag-Leffler ( qE ) function and 

Robotnov-Hartley function ( qF ) is: 

[ ]1
0 ,q q

t q qd F a t E at− ⎡ ⎤= ⎣ ⎦                                                   (7.49) 

This demonstration was to show a method of obtaining solution of the 
‘fundamental fractional order (linear) differential equation’ equation (7.34) by use 
of Robotnov-Hartley function. This F −  function was utilized by Robotnov to 
study hereditary integrals in solid mechanics. Solution to (7.34) may be obtained 
in terms of Miller-Ross function and its Laplace transform. Miller-Ross function is 
fractional derivative of the exponential function defined as  

0( , ) exp( )v
t tE v a d at−≡ ,  

whose Laplace transform is  

{ }( , )
v

t

s
E v a

s a

−

=
−

L . 
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Also recent developments to study diffusion and fractional kinetic equations, use 
more complicated Fox functions in solving of fractional order differential equations. 

Extending this developed technique we obtain the solution of the equation (7.34) 
for a unit step input excitation. This can be obtained via Laplace transforms by 
transforming the input function ( )u t , its Laplace is 1 / s , which must be multiplied 

by the transfer function ( )G s equation (7.36) where 1b = is taken. We get: 

1 1
( )

q
X s

s s a
⎡ ⎤= ⎢ ⎥+⎣ ⎦

                                                   (7.50) 

Manipulating the equation (7.50) we obtain: 

1 / 1/ 1/ /
( ) 1

( )

q q

q q q

a a a s a s a
X s

s s ss a s a s s a

⎡ ⎤⎡ ⎤= = − = −⎢ ⎥⎢ ⎥+ + +⎣ ⎦ ⎣ ⎦
                    (7.51) 

Using expression (7.48) this equation (7.51) is inverse Laplace transformed, the 
result is the step response of the system: 

( ) ( )1 1 1 1
( ) 1 ( )

( )
q q

q qq
x t E at H t E at

a as s a
− ⎧ ⎫

⎡ ⎤ ⎡ ⎤= = − − = − −⎨ ⎬ ⎣ ⎦ ⎣ ⎦+⎩ ⎭
L               (7.52) 

Heaviside step is 
1 0

( )
0 0

t
H t

t

≥⎧
= ⎨ <⎩

 

Taking integer derivative of equation (7.52) gives [ ],qF a t− , the impulse 

response: 

[ ] ( )1
, ( ) q

q q

d
F a t H t E at

a dt
⎡ ⎤− = − −⎣ ⎦                                             (7.53) 

Referring to equation (7.48), and multiplying the Laplace transforms there by qs−   
gives: 

{ } [ ]{ }1 1
,

( )
q q

q q q
s E at s F a t

s s a
− −⎡ ⎤− = − =⎣ ⎦ +
L L , 

which is equation (7.50). Inverse transforming this equation using expression 
(7.52) shows that step response of equation (7.34) with 1b = , is also q − th 

fractional integral of the Mittag-Leffler function that is: 

1
0

1 1
( ) ( ) ( )

( )
q q q

q t qq
x t H t E at d E at

as s a
− −⎧ ⎫

⎡ ⎤ ⎡ ⎤= = − − = −⎨ ⎬ ⎣ ⎦⎣ ⎦+⎩ ⎭
L         (7.54) 
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Few more interesting Laplace pairs can be obtained by taking the q -th derivative of 

the F -function. Taking the un-initialized fractional derivative 0( )q
td , and in Laplace 

domain multiplying by qs gives: 

[ ]1
0 ,

q
q
t qq

s
d F a t

s a
− ⎧ ⎫

= −⎨ ⎬+⎩ ⎭
L                                             (7.55) 

This expression (7.55) is also the integer derivative of the Mittag-Leffler function: 

[ ]1
0 0,

q
q q q
t q t qq

s
d F a t d E at

s a
− ⎧ ⎫

⎡ ⎤= − = −⎨ ⎬ ⎣ ⎦+⎩ ⎭
L                             (7.56) 

The expression (7.56) can also be re-written as: 

[ ]1 1 1 ( ) ,
q

qq q

s a
t aF a t

s a s a
δ− −⎧ ⎫ ⎧ ⎫= − = − −⎨ ⎬ ⎨ ⎬+ +⎩ ⎭⎩ ⎭

L L                          (7.57) 

Observing the expressions (7.55) and (7.56) we can write the following: 

[ ] [ ]0 , ( ) ,q
t q qd F a t t aF a tδ− = − −                                      (7.58) 

This [ ].qF a t  function is generalization of exponential function of the integer order calculus 

where it demonstrates the ‘eigenfunction property’; i.e. returning the same function upon 
q -th fractional differentiation. Also the above equation (7.58) shows that 

[ ]( ) ,qx t F a t= − , Robotnov-Hartley function is impulse response of fundamental 

fractional order differential equation given by equation (7.34), for ( ) ( )u t tδ=  and 1b = . 

7.9   Problem of Scalar Initialization 

Linear scalar constant coefficient fractional differential equation for 0 1q< < is 

given as 0 ( ) ( ) ( )q
td x t Ax t Bu t= + , assuming causality of the system and the system 

was at rest meaning ( ) 0x t = for all t a< . The q-th derivative of ( )x t  starts at 

time a, and continues at time t. This means  

0

1 ( )
( )

(1 ) ( )

t
q
t q

a

d x
d x t d

dt q t

τ τ
τ

⎡ ⎤
≡ ⎢ ⎥Γ − −⎣ ⎦

∫ . 

Let the initialization of the scalar starts at some time c after a. Choosing 0c = , the 

differential equation can be written as 0 ( ) ( ) ( ) ( )q q
t a td x t d x t Ax t Bu t+ = + . Here the 

time axis is broken in two parts, one from 0a →  and the other from 0 t→ . Here as 
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stated 0c = , is chosen. The term 0 ( )q
a d x t above represents this initialization 

response due to behavior of system before 0t c= = . It should be noticed that the past 
history of the particular variable that is fractionally differentiated must be known as 
long as the system has been operated to obtain the correct initialization response. The 
equation then can be expressed as in terms of initialized fractional derivative as:  

0( ) ( ) ( , , ,0, ) ( ) ( )q q
c t tD x t d x t q x a t Ax t Bu tψ= + = + , 

where for terminal charging for 0t > , the initialization function is: 

0

0

1 ( )
( , , ,0, ) ( )

(1 ) ( )
q

a q
a

d x
q x a t d x t d

dt q t

τψ τ
τ

⎡ ⎤
≡ = ⎢ ⎥Γ − −⎣ ⎦

∫ , 

This initialization function is described in Chapter 6, called the initialization 
function for fractional derivative. Using the Laplace Transforms of the initialized 
expression we obtain the following: 

( ) ( , , ,0, ) ( ) ( )qs X s q x a s AX s BU sψ+ = + , 

Where  

01 ( )
( , , ,0, )

(1 ) ( )q
a

d x
q x a s d

dt q t

τψ τ
τ

⎧ ⎫⎡ ⎤⎪ ⎪= ⎨ ⎬⎢ ⎥Γ − −⎪ ⎪⎣ ⎦⎩ ⎭
∫L , 

is the Laplace transform of the initialized function. Rearranging the above 
expression we get:  

1
( ) ( ) ( , , ,0, )

q q

B
X s U s q x a s

s A s A
ψ= −

− −
. 

Taking inverse Laplace transform of this expression we obtain time response:  

[ ] [ ]
0 0

( ) , ( ) , ( , , ,0, )
t t

q qx t F A Bu t d F A q x a t dτ τ τ τ ψ τ τ= − − −∫ ∫ . 

Here F-function is the impulse response of fundamental linear differential 
equation (as explained in the previous sections), and is defined as  

[ ] 1

0

,
( )

n nq
q

q
n

A t
F A t t

nq n

∞
−

=

≡
Γ +∑ . 

The solution ( )x t represents any forced response due to ( )u t , and the second term 

of the solution expresses the initialized response of the system due to past history 
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of ( )x t , before time 0t = . Clearly for integer order systems ( 1)q = , this 

initialization term (1, , ,0, )x a sψ equals a constant and for fractional order systems, 

this term (1, , ,0, )x a sψ is time varying expression into the future. That implies the 

past history of ( )x t has appearance of a time dependent forcing term into the 

‘infinite’ future. 
Let us choose the history as a constant meaning ( )x t k= , for 0t−∞ < ≤ . Then 

the initialization function becomes as limit a → ∞ . Described as follows: 

01
( , , ,0, ) lim

(1 ) ( )qa
a

d k
q x s d

dt q t
ψ τ

τ→−∞

⎧ ⎫⎡ ⎤⎪ ⎪−∞ = ⎨ ⎬⎢ ⎥Γ − −⎪ ⎪⎣ ⎦⎩ ⎭
∫L  

                          
01( )

lim
(1 ) (1 )

q

a
a

d k t

dt q q

τ

τ

τ
=−

→−∞
=

⎧ ⎫⎡ ⎤− −⎪ ⎪= ⎨ ⎬⎢ ⎥Γ − −⎣ ⎦⎪ ⎪⎩ ⎭
L  

                          
1 1( )

lim
(1 ) (1 ) (1 )

q q

a

d k t a t

dt q q q

− −

→−∞

⎧ ⎫⎡ ⎤⎛ ⎞−⎪ ⎪= −⎨ ⎬⎢ ⎥⎜ ⎟Γ − − −⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
L  

                          11 1 1
lim

(1 ) (1 )( )
q

q q qa

k k
ks

q qt a t t
−

→−∞

⎧ ⎫⎛ ⎞ ⎧ ⎫⎪ ⎪= − = − = −⎨ ⎬ ⎨ ⎬⎜ ⎟Γ − Γ −⎝ − ⎠⎪ ⎪ ⎩ ⎭⎩ ⎭
L L  

Inserting this back into Laplace expression we obtain:  

( ) ( )
( )

q

q q

B ks
X s U s

s A s s A
= +

− −
 

Inverting this we obtain solution:  

[ ]
0

( ) , ( )
t

q
q qx t B F A u t d kE Atτ τ τ ⎡ ⎤= − + ⎣ ⎦∫ . 

The first term is convolution of input ( )u t with Impulse response (F-function) and 

second term is initialization function response and in this particular case of history (k) 
is Mittag-Leffler function. For integer order systems 1q =  the initialized Laplace 

term (second term of ( )X s ), in case of the constant is /k s . 

7.10   Problem of Vector Initialization 

Vector space representation is useful for ‘systems of fractional differential 
equations’. Once the minimal basis value q is chosen the vector representation can 
be expressed as: ( ) A ( ) B ( )q

c tD x t x t u t= + , the vector ( )x t is given for a t c≤ ≤ or 
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initialization vector ( , , , , )q x a c tψ given for t c> , and the output vector is 

( ) C ( ) D ( )y t x t u t= + .  

The parameters (Matrices) A,B,C,D are usual state-space representation for 
systems of differential equations as for integer order systems, representing state 
matrix, input and output matrix and feed through matrix. The vector fractional 
order differential equation expressed above can be written as:  

( ) ( , , ,0, ) A ( ) B ( )q
c td x t q x a t x t u tψ+ = +  

where  

[ ] [ ]1 2 1 2( , , ,0, ) ( , , ,0, ), ( , , ,0, )... ( , , ,0, ) , ,...,
T T

n nq x a t q x a t q x a t q x a tψ ψ ψ ψ ψ ψ ψ= =  

At this point it is important to notice that the fractional dynamic variable in the 
system of vector space equations are not states in true sense of the name state-
space control terminology. In usual integer order system theory, the set of state of 
the system, known at any given point in time along with the system equations, are 
sufficient to predict the response of the system both forward or backward in time.  

The collection of constant numbers 0( )x t  at time 0t  specify the complete ‘state’ 

of the system at that time. Therefore, the system will have unique time response given 
its ‘initial-state’. 

Fractional dynamic variables do not represent the state of system at any given 
time (alone) due to presence of the initialization function vector (history function), 
carrying information about the history of the elements of the system. 
Consequently, as the initialization function vector is generally present, the set of 
elements of the vector ( )x t , evaluated at any point in time, does not specify the 

entire ‘state’ of the system. Thus in fractional system setting, the ability to predict 
the future response of a system requires the set of fractional differential equations 
along with the initialization function sets. The initialization problem of the vector 
fractional differential equations can be solved as solved for the scalar case (in the 
previous section), by using Laplace transformation: 

The Laplace transformed vector equation is:  

( ) ( ) A ( ) B ( )qs X s s X s U sψ+ = +  

and the output equation is transformed as: 

( ) C ( ) D ( )Y s X s U s= + . 

After performing matrix algebraic manipulations we obtain:  

( )I A ( ) B ( ) ( )qs X s U s sψ− = − , 

where I is n n×  Identity Matrix matching dimensions of state matrix A.  
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Therefore the Laplace vector solution is thus obtained as:  

( ) ( )1 1
( ) I A B ( ) I A ( )q qX s s U s s sψ

− −
= − − − , 

inserting this in output expression to have output Laplace solution as: 

( ){ } ( )1 1
( ) C I A B D ( ) C I A ( )q qY s s U s s sψ

− −
= − + − − , 

Inverting this one we obtain time response as:  

[ ]{ }
0

( ) C A, B ( ) ( ) D ( )
t

qy t F u t t d u tτ τ ψ τ τ= − − − +∫  

or equivalently can be expressed as 

[ ]{ }
0

( ) C A, B ( ) ( ) D ( )
t

qy t F t u d u tτ τ ψ τ τ= − − +∫  

The above solution requires the use of matrix F-function, which can be obtained 
by the use of its series expansion. Matrix F-function is defined as  

[ ] 1

0

A
A,

( )

n nq
q

q
n

t
F t t

nq n

∞
−

=

≡
Γ +∑ for 0q > where A is n n× system matrix. 

Consider the Laplace transformed equation  

{ }1 1( ) C(I A) B D ( ) C(I A) ( )q qY s s U s s sψ− −= − + − − , 

derived earlier in this section. In this case the system transfer matrix is 

{ }1( ) C(I A) B DqG s s −= − + , 

is system representation of multivariate system. In this representation thus the 
system description is obtained as  

1( ) ( ) ( ) C(I A) ( )qY s G s U s s sψ−= − − . 

The A,B,C,D are usual state-space representation matrix namely system state 
matrix, input matrix, output matrix and feed-through matrix, as per multivariate state-
vector representation, of modern control science. 
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7.11   Laplace Transform s w→  Plane for Fractional Controls 
Stability 

As it is difficult to visualize multiple Riemann sheets, it is useful to perform 
‘conformal transformation’ into another complex plane s w→  plane. System 
dynamics are described by singularity (pole) location of the transformed transfer 
function in new w -plane. The transfer function  

1
( ) , (0 1)

1q
G s q

s
= < <

+
 

does not have any singularity (pole) in anywhere in s − plane (primary  
Riemann sheet), but after crossing branch-cut the secondary Riemann sheet will 

contain the singularity (pole). For 1 / 2q =  the denominator 
1

2( 1)s +  goes to zero at 

1 j0 exp( j2 )s π= + = ± , which is underneath the s − plane negative real axis 

exp( j )π± , entering ‘secondary Riemann sheet’, giving pole of the function there. 

Here in this section basic control theory knowledge is required, in Laplace 
domain. To understand the behavior and stability property of the fundamental 
fractional differential equation  

0 ( ) ( ) ( )q
td x t ax t bu t= − + , 

it is necessary to analyze the pole-location of the system transfer function i.e.  

( )
( )

( ) q

X s b
G s

U s s a
= =

+
. 

For classical control theory 1q = , that is integer order system, the pole-location 

are studied in the complex Laplace plane (s-plane). The stability boundary in the 
s-plane is the imaginary axis. Any pole lying to the right of the imaginary axis 
represents an unstable time response. Examining  

( )
q

b
G s

s a
=

+
, 

however indicates that the poles of ( )G s must now be evaluated in qs  plane. 

Rather than dealing with fractional powers of s, the analysis is carried out in 
qw s=  and then the pole location properties will be studied in the new complex 

w-plane. 
To simplify the discussion we limit the fractional order as 0 1q< ≤ . The 

mapping from s w→ is as follows: 
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j jw e φρ α β= = +  and js re θ= . 

Then defining ( )j j jqq q qw s re r e eθ θ φρ= = = = , implying qrρ = and qϕ θ= . 

With this equation, it is possible to map either lines of constant radius, or lines 
of constant angle from the s-plane into w-plane. Of particular interest is the image 

of the s-plane stability boundary (s-plane imaginary axis), that is 
j
2s re
π±

= , maps 

as 
j

2
qqw r e

π±
= . This is pair of lines at / 2qϕ π= ± . Thus, the right half plane 

(RHP) of the s-plane maps into a ‘wedge’ in the w-plane of angle less than 
90q± degree that is RHP of s-plane maps into / 2qϕ π< . 

As an example for semi-differential equation of order ½, the RHP of s-plane 
maps into the wedge bounded by / 4ϕ π< . A half-order system with its w-plane 

poles in the wedge that is / 4ϕ π< , would be unstable and corresponding  

F-function (impulse response) would grow with out bound. 
It is also important to consider the mapping of the negative real axis of s-plane 

js re π±= , the mapping is jq qw r e π±= . Therefore, the entire ‘primary-sheet’ of the 
s-plane maps into a w-plane wedge of angle less than 180q± degree; while all the 

‘secondary-sheet’ s-plane maps into the remainder of the w-plane. For half-order 
system the negative real axis of s-plane maps into w-plane lines at 90±  degree. 
Figure 7.6 gives pole location properties of w-plane 
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q
π φ
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< qπ<
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5
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π

 

Fig. 7.6 w-Plane stability zones and various pole locations 
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Table 7.1 Properties of poles in w-plane 

Pole Number  
(Fig-7.6) 

Region in w-plane Region in s-plane Property of time-
response 

1 

2
q  

0)(se (RHP) UNSTABLE 

2 qq
2

 
0)(se (LHP) STABLE  

UNDERDAMPED 
OSCILLATORY 

3 q  NEGATIVE 
REAL AXIS  

)exp( jrs  

STABLE 
OVERDAMPED 

4 q  SECONDARY 
RIEMANN 
SHEET  

STABLE 
HYPERDAMPED 

5  SECONDARY 
RIEMAN SHEET 

STABLE 
ULTRADAMPED    

F-function time response [ ],qF a t , depends on both q, and on parameter a, 

which is the pole location of the system transfer function ( )
q

b
G s

s a
=

+
. 

For a fixed value of q the angle ϕ  of the parameter a, as measured from the positive 
real axis of w-plane, determines the type of response to expect. This pole location is 
depicted in the Table 7.1 with properties of time response.  

All usual control system analysis Nyquist, root-locus plot concerning poles or 
eigenvalues can be used in the w-plane, remembering the stability boundary is now 
the image s-plane imaginary axis. Hyper-damped and ultra-damped system will be 
taken up again in Chapter 10.  

7.12   Rational Approximations of Fractional Laplace Operator 

There are lots of approaches to get rational approximation of fractional order Laplace 
operator. The qs keeps on appearing for fractional order systems and controls. The 
rational function approximation gives direction to realize this fractional order Laplace 
operator in circuit impedance and admittance forms. This section gives insight into 
simple method of approximating the fractional Laplace operator. It is well known that 
for interpolation or evaluation purposes, rational functions are (sometimes) superior 
to polynomial fit, because of their ability to model the function with poles and zeros. 
In other words for evaluation purposes rational approximations frequently converge 
much more rapidly than power series expansion (PSE), and have wider domain of 
convergence in the complex plane. These approximations can be viewed in the 
Laplace domain, as rational approximations of the fractional order operators. 
Furthermore, these approximations exhibit a common feature, which we observe in 
all good rational approximations: they have poles and zeros interlaced on the negative 
real axis of the s plane, and the distance between successive poles and zeros decrease 
as the approximations is improved by increasing the degree of the numerator and 
denominator polynomial. 
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There are number of methods to evaluate rational approximations of the 
fractional Laplace operator, they are: General continued fractional expansion 
(CFE) method, Carlson’s method, Matsuba’s method, Oustaloup’s method, 
Chareff’s method, S C Dutta Roy’s method, Wang’s method and Jones method.  

7.12.1   Finding Arbitrary Root of Polynomial Approximation for 
Fractional Laplace Operator 

Here, in this section the Carlson’s approach using Newton’s approximation to find 
arbitrary root of polynomial is described. If n th root of a  is to be found so that 

nx a= , or nx a=  in functional form, for even or odd root is given as: 

1
1

1

( 1)( ) ( 1)

( 1)( ) ( 1)

n
i

i i n
i

n x n a
x x

n x n a
−

−
−

− + +
=

+ + −
 

The method is derived from a regular Newton process for iterative approximation 
of the n th root. The starting point of the method is 

The above expression can be used for finding root of a function instead of a 
number. The above expression gives ( )G s a= , then for a function. 

Say we want to approximate semi-integral Laplace operator ( ) 1/2
s

−
to be 

realized by this method then take (1/ )a s= , then square root of ( ) (1/ )G s s= is 

given iteratively as, with 0 02; ( ) 1n x H s= = = . 

We get 1 1( )x H s= as the first rational approximate for initial function 0 ( ) 1H s =  

as:  

( ) ( ) ( )
( ) ( ) ( )

0
1 0

0

1
(1)(1) (3)

1 ( ) 1 ( ) 3
( ) ( ) (1)

1 3 11 ( ) 1 ( ) (3)(1) (1)

n

n

n H s n G s ss
H s H s

sn H s n G s
s

⎛ ⎞+ ⎜ ⎟− + + ⎝ ⎠ += = =
+⎛ ⎞+ + − + ⎜ ⎟⎝ ⎠

 

The second approximate, 2 2 ( )x H s=  is obtained by putting the obtained 1( )H s  as: 

( ) ( )
( )

2

3 2

2 2 2 2

3 1
(1) (3) 3 33 27 33 3 1

( )
3 1 (3 1) 3 27 33 13 1

(3) (1)
3 1

s
s s s ss s s

H s
s s s s ss

s s

⎡ ⎤+⎛ ⎞ ⎛ ⎞+⎢ ⎥⎜ ⎟ ⎜ ⎟ + + + +⎝ ⎠ ⎝ ⎠+ +⎛ ⎞ ⎢ ⎥= =⎜ ⎟⎝ ⎠ ⎢ ⎥+ + + + ++⎛ ⎞ ⎛ ⎞+⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠+⎣ ⎦

 

The second approximate for semi integration Laplace operator is: 

1/ 24 3 2

2 4 3 2

36 126 84 9 1
( )

3 84 126 36 1

s s s s
H s

ss s s s

+ + + + ⎛ ⎞= ≈ ⎜ ⎟⎝ ⎠+ + + +
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For realizing fractional capacitor of transfer function 3 (1/ )s , we again use the 

above iteration expression with 0 ( ) 1H s = . The driving point impedance for this is 

just a shunt resistance of 1 Ohm. The first approximate expression is thus: 

1

2
( )

2 1

s
H s

s

+
=

+
 

The driving point impedance of this first approximate is formed by first a shunt 
resistance of 2 Ohm, then series resistance of 0.6667 Ohm, followed by shunt 
impedance (capacitor) of (1/ 0.750 )s  Ohm. From this first approximation the 

second approximation is given as: 

5 4 3 2

2 5 4 3 2

24 80 92 42 4
( )

4 42 92 80 24 1

s s s s s
H s

s s s s s

+ + + + +
=

+ + + + +
 

This second approximate is by ladder realization, and has driven point impedance 
with: shunt resistance of 4 Ohm, followed by capacitor as series element of 
impedance (1/ 3.375 )s  Ohm, then a shunt resistance of 1.66 Ohm, followed by series 

element of series combination of resistance of value 0.3113 Ohm with capacitor of 
impedance (1/ 0.2851 )s  Ohm, this again shunted by capacitor of value (1/ 0.2851 )s  

Ohm, followed by series element a resistor of 0.7072 Ohm, shunted by capacitor of 
value (1/ 2.463 )s  Ohm, followed by series element of resistor value of 0.2657 Ohm, 

and then shunted by resistance of 0.1195 Ohm and lastly terminated (shunted) by 
inductor impedance of value 0.1003s  Ohm. A long chain of series shunts with 
combination of , ,R L C  ladder. 

Physically these approximations steps are to be viewed as impedance (rather 
immitance), realized by , ,R L C  network. The fundamentals of circuit synthesis to 
realize these fractional Laplace operators in network forms, and present day 
Hybrid Micro Circuit fabrication techniques will give electrical circuit 
components for fractional order circuit applications, in future. 

7.12.2   Fractional Power Pole and Fractional Power Zero to 
Approximate Fractional Laplace Operator 

A Fractional slope on the log-log Bode plot has been observed in characterizing a 
certain type of physical phenomena and is called the fractal system or the fractional 
power pole, FPP (or Fractional Power Zero FPZ). In order to represent and study its 
dynamical behavior, a method of singularity function is discussed here, which 
consists of cascaded branches of a number of poles-zero (negative real) pairs. 
Moreover, the distribution spectrum of the system can also be easily calculated and 
its accuracy depends on a prescribed error specified in the beginning. 

This method would thereafter be used widely in approximating fractional order 
transfer functions for the Lead Compensators as well as the PI Dα β  controllers. 
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7.12.2.1   Singularity Structure for a Single Fractional Power Pole (FPP) 

A single FPP system can be modeled in the frequency domain as follows: 

1
( )

1
m

T

H s
s

p

=
⎛ ⎞

+⎜ ⎟⎝ ⎠

,                                                (7.59) 

where 1/ Tp  is the relaxation time constant and 0 1m< < . 

As shown in Figure 7.7, the line with slope of ( 20 )dB / decadem−  is 

approximated by a number of zigzag lines connected together with alternate slopes 
of 0dB / decade  and 20dB / decade− . The high-and the low-frequency properties 
of the magnitude of the transfer function with a single-fractional power pole 
suggest that the lowest and the highest singularities of the transfer function 
approximation must be poles. 

 

Fig. 7.7 Bode plots of an FPP with slope of -20mdB/decade and its approximation as zigzag 
straight lines with individual slopes of -20dB/decade and 0dB/dec 

Thus, we can rewrite (7.59) as represented by its pole-zero pair as: 

1

0

0

1
1

( ) lim

11

N

i i

m NN

i iT

s

z
H s

ss
pp

−

=

→∞

=

⎛ ⎞
+⎜ ⎟⎝ ⎠

= =
⎛ ⎞⎛ ⎞ ++ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

∏

∏
,                                       (7.60) 

where ( 1)N +  is the total number of the singularities. 
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Hence, for a finite range of frequency, (7.60) can be truncated to a finite number 
N , and the approximation becomes: 

1

0

0

1
1

( )

11

N

i i

m N

i iT

s

z
H s

ss
pp

−

=

=

⎛ ⎞
+⎜ ⎟⎝ ⎠

= ≈
⎛ ⎞⎛ ⎞ ++ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

∏

∏
                                        (7.61) 

 
Fig. 7.8 Choosing the singularities for approximation by assuming a constant error between 
the -20 dB/decade line and the zigzag lines 

7.12.2.2   Geometrical Derivation of Recurring Relationship of Fractional 
Power Pole for Fractional Integration 

Refer Figure 7.9 for expansion of fractional power pole with N  stage interlaced poles 
and zeros (Figure 7.8). In this Figure 7.9 only two pairs of pole zeros are shown. 
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Fig. 7.9 Showing expanded view of shaping of fractinal pole by series of poles and zeros, within 
y dB error 
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From the fractional power pole Tp , move in the X-axis to the point when the 

inclined line of slope 20m−  is y  dB away ( BC y= ), here we get the first integer 

order pole 0p . That is point B in the X-Axis. From this pole we draw a slope of 20−  

and stop at point D on the X-axis where the segment BE  is at y  dB away from the 

original 20m  line, that is, ( EL y= ). At this point we place a zero, 0z  on the X-axis 

that is, at point D . This zero makes the line straight EG , with total slope zero, and 
we stop at G , which is y dB away from the original 20m−  line ( EK y= ). The 

process gets repeated, so that the fractional power pole line of slope 20m−  
dB/decade is y dB away from the zigzag approximated expansion. 

The relation between the fractional pole (relaxation time constant) Tp and the 

first pole is found from triangle ABC . 

20
BC

m
AB

=  

BC y= , and 0log log TAB p p= −  

Thus  

0

20
log log T

y
m

p p
=

−
  

Giving 0log log 20Tp p m= + . Therefore, 20
0 10

y

m
Tp p

⎡ ⎤
⎢ ⎥⎣ ⎦=  

The relation between 0p  and 0z  is obtained from triangle BDE  and triangle 

BDF . From triangle BDF  we get,  

0 0

20
log log

DF b
m

BD z p
= =

−
, 

giving 0 020 (log log )b m p z= − .From triangle BDE , we have  

0 0

2
20

log log

ED y b

BD z p

+
= =

−
 

giving 
0 0 0 0

2
20

log log log log

y b

z p z p
+ =

− −
,  

Here substituting the value of 0 020 (log log )b m z p= − , we get:  
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0 0

2
20 20

log log

y
m

z p
+ =

−
, 

giving:  

0 0

2
log log

20(1 )

y
z p

m
− =

−
 

or  

10(1 )
0 010

y

mz p
⎡ ⎤
⎢ ⎥−⎣ ⎦=  

The relation between 1p  and 0z is obtained from triangle JKL , where: 

1 0

2
20

log log

KL y

JK p z
= =

−
, 

giving 10
1 010

y

mp z
⎡ ⎤
⎢ ⎥⎣ ⎦= . 

The relation between 1z and 1p  is obtained from the triangle GHI , observing 

the triangle GHI , which is equal to triangle BDE . Thus ,GH BD HI DE= = . 

1 1

2
20

log log

HI y b

GH z p

+
= =

−
,  

gives: 10(1 )
1 110

y

mz p
⎡ ⎤
⎢ ⎥−⎣ ⎦= . 

7.12.2.3   Recursive Algorithm for Fractional Power Pole 

A way to choose the singularities (the pole-zero pair) for the approximation is 
developed as follows. Let us assume that the maximum discrepancy or the error 
between the zigzag lines and the desired line is chosen to be ( )dBy  dB, as shown in 

Figures 7.7, 7.8 and 7.9. Then the poles and zeros of the singularity function can be 
obtained as follows: 

The first pole at  

[ / 20 ]
0 10 y m

Tp p=  

The first zero, at  

[ /10(1 )]
0 10 y m

oz p −=  
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The second pole, at 

[ /10 ]
1 10 y m

op z=  

The second zero at 

[ /10(1 )]
1 110 y mz p −=  

The thN  zero,  

[ /10(1 )]
1 110 y m

N Nz p −
− −=  

The ( 1)thN + pole,  

[ /10 ]
110 y m

N Np z −=  

Where Tp  is the comer frequency and is determined at a point of ( 3 )dBm−  from 

the original transfer function as shown in Figure 7.7, 0p is the first singularity and 

is determined by the specified error, y  decibel, and Np  is the last singularity and 

is determined by N . 
Now, let 

[ ]

[ ]

/10(1 )

/10

10

10

y m

y m

a

b

−=

=
 

Then 

[ ]/10 (1 )10 y m mab −=  

Therefore, we can obtain the distribution of these poles and zeros as: 

11

1 1

1 2

1 1

................

.................

o N

o N

N

o N

z zz
a

p p p

pp p
b

z z z

−

−

−

= = =

= = =
                                 (7.62) 

In addition, the location ratio of a pole to a previous pole is equal to the location 
ratio of a zero to a previous zero and it is equal to ab ; i.e.: 

11 2

0 1 2

1 2

0 1 1

............

..........

N

N

N

N

zz z
ab

z z z

pp p
ab

p p p

−

−

−

= = =

= = =
                                    (7.63) 
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From the above relation we can also generate these poles and zeros from the first 
pole 0p  using the following algorithm as: 

0

0

( )

( )

i
i

i
i

p ab p

z ab ap

=

=
                                                   (7.64) 

It is interesting to note that both ip and iz are in geometrical progression form with 

ratio equal to ab . The approximated transfer function can be written as follows: 

11

00

0 0

11
( )1

( )

1 11
( )

NN

i
ii i o

m N N

i
i ii oT

ss

z ab ap
H s

s ss
p ab pp

−−

==

= =

⎛ ⎞⎛ ⎞
++⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

= ≈ =
⎛ ⎞ ⎛ ⎞⎛ ⎞ + ++ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠

∏∏

∏ ∏
                        (7.65) 

To draw this rational approximation up to maximum frequency maxω , which can 

be 100 Hω , we need N  pairs of interlaced poles and zeros. In the logarithmic 

scale the frequency spread is max 0log log pω − . The ratio between subsequent 

poles is as given in (7.63) is 

1 2

0 1 1

... N

N

pp p
ab

p p p −

= = = = , 

Therefore, then the in the logarithmic scale the distance between successive poles are  

1 0 2 1 1(log log ) (log log ) ... (log log ) log( )N Np p p p p p ab−− = − = = − = . 

Therefore 

max

0max 0

1

log
log log

1
log log log( )N N

pp
N

p p ab

ω
ω

−

⎛ ⎞
⎝ ⎠−

− = =
−

 

This can be approximated to nearest integer as: 

max

0
log

Integer 1
log( )

p
N

ab

ω⎡ ⎤⎛ ⎞
⎢ ⎥⎝ ⎠

= +⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

7.12.2.4   Singularity Structure for a Single Fractional Power Zero (FPZ) 

The singularity structure can be obtained on similar lines as that of an FPP, as: 
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00 0

0 0 0

11
( )

( ) 1

1 1
( )

NN

m i
ii i

N N
T

i
i ii

ss

z ab zs
H s

p s s

p ab az

==

= =

⎛ ⎞⎛ ⎞
++⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠

= + ≈ =⎜ ⎟ ⎛ ⎞ ⎛ ⎞⎝ ⎠
+ +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∏∏

∏ ∏
 

Note that the structure has N  zeroes and N  poles. 
Table 7.2 gives rational approximates for several fractional order Laplace operator 

for fractional integration realization. 

Table 7.2 Fractional Operators with approximately 2db error from 0.01-100 rad/sec. 

Laplace fractional operator Rational Approximate

1.0

1

s 2099.07.147424757428.359

4840.05.234503850044.220
2345

234

sssss
ssss

2.0

1

s 01821.0953.85.3835.9560.134

04934.024.238.5829.81695.60
2345

234

sssss
ssss

3.0

1

s 002276.0104.161.632.25251.64

01052.0733.41.1299.22476.23
2345

234

sssss
ssss

4.0

1

s 02343.0428.72.3176.8406.125

1562.015.442.6645.55800.25
2345

234

sssss
ssss

5.0

1

s 1259.010.204.54310723.134

14.13510802.59397.15
2345

234

sssss
ssss

6.0

1

s 009882.0639.28.1349.47222.94

1696.093.353.4056.255579.8
2345

234

sssss
ssss

7.0

1

s 0002276.0927.130.332.27912.88

01450.0197.96.2096.177406.5
2345

234

sssss
ssss

8.0

1

s 12.65857001.658

9.25453061453235.5
234

23

ssss
sss

9.0

1

s 01000.0789.715.36

914.427.38766.1
23

2

sss
ss

 

These approximate representations are utilized to have impedance on structures for 
realization of fractional capacitance and thus with operational amplifier circuit 
technique the fractional order integrator and fractional order differentiator is realized. 

7.13   Realization of Constant Phase Element 

Any rational polynomial is characterized by its poles and zeros. In the above 
sections the magnitude asymptotic plot is used to get approximation for fractional 
operator, by interlacing poles and zeros. In the above sections an algorithm is 
made where the Bode asymptotic magnitude plot is switched between 
0dB / decade  and 20dB / decade± , by alternate placement of real poles and zeros, 
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such that looking at overall frequency range magnitude plot appears as rolling off 
at slope 20 dB / decadeα± , with α  being the fractional order. In this section Bode 
phase plot is flattened, to achieve ‘Constant Phase Element’ (CPE). 

Irrespective of the method used to obtain rational polynomial the observations 
are (a) poles and zeros are interlaced alternatively along the negative real  
axis of the s  -plane, (b) ratio of consecutive poles and consecutive zeros is fixed 
that is 1 1/ / constanti i i ip p z z+ += = , i∀ , 1, 2,... 1i n= −  for approximation by 

thn order rational polynomial and (c) the distance between consecutive pole-zero 
pairs on logω axis is constant that is,  

1 1 / constant.i i i ip z p z+ + = i∀ , 1,2,...( 1)i n= − . 

7.13.1   Asymptotic Bode Phase plot 

The asymptotic magnitude plot is used to calculate the position of poles and zeros 
to achieve rational approximation, as described in previous sections. In this 
section, an algorithm is derived for calculation of poles and zeros using Bode 

asymptotic phase plot. The phase plot is nonlinear; it is plot of logω  vs. 
1tan ( / )pω−−  where p  is the single pole for which the phase plot is drawn. For 

the first order pole the phase variation from low frequency to high frequency is 
00 to

090−   and at frequency equal to the pole value the phase value is 
045− . For 

asymptotic phase plot, the entire frequency range (0, )∞  is divided in three parts, 

low frequency: the phase is constant at 
00 , medium frequency: the phase varies 

from 
00  to 

090−  and high frequency: the phase is again constant or equal to  
090− . Hence the bode phase plot for a single pole ( p ) is approximated by a 

straight line asymptote in each of the three frequency region as given below, 

( )

( )

( )

0

0

0

0 : 0, /

45
( ) log : / ,

log

90 : ,

p

p

p p
p

p

ω λ
λωφ ω ω λ λ

λ
ω λ

⎧ ∈
⎪
⎪= − ∈⎨
⎪
⎪ − ∈ ∞⎩

 

where λ  is the factor deciding the boundaries between the frequency ranges, and 
hence the slope of the medium frequency asymptote. For different values of λ , the 
medium frequency asymptote gives better approximation to actual. Asymptotic plot 
for 10λ =  gives minimum RMS error, and gives best approximation. For asymptotic 
Bode phase plot of single zero all the points discussed are same except the sign of the 

phase angle which is opposite, i.e., ( ) ( )z pφ ω φ ω= − . 
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7.13.2   Pole Zero Calculation for Constant Phase 

The basic idea of getting constant phase element (CPE) is by slope cancellation of 
asymptotic phase plots for zeros and poles, as they have opposite sign but same value 
for the slope. The fundamental problem can be stated as: find out the poles and zeros 
of the rational polynomial such that the rational polynomial will have constant phase 

around 
090reqφ α= ×  , with an error less than ε , for all ( ),l hω ω ω∈ . Any 

0 0(0 ,90 )reqφ ∈  or (0,1)α ∈  is possible as the middle frequency asymptote varies 

from
00 to

090 . The basic idea of the solution is illustrated in Figure 7.10.  

Pole 1p  is selected such that its asymptotic plot passes through ( , )l reqω φ  and 
calculated using the following 

( )
( ) ( )

( )

0

0 0

0

0 : 0, /10

( ) 45 log / 45 : /10,10

90 : 10 ,
p

p

p p p

p

ω
φ ω ω ω

ω

⎧ ∈
⎪= − − ∈⎨
⎪ − ∈ ∞⎩

, 

Then 1z  and subsequent poles and zeros are selected so as to keep the asymptotic 

plot constant at, about reqφ . 

 

Fig. 7.10 Asymptotic and exact phase plots illustrating the basic idea 

Figure 7.10 is drawn for 
045reqφ = − , 1radian / seclω = , 1000radians / sechω = . 
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With above selection of poles and zeros the asymptotic phase plot is a straight line at 

reqφ  but actual phase plot is oscillating about asymptotic phase plot, with RMS error 

(of order 
08.5 ), apart from average value of phase angle 046.31  is also different from 

reqφ . This is achieved by 2 poles-zero pairs over three decades of frequency. These 

problems can be rectified by increasing the pole-zero pair in the desired frequency 
band. This is done by pushing 1 2 3, , ,...z p z  closer toward left, to achieve this design 

parameter μ  is introduced, and interlaced poles and zeros sequence is obtained as: 

45log
1

45
1 10

req l

p

φ ω+⎡ ⎤
+⎢ ⎥

⎣ ⎦= , 1 10 lz ω= , [ ]1log( ) 2
2 10 pp μ+ −= , [ ]1log( ) 2

2 10 zz μ+ −=  till n hp ω≥  

The changes because of introduction of 0.5μ =  can be observed as the 

asymptotic plot is no more straighter; instead changes so as to counter the 
variation in the actual phase plot. The main purpose to introduce μ  is for RMS 

error reduction (which comes down to 04.85 ), almost half of earlier case.  But 
with this some undesirable effects are observed, such as, the average value is not 
close to 045− , it is 057.34−  with shrinkage in frequency range on either side.   

 

Fig. 7.11 Error decrease with increasing μ for various α 
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The effect of μ  is noted in figure 7.11, where RMS error is plotted with 

various fractional orders α  .The observations are: 

1. RMS error decreases as μ  increases. The range of μ  is (0,2) . At 2μ =  

the ( 1)thi +  entity is equal to thi  entity, hence the termination condition 

n hp ω≥ will never reach. RMS error monotonically decreases with increase 

of μ , irrespective of fractional orderα ; however, the error depends on the 

angle, maximum at 0.5α = , and decreasing on either side. 
2. The mean value of the phase increases with increasing μ , though the ripples 

in phase value are less, but oscillating about a value greater than reqφ  . 

3. Relative increase in the mean value of phase ( avgφ ) is same irrespective 

of value of α  that is, 

1.2 1.2

0.2 0.20.1 0.8

avg avg

avg avg

μ μ

μ μα α

φ φ

φ φ
= =

= == =

= . 

The increase in the average phase avgφ  value from the required phase 

reqφ value is measured by defining a parameter, 

90
avg avg

req

φ φ
ϕ

φ α
= =

×
, 

       it is a factor by which the mean value of phase increases with increasing μ .  

4. Frequency band of constant phase shrinks on both the sides, with 
increasing μ , for constant number of pole-zero pairs. 

The inclusion of μ  in the pole-zero calculations is fulfilling its primary purpose that 

is reducing the RMS error in the phase plot. In lieu of this the point 2 and 4 above 
appears as problem. The point 3 above gives a solution to increase the mean value of 
required phase. By adjusting the required phase value, reqφ  initially that is, using 

/new reqφ φ ϕ=  , instead of reqφ for pole-zero calculation will neutralize the increase in 

mean value, because of μ . The factor ϕ is the second design parameter.  

The problem regarding the frequency band shrinking is tackled by designing the 

rational function on wider frequency band ( ) ( )* *, /10 ,10l h l h
δω ω ω ω∈= , such that 

( ),l hω ω falls well within almost at the centre of the chosen wider frequency band. 

Select μ  and ϕ  such that on ( ),l hω ω , avg reqφ φ=  and error / 2RMSe ε≤ , where 

ε  is the desired error. This will increase number of pole-zero pairs as wider 
frequency is used. Hence curtail the frequency over band such that phase remains 
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within reqφ ε±  in ( ),l hω ω . This will reduce the pole-zero pairs and increase value of 

the lowest entity, hence implementation will be easier. If lω ′  is the frequency at 

which the phase plot is entering reqφ ε±  band, then lω ′  to lω  is the frequency band 

that can be removed. The frequency band from *
lω to lω ′ is the band required to 

reach phase angle 00  to reqφ ε± , see Figure 7.12 and 7.13 drawn for 045reqφ =  that 

is, half order differentiator ( 0.5α = + ). The algorithm is as follows in the subsequent 
sections. 

7.13.3   Calculation for Pole-Zero Position of Fractional Order 
Impedance 

The impedance of the Fractional Order is realized by using the lumped RC 
network or using the operational amplifier with n passive components. The 
realizable values for different fractions of the impedances are obtained if the 
design is firmed around the operating bandwidth and gain of the impedance. This 
sets the values of phase slope for a given fraction and needs a proper choice of the 
poles and zeros. These calculations are obtained by using the following algorithm. 
This particular algorithm gives thn  order rational transfer function 

( )
1

( ) [ ] / [ ]
n

i ii
G s s z s p

=
= + +∏ , 

such that 

( )( j ) , ,req l hG ω φ ε ω ω ω∠ = ± ∀ ∈ . 

7.13.4   Algorithm 

The positioning of the pole-zero is incorporated with the help of following algorithm  

Given: α or 
090reqφ α= ×  on ( , )l hω ω with error ε≤ . 

1. Initialization  

a. 
*

2
RMSe

εκ= , where (0,1)κ ∈  is a factor selected to improve the 

robustness of the algorithm with respect to error. Nominal value 0.9κ =  

b. Expand frequency band ( ) ( )* *, /10 ,10l h l h
δω ω ω ω∈=  nominal values 

3∈= and 2δ =  gives frequency band as ( )3 2/10 ,10l hω ω . 

c. Select µ, from Figure 7.11, slightly less than the value corresponding to 

RMSe . Nominal value ( )*0.9 RMSeμ μ= ×  

d. Set, 1, /new reqϕ φ φ ϕ= =   
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2. Hunt for μ : 

a. Calculate, ip  and iz  using,  
45log

1
45

1 10
req l

p

φ ω+⎡ ⎤
+⎢ ⎥

⎣ ⎦= , 1 10 lz ω= , [ ]1log( ) 2
2 10 pp μ+ −= , 

[ ]1log( ) 2
2 10 zz μ+ −= …till n hp ω≥  newφ , μ , and ( )* *,l hω ω . 

b. Calculate, avgφ  on ( ),l hω ω , /avg reqϕ φ φ= and /new newφ φ ϕ=  

i.  If 1ϕ = , go to 3c 

ii. Else, go to 3a 

c. Calculate, RMSe , RMS error in phase value from avgφ  on ( ),l hω ω . 

i. If 
*

RMS RMSe e> , set , 0.05μ μ= + , go to 3a 

ii. Else go to 4 
3. Frequency band Adjustment 

a. Find out the frequency lω ′ at which the first maximum of phase plot 

occurs after it enters into, reqφ ε±  band. 

b. Find out the frequency, hω ′ at which the last minimum of phase plot 

occurs before it leaves the, reqφ ε±  band. 

c. Calculate, 
*

'
ˆ l l

l
l

ω ωω
ω

= and 
*

'
ˆ h h

h
h

ω ωω
ω

=   

i.  If 
* * ˆ ˆ( , ) ( , )l h l hω ω ω ω≠ , set * * ˆ ˆ( , ) ( , )l h l hω ω ω ω=  

 
2

RMSe
ε

= , go to 3. 

ii. Else go to 5. 
4. Verification: 

       Calculate the poles and zeros finally using  
45log

1
45

1 10
req l

p

φ ω+⎡ ⎤
+⎢ ⎥

⎣ ⎦= , 1 10 lz ω= , [ ]1log( ) 2
2 10 pp μ+ −= , 

[ ]1log( ) 2
2 10 zz μ+ −= …till n hp ω≥ , μ  obtained in 3c in  latest iteration, 

newφ obtained in 3b in latest iteration and ˆ ˆ( , )l hω ω obtained in 4c. 

a. If phase plot is not satisfactory go to 2, and adjust, 
0.9κ κ= , 1∈=∈+ , 1δ δ= + , that is the wider band * *( , )l hω ω . 

b. Else stop. 

The κ  introduced in step-2 ensures that tightening of frequency band in step-4 will 

keep / 2RMSe ε≤ . The frequency range can be expanded to any number of decades 

on either side of the desired band, but it will unnecessarily increase the computational 
burden, however, practically 2 or 3 decades are sufficiently good to realize a CPE. 

The phase plot permanently enters into reqφ ε±  band at lω ′ , then by pushing back 
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the frequency range just by the frequency interval required to bring phase plot from 
00  to well within reqφ ε±  band in step-4, the number of pole-zero pairs is reduced. 

The frequency overhang between lω ′  and lω  has to be removed in that. Sometimes 

the number of pole-zeros may not be very convenient to implement, by relaxing or 
tightening the step change in μ  the number of pole-zero pairs can be reduced or 

increased, respectively. Also the initial guess in step-2c should be on lower side, and 
then this algorithm will pull it up to the optimum value. The convergence of this 
algorithm depends mainly on the step of improvement in μ . Number of pole-zero 

pairs depends on the permissible error and frequency band of interest. Generally three 
poles-zero pair per decade gives a constant phase plot within 01±  error, but again 
depends on the value of α . 

7.13.5   Design and Performance of Fractional Order Impedance 

Design example for 

[ ]60.5

1
( ) ( ) / ( )i ii

s G s s z s p
=

≈ = + +∏ , 

        for 0 0( j ) 45 1req Gφ ω= ∠ = ±  

1. Given: 0.5α = +  or 
045reqφ =  on ( ), (100,1000)radian / secl hω ω =  with 

error
01ε = . 

2. Initialization 
* 1

0.5 0.3536
2

RMSe = × = , corresponding 1.1μ =  (Figure 7.11), 

to start with and ( ) ( )* * 3 2, /10 ,10l h l hω ω ω ω= . 

3.  Finding μ : about 10 iterations are required to get final value of μ ; pole-zeros  

 are calculated in each iteration and ϕ  and RMSe  are computed to make  

 decisions. The complete procedure is done using Mat lab® program. 

Finally using 1.15μ =  and frequency range (100, 10000) rad/sec, the rational 

approximation for 
0.5s+

 is obtained, and the bode plot for the same is shown in  

Figure 7.12. On the final plot with various parameters are 0.3361RMSe = ,
045avgφ = , 

minimum value in ( ),l hω ω  is 
044.055  and maximum value is 

045.675 , with six 
pole zero pairs are used for achieving this (Figure 7.13). Table 7.3 gives rational 
approximated with six poles and zeros for half order differentiator with above 
algorithm. 
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Table 7.3 Gives the values of six pole zero pairs for rational approximation of CPE for half 
order differentiator with one degree accuracy and five decades of frequency 

i 1 2 3 4 5 6

iz 2.2537 15.955 112.95 799.65 5661.1 40078

ip 6.0406 42.764 302.75 2143.3 15173 107420
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Fig. 7.13 Phase plot for 
045reqφ = +  on (100, 10000) radian/sec, with  

01ε ≤  
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7.14   Laplace Transform and Charaterization of Type of 
Fractional Derivative 

The meaning of type of fractional derivative is Caputo type and Riemann-Liouvelli 
type of fractional derivative definition. We have generalized the two definitions in 
Chapter 1 with type parameter β . The generalized Laplace transform in integer order 

theory is: 

1
( 1 )

0

( ) ( ) (0 )
n n

n k n k
n

k

d
f x s F s s f

dx

−
− − +

=

⎧ ⎫
= −⎨ ⎬

⎩ ⎭
∑L , 

where n ∈`  natural number. Following this we have generalized the above for 
fractional order α , for Riemann-Liouvelli derivative as: 

            { }0 0( ) ( )
n

n
x xn

d
D f x I f x

dx
α α−⎧ ⎫

= ⎨ ⎬
⎩ ⎭

L L  

                              { }
11

0 01
0

( ) (0 )
n kn

n n k n
x xn k

k

d
s I f x s I f

dx
α α

− −−
− − +

− −
=

⎡ ⎤= − ⎣ ⎦∑L  

                              
1

1
0

0

( ) (0 )
n

k k
x

k

s F s s D fα α
−

− − +

=

= −∑  

Here 1n nα− < < . For Caputo derivative the Laplace can be derived using the 
above method as: 

{ }
1

1 ( )
0

0

( ) ( ) (0 )
n

C k k
x

k

D f x s F s s fα α α
−

− − +

=

= −∑L  

The essential difference between the two is that RL requires 

1
0 (0 )k

xD fα − − + , 0,1,2...( 1)k n= −  

number fractional initial states, the Caputo requires ( ) (0 )kf + , 0,1,2,...( 1)k n= −  

integer order initial states. One may generalize the above two as the fractional 
derivative of solution ( )g x of integral equation  

1
0

0

1
( ) ( ) ( ) ( )

( )

x

xI g x x u g u du f xα α

α
−= − =

Γ ∫  

in case it exists. Let us denote the solution by *
0 ( )xD f xα  then following assertions 

that are equivalent for 1n nα− ≤ ≤  
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a) ( ) ( )s F s G sα =  

b) *
0( ) ( )xg x D f xα=  

c) 
0 ( )k n

x

k

d I f x

dx

α−⎡ ⎤⎣ ⎦  are equal to ZERO at 0x =  for 0,1,2,...( 1)k n= −  together  

        with 0 ( ) ( )xD f x g xα = , the Riemann-Liouvelli derivative. 

d) ( ) ( )kf x  are equal to ZERO at 0x =  for 0,1,2,3,...( 1)k n= − , together  

         with 0 ( ) ( )C
xD f x g xα = , the Caputo derivative. 

With type parameter 0 1β≤ ≤  we have generalized definition in Laplace transform, 

for fractional order derivative of order 0 1α< <  as: 

{ } ( 1) (1 )( 1)
0( ) ( ) (0 )a t tD f t s F s s D fβ α α β α β α− − − +⎡ ⎤= − ⎣ ⎦L  

where (1 )( 1)
0 ( )tD f tβ α− −  is Riemann-Liouvelli fractional derivative type 0β = . 

For, fractional order 0 1α< < , and for any type, β  we define fractional 

derivative as: 

(1 ) (1 )(1 )( ) ( )a x a x a x

d
D f x I I f x

dx
β α β α β α− − −=  

As an example consider the differential equation of order 0 1α< < , with type 
0 1β≤ ≤ , and with C  as a constant. The given initial condition is  

(1 )(1 )
0 0(0 )tI f fβ α− − + = , a constant. 

0 ( )tD f t Cβ α =  

Using generalized Laplace identity as obtained above we write the Laplace 
transformed equation, recognizing that (1 )(1 ) (1 )( 1)

0 0t tI Dβ α β α− − − −≡ ; as follows. 

( 1)
0( )

C
s F s s f

s
α β α −− = . 

Giving 0
1 (1 )

( )
fC

F s
s sα α β α+ + −= + .  

Inverting this we get:  
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[ ]
(1 )( 1)

0( )
( 1) (1 )(1 ) 1

f tCt
f t

β αα

α β α

− −

= +
Γ + Γ − − +

 

For RL type with 0β = , we have solution 

( 1)
0( )

( 1) (2 )

f tCt
f t

αα

α α

−

= +
Γ + Γ −

 

For Caputo type with 1β = , we have solution 

0( )
( 1)

Ct
f t f

α

α
= +

Γ +
 

Consider another type of generalized fractional relaxation equation as: 

0 ( ) ( )tD f t Cf tβ α = −  

With given, initial condition as (1 )(1 )
0 00

[ ( )]t t
I f t fβ α

+
− −

=
=  with C  as ‘relaxation-

constant’. With 0 1α< <  and 0 1β≤ ≤ . Using the generalized Laplace identity 

as in above example we get: 

( 1)
0( )

s f
F s

s C

β α

α

−

=
+

 

To get Laplace inverse re-write the above expression as: 

0

1
( ) ( )

1
k k

k

s
F s s C s

C s Cs

α γ
γ α γ

α α

− ∞
− − −

−
=

= = = −
+ + ∑ , 

where (1 )γ α β α= + − .  

Using { }1 1 / ( )x sα αα− − −Γ =L , and applying this term by term we obtain the 

response as: 

1 (1 )( 1)
0 , (1 )

0

( )
( ) ( )

( )

k

k

Ct
f t t f t E Ct

k

α
γ β α α

α α β αα γ

∞
− − −

+ −
=

−= = −
Γ +∑  

Here, we have used the definition of ‘two parameter Mittag-Leffler function’ 

,
0

( )
( )

k

a b
k

x
E x

ak b

∞

=

=
Γ +∑ , 
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for all 0a >  and b ∈^ . This is an entire function of order 1/ a , and completely 
monotone for 0 1a< ≤  and b a≥ .  

1) For 0C = the result is 

[ ]
(1 )( 1)

0( )
(1 )( 1) 1

f t
f t

β α

β α

− −

=
Γ − − +

, because ,

1
(0)

( )a bE
b

=
Γ

. In this case if; 0β =  

that is, RL case, the solution is 1
0( ) / ( )f t f tα α−= Γ .  

Take the 1
0 tD tα α −⎡ ⎤⎣ ⎦ , which is 1( ) / (0)tα −Γ Γ  zero. For Caputo case with 

1β =  the solution is 0( )f t f= , revealing that Caputo fractional derivative 

of constant is zero. 
2) For 1β =  Caputo derivative type, 0( ) ( )f t f E Ctα

α= − , where 

,1( ) ( )E x E xα α= , denotes the ordinary ‘one parameter Mittag-Leffler 

function’. For RL case with 0β = , the solution is 
1

0 ,( ) ( )f t f t E Ctα α
α α

−= − . 

These examples make us to think about the concept of ‘stationarity’ in fresh way, 
in fractional calculus domain. 

Let us consider a generalized Fractional Diffusion equation represented as for 
0 1α< < . 

0 ( , ) ( , )tD f r t f r tβ α = ΔD  

Given integral initial condition as: 

(1 )(1 )
0 00

( ,0 ) ( )rI f r f f rβ α δ+
− − + = = . 

The Laplacian operator is 2 2/ rΔ ≡ ∂ ∂ , the Fourier of this is { } 2kℑ Δ = − ; using 

this and, with { }0 0( )f r fδℑ =  taking Laplace-Fourier of the given fractional 

diffusion equation we obtain: 

( 1)
0

2
( , )

s f
F k s

k s

β α

α

−

=
+D  

Taking Laplace inverse we get decay of a mode k , for this fractional diffusion as: 

(1 )(1 ) 2
0 , (1 )( , ) ( )f k t f t E k tβ α α

α α β α
− −

+ −= −D  

For 0k = , indicates that solution of the fractional diffusion equation cannot be a 
probability density function ‘pdf’ except when 1β =  (the Caputo case). For other 
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cases where 1β ≠  the spatial integral (initial condition) is time dependent, and 

then ( , )f r t  would need to be divided by (1 )( 1)t β α− −  to admit probabilistic 

interpretation.  
So with 1β = we have: 

1

2( , )
s

F k s
k s

α

α

−

=
+D , 

and from Chapter 3 and 4 we also have  

1 ( )
( , )

[1 ( ) ( )]

w s
F k s

s w s kλ
−

=
−

, 

with ( )w t  and ( )xλ  as wait time and jump length probabilities. Making these two 

( , )F k s equal and re arranging we get: 

2

1 ( ) 1 ( )

( )

k w s

k s w sα
λ− −

=D  

Because the LHS does not depend on s and RHS does not depend on k , the RHS 
and LHS should be equal to a common constant; and let that constant be 0

ατ . We 

obtain, jump length densities expression as 2
0( ) 1k kαλ τ= −D  and wait time density 

expression as  

0

1
( )

1
w s

sα ατ
=

+
. 

Note 0
ατD  is similar to mean square displacement, of single jump 2x . 

The inverse of Laplace is, wait time density 

1

,
0 0 0

1
( )

t t
w t E

α α

α α ατ τ τ

−
⎛ ⎞⎛ ⎞

= −⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠
. 

For 1α = the waiting time pdf is from Poisson’s process that is,  

0

0

1
( )

t

w t e τ

τ
−

= , 

found in normal diffusion equation. This was assumed in Chapter 4 for CTRW 
models for normal diffusion where one has average wait times.  

For 0 1α< < , characteristic difference arises from asymptotic behavior for 0t →  
and t → ∞ , for the above Mittag-Leffler function. The asymptotic behavior for 
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0t →  is obtained by noting , (0) 1Eα α =  and hence 1( )w t tα −∼ . For the case 1α < , 

the waiting time density is ‘singular’ at origin implying a ‘statistical abundance’ of 
very short intervals between the jumps, as compared to the Poisson’s case where 

1
0( )w t τ −=  a constant. For large t → ∞ , the asymptotic wait time is 1( )w t t α− −∼ , 

with long tail. 

7.15   Generalized Stationary Conditions 

Consider a fractional ‘stationary’ differential equation with order 0 1α< <  and 

type 0 1β≤ ≤  as 0 ( ) 0tD f tβ α =  with initial condition as (1 )( 1)
0 0(0 )D f fβ α− − + = , 

fractional Riemann-Liouvelli derivative initial condition as stationary. We can re-
write it and state fractional integral initial value given as constant that is 

(1 )(1 )
0 0(0 )tI f fβ α− − + = . For 1α = , the conventional definition of stationary 

condition is recovered as 1
0 ( ) 0tD f tβ = , for any type β ; with initial condition as 

0(0 )f f+ = . The solution of this fractional stationary differential equation is: 

[ ]
(1 )( 1)

0( )
(1 )( 1) 1

f t
f t

β α

β α

− −

=
Γ − − +

 

This may be seen by inserting the above ( )f t expression into, the generalized 

definition of fractional derivative as; 

(1 ) (1 )(1 )( ) ( )a x a x a x

d
D f x I I f x

dx
β α β α β α− − −= , for 0 1α< < and using 

the fractional integral of power function expression 

( 1)
( ) ( )

( 1)a xI x a x aα λ α λλ
α λ

+Γ +
− = −

Γ + +
. 

For RL case with 0β =  the function 1
0( ) / ( )f t f tα α−= Γ  and for Caputo case with 

1β =  the function is 0( )f t f= ,a constant. 

Note that the integral (1 )(1 )
0 0( )tI f t fβ α− − =  remains conserved and constant for 

all t ; while the function ( )f t  itself varies. In particular 0lim ( )t f t→ = ∞  and 

lim ( ) 0t f t→∞ = . For 1β =  and 1α =  one recovers 0( )f t f=  as usual. Fractional 

derivative of constant for Caputo type is zero, and integer order derivative of 
constant of any type is zero. 

The new type of stationary states for which a fractional integral (rather than 
function itself) is constant is arrived at. It seems rather lack of knowledge about 
fractional stationarity that is particularly responsible for this difficulty of deciding 
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which type of fractional derivative should be used when generalizing traditional 
equation of motion thermodynamics electrodynamics control system and others. 
Nevertheless, let us carry on with this dichotomy.  

7.16   Concluding Comments 

Many of the forms described in this chapter on the Laplace transform have been 
derived to demonstrate how initialization function generalizes the Laplace transforms 
(seen in integer order calculus). Here also several possible compositions of fractional 
integration and fractional derivatives are demonstrated. Reader is advised to imagine 
further regarding the compositions of these operators, as to adhere to constraints of 
continuity and index (composition) laws to use these forms. The selection of 
appropriate initialization function when structuring fractional differential equations 
will be analogous to, but somewhat more demanding, than selection of constants 
when structuring integer order systems. Experience working with particular equation 
or type of physical systems will be required of analyst in selection of initialization 
function. The use of Laplace transforms and initialization is obtained for scalar and 
vector initialization examples, will be suitable for fractional order system modeling, 
for single input single output, as well as multi input multi output systems. The 
solution of fundamental fractional differential equation contains fractional pole in its 
transfer function and property of which is important in system analysis. The analysis 
of stability of the pole (and zero) property is to be carried out in transformed Laplace 
( w ) plane, and the theory and interpretation of control system be mapped here, for 
future use of fractional order control system. Also the Laplace operator for fractional 
capacitor is represented as rational function approximation to synthesize circuits for 
fractional order control system, in analog way. These concepts are very useful for 
futuristic control systems. The practical case of obtaining constant phase element 
‘fractional’ Laplace operator (for a desired frequency band of interest) is described, 
which is useful for fractional order integrator/differentiator circuit realization. The 
concept of generalized ‘fractional’ initialized states is discussed, in view of Riemann-
Liouvelli and Caputo definition, presently let us carry on with these conflicting 
definitions, and realize the world of fractional order calculus. 



Chapter 8 
Application of Generalized Fractional Calculus 
in Electrical Circuit Analysis and 
Electromagnetics 

8.1   Introduction 

The fractional calculus is widely popular, especially in the field of viscoelasticity. 
In this chapter variety of applications are discussed. This chapter is application 
oriented to demonstrate the fundamental of generalized (fractional) calculus 
developed earlier, with particular reference to initialization concepts. Here the 
treatment is to show coupling effect of the initialization functions, and the use of 
developed Laplace technique. The applications and potential applications of 
fractional calculus are in diffusion process, electrical science, electrochemistry, 
material creep, viscoelasticity, control science, electro magnetic theory and several 
more. In this chapter the fractal distribution effect of charges and its 
electromagnetic parameters is developed, based on representation of these fractal 
distributions by fractional differential elemental volume, surface or line. The 
generalizations of set of Maxwell’s equations are carried out for fractal 
distributions. The chapter also introduces the concept of representing fractional 
order transfer functions by rational polynomial ratios; also discusses issues of 
digitizing those fractional order transfer functions, and realize them through 
circuit techniques. This chapter restricted to electronics and electrical circuit 
models, and ‘fractal’ electromagnetic. 

8.2   Electronics Operational Amplifier Circuits 

8.2.1   Operational Amplifier Circuit with Lumped Components 

The operational amplifier is well known in electrical science to provide gain. 
Figure 8.1 gives simple scheme. 
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Fig. 8.1 Operational amplifier circuit with lumped impedances. 

We revise concept of impedance transfer function. The terms fZ  and iZ are 

output and input impedances respectively, will represent general linear circuit 
together with initialization functions. Therefore not strictly as impedance but some 
similarity to perhaps memory element! 

The Laplace transforms variables: 

Input side: ( ) ( ) ( ) ( )i i iv s v s i s Z s−− =  

Output/feedback element: ( ) ( ) ( ) ( )o f fv s v s i s Z s− − =  

Inverting node: ( ) ( ) ( ) 0i fi s i s i s−− − =  

For negative feedback configuration the amplifier will have, from its basic property 
of high input impedance of NI (+) and I (-) terminals 0i− ≅  therefore 0v− ≅ . Putting 

these values we obtain transfer function (voltage to voltage) as: 

( )( )
( )

( ) ( )
fo

i i

Z sv s
G s

v s Z s
= = −  

For integer order integration ( )iZ s R=  and ( ) 1/fZ s Cs= , ( ) 1/G s RCs= ; 

interchanging these impedances will give integer order differentiation, with 
( )G s RCs= . However, with these choice of impedances, the circuits are unstable. 

Therefore for integration if we connect R  in parallel with C  for ( )fZ s , and with 

( )iZ s R= , this stabilizes the dc-gain, and the transfer function is then 

( ) 1
( )

( ) 1
o

i

v s
G s

v s RCs
= =

+
, 

and for integer order differentiator ( )iZ s  is R  parallel with C  and ( )fZ s  is R  

series with C  and gives transfer function as  
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( )2

( ) 1
( )

( ) 1/
o

i

v s s
G s

v s RC s RC
= =

+
. 

With this modified we have the transfer function not equal to pure integer order 
integrator or differentiator that is, 1( )G s s±≠ . The integration circuit thus 

approximates integration action for the frequencies greater than 10 / RC [radian / s]  

and the band of frequencies of differentiation is (0.1/ )RC  [radian / s] . A pure 

integration or differentiation mathematically is for frequency ranges up to infinity and 
down to DC that, is zero radian/s. Thus practical integer order differentiation and 
integration circuits does the operation of integration/differentiation for a band of 
frequencies; hence are approximates. 

This point is worth noting here, though basic circuit elements available as 
1( )Cs − or Ls have integer order impedance functions, the transfer function ( )G s is 

emulating integer order integration or differentiation on a frequency band and not 
for all frequencies. This point is a practical point to realize Fractional Order 
differintegration with these types of impedances, as pole-zero interlacing, which 
works in the desired frequency band. The Figure 8.1 is still valid for fractional 
order differintegration, with ( )G s Ks α±=  , ( )0,1α ∈ . 

8.2.2   Operational Amplifier Integrator with Lumped Element 

Figure 8.2 describes classical integrator circuit. 
The defining equations are: 

( ) ( )i iv t v t i R−− =  

11 1 1
( ) ( ) ( ) ( ) ( )

t c

o c t f f f

c a

v t v t D i t i d i d
C C C

τ τ τ τ−
− − = = +∫ ∫  

                      [ ]1 1 1
( ) ( ) ( ) ( ) ( )

i t

f f o

c c

i d q c i d v c v c
C C C

τ τ τ τ −= = + −∫ ∫  

Above substitution of initial charge stored from time t a=  to time t c= as 

integral of current is done. [ ]( ) ( ) ( ) ( )
c

f o

a

q c i d C v c v cτ τ −= = −∫  as initial charge on 

the capacitor at the start of integration process at time t c= . For operational 
amplifier putting f ii i= and ( ) 0v t− = yields. 

11 1
( ) ( ) ( ) ( )

t

o i o c t i

c

v t v d v c D v t
RC RC

τ τ −= − + = −∫  

With ( , 1, , , ) ( )i ov a c t RCv cψ − = − as initializing function. 
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Fig. 8.2 Integrator circuit with lumped element 

Then with 1RC = , this integrator is represented as 1( ) ( )o c t iv t D v t−= − . The 

initialization function as defined stores the past history (contained in single 
constant ( )ov c− ). 

When this circuit is used in analog PID controller, the integral reset rate is 

defined as 
1f

i
i

Z
T

Z RC
= = in unit of per second. 

8.2.3   Operational Amplifier Integrator with Distributed Element 

The input resistor is replaced by semi-infinite loss less transmission line, with 
distributed inductance per unit length l and capacitance per unit length c. The semi-
infinite loss less line has characteristics equation as wave equation of voltage as: 

2 2

2 2

( , ) 1 ( , )v x t v x t

lct x

∂ ∂
=

∂ ∂
 

The terminal characteristics are: 

1 1( ) ( ) ( ) ( ) ( )
c

i t v t t kv t t
l

φ φ= + = + , where /k c l=  

or 

0( ) ( )c ti t k D v t= , where 1

1
( ,0, , , ) ( )v a c t t

k
ψ φ=  

or 

2

1
( ) ( ) ( )v t i t t

k
φ= +  

or 

01
( ) ( )c tv t D i t

k
=  where 2( ,0, , , ) ( )i a c t k tψ φ=  
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Notice that differentigration operation for voltage-current transfer relationship is 
of order zero. This may be called a “zero-order” element. The voltage-current 
relationship of a lumped resistor is also of zero order differintegration. In the loss 
less transmission line it is the initial condition on the distributed inductor and 
capacitor along infinite lines gives rise to initial function (of time). Figure 8.3 
gives the semi-infinite loss less (zero-order) element representation and Figure 8.4 
is operational amplifier circuit based on this loss less line. 

l l l l

)(ti
)(tv

 

Fig. 8.3 Semi-infinite loss less line (zero-order differintegrator) 

l

l c
C

c
liv v ov

+ii v
 

Fig. 8.4 Integrator circuit with distributed elements(one-order-integrator) 

The semi-infinite loss less line is connected as input element between input 
terminal and inverting node. The input element equation is: 

[ ] 1( ) ( ) ( ) ( )i ii t k v t v t tφ−= − +  

For feed back element 
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11 1
( ) ( ) ( ) ( ) ( )

t

o c t f f o

c

v t v t D i t i d v c
C C

τ τ−
− − = = −∫  

Putting f ii i= and 0)( =− tv  we have expression for output as: 

[ ]1 1

1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( )

t t t

o i o i o

c c c

v t kv d v c k v d d v c
C C C

τ φ τ τ τ τ φ τ τ⎛ ⎞= − + + = − − +⎜ ⎟⎝ ⎠∫ ∫ ∫  

In compact generalized calculus notation we summarize the transfer expression as: 

11
( ) ( )o c t iv t k D v t

C
−⎛ ⎞= − ⎜ ⎟⎝ ⎠

  where 1

1 1
( , 1, , , ) ( ) ( )

t

i o

c

v a c t d C v c
k k

ψ φ τ τ− = +∫  

Selecting the coefficient values and circuit constants as unity we have: 
1( ) ( )o c t iv t D v t−= − . This is the same expression what is got in classical integrator 

circuit with lumped elements. The difference exists in the values of the 
initialization functions. For this integrator with distributed elements the effect of 
“past history” is contained not in a constant ( )ov c− , which is the charge stored in 

the integrating capacitor C (the lumped element), but is in the remainder of the 
function ( )tψ . This accounts for the distributed charge along the semi-infinite 

line. The observation is that the “zero-order differintegral” element that is the 
semi-infinite loss less line will simply propagate the changes in input excitation 
( ( ))iv t along the infinite line and never this perturbation be seen again. The only 

effect seen being proportional to the variation of the source end current ( ( ))ii t . 

This is true for ‘terminal charging’. For side charging or a ‘side charged’ line an 
additional function of time may be impressed at output point of the circuit, which 
is dependent on the initial voltage distribution on the line. 

8.2.4   Operational Amplifier Differential Circuit with Lumped 
Elements 

Figure 8.5 describes the circuit, which is classical differentiator block. 
The expressions are for this classical differentiator: 

11 1 1
( ) ( ) ( ) ( ) ( )

t c

i c t i i i

c a

v t v t D i t i d i d
C C C

τ τ τ τ−
−− = = +∫ ∫  

                                    ( )

1 ( ) 1
( ) ( ) ( )

t t

i i i

c c

q c
i d i d v c

C C C
τ τ τ τ − −= + = +∫ ∫  

( ) ( ) ( )o fv t v t i t R− − =  

Putting ( ) ( ) 0i fi t i t= = and ( ) 0v t− = we have 

( )( ) ( ) ( ( ) ( ))o f i i

d
v t Ri t RC v t v c

dt − −
⎡ ⎤= − = − −⎢ ⎥⎣ ⎦
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Fig. 8.5 Differentiator circuit with lumped elements 

In generalized calculus terms for t c> , we get 1( ) ( )o c t iv t RC D v t= − . The 

initialization function to this generalized derivative is ( )( ,1, ,0, ) ( )i i

d
v a t v c

dt
ψ − −= . 

This initialization is normally put as zero. However this initialization term can 
give a “pulse” response at time t c= . 

8.2.5   Operational Amplifier Differentiator with Distributed Element 

Figure 8.6 is the circuit where at the feed back element of circuit of Figure 8.5 is 
replaced by semi-infinite loss less transmission line (zero order distributed element). 

The following is the derivation for the differentiator with distributed zero order 
elements: 

1
( )

1 1
( ) ( ) ( ) ( ) ( )

t

i c t i i i

c

v t v t D i t i d v c
C C

τ τ−
− − −− = = +∫  

The distributed loss less (zero-order) element is connected at feed back path and 
using its relation we get: 

01 1 1
( ) ( ) ( ) ( ) ( ,0, , , )o c t f f fv t v t D i t i t i a c t

k k k
ψ− − = = + , with 

c
k

l
=  

Putting ( ) ( )i fi t i t= and ( ) 0v t− = we have the differentiator expression: 

( )( )

1
( ) ( ) ( ) ( ,0, , , )o i i f

d
v t C v t v c i a c t

k dt
ψ− −

⎡ ⎤= − − +⎢ ⎥⎣ ⎦

 
1 1

( ) ( ) ( ,1, , , )o i i

d
v t C v t v a c t

k dt C
ψ⎡ ⎤= − +⎢ ⎥⎣ ⎦
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Fig 8.6 Differentiator circuit with distributed element (one-order differentiator) 

 
In terms of generalized calculus notations and concepts the differentiator circuit 

is described by 11
( ) ( )o c t iv t C D v t

k
= − , where initialization function associated 

with the derivative operator is 
1

( ,1, , , ) ( ,0, , , )i fv a c t i a c t
C

ψ ψ= − . As in the 

integrator case with distributed zero order elements, the perturbations at the source 
terminal end will be propagated away and never return back (reflected). It is noted 
that for terminally charged integer order differentiator with lumped 
elements 0effψ = . 

8.2.6   Operational Amplifier as Zero Order Gain with Lumped 
Components 

In Figure 8.1 consider lumped impedances as pure lumped resistances. Therefore 
the circuit transfer function is  

0( ) ( ) ( )f f
o i c t i

i i

R R
v t v t D v t

R R
= − = −  

Where clearly ( ,0, , , ) 0iv a c tψ = .  
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Meaning that this circuit configuration has no memory. Also is classical zero 
order operator. 

8.2.7   Operational Amplifier as Zero Order Gain with Distributed 
Elements 

Figure 8.7 gives the circuit diagram where feedback element and the input element 
of Figure 8.1 are constituted by distributed element as semi-infinite loss less line. 

                                                         2l 2c

2c

1

1

iv v ov

i v

                                                         2l
                    c1l

fi
c1l

i +

 

Fig. 8.7 Gain circuit with distributed elements (zero order differintegration) 

The describing relations are: 

[ ]01

1

( ) ( ) ( )i c t i

c
i t D v t v t

l −= − , 

where initialization 1
1

1

( ,0, , , ) ( )i

l
v v a c t t

c
ψ φ−− =  

02

2

( ) ( ) ( )o c t f

l
v t v t D i t

c− − = , 

where the initialization 2
2

2

( ,0, , , ) ( )f

c
i a c t t

l
ψ φ=  

Putting i fi i= and ( ) 0v t− = we have the expression: 
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0 0 02 1 1 2

2 1 2 1

( ) ( ) ( )o c t c t i c t i

l c c l
v t D D v t D v t

c l c l

⎡ ⎤
= − = −⎢ ⎥

⎢ ⎥⎣ ⎦
 

        { }0 02 1

2 1
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Summarily: 01 2
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= − and initialization to this is 
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Summarizing the above observation leads that zero order gain circuit returns the 
input function ( )iv t but provides extra time function based on initial distribution of 

voltages currents in the distributed elements, i.e. ( ,0, , , )iv a c tψ . 

8.2.8   Operational Amplifier Circuit for Semi-differintegration by 
Semi-infinite Lossy Line 

Figure 8.8 describes the semi-infinite lossy line (a half order element). As opposed 
to loss less case the voltage current relation is of half order here as it was zero 
order for loss less case. 
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Fig. 8.8 Semi-infinite lossy line (half order element) 

The diffusion equation corresponding to this lossy line is 
2

2

( , ) ( , )v x t v x t

t x
α∂ ∂

=
∂ ∂

. 

In the Figure 8.8 as shown the ( )v t and ( )i t are the voltage and the current at the 

source terminal. The per unit length distributed resistance is r and per unit length 
distributed capacitance is c. The diffusivity coefficient is rcα = . The initial state 
of charge and voltage that exists in infinite array of elements isψ . 
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The terminal characteristics is 
1/2

11/2( ) ( ) ( )
d

v t r i t t
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α φ
−

−= +  or 

1/2( ) ( )c tv t r D i tα −= , where 1
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r
ψ φ
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( ) ( ) ( )

d
i t v t t

dtr
φ

α
= + , or 

1/21
( ) ( )c ti t D v t

r α
= , where 2( ,1/ 2, , , ) ( )v a c t r tψ αφ=  

8.2.9   Operational Amplifier Circuit for Semi-integrator 

Figure 8.9 is the circuit for semi-integrator. 
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Fig. 8.9 Semi-integrator circuit (half order integrator) 

The component equations are the following: 

( ) ( ) ( )i iv t v t i t R−− =  

1/2( ) ( ) ( )o c t fv t v t r D i tα −
− − = , where 1

1
( , 1/ 2, , , ) ( )fi a c t t

r
ψ φ

α
− =  

Putting f ii i= and ( ) 0v t− = we have the expression for semi integration: 

1/2( ) ( )o c t i

r
v t D v t

R

α −= − , 
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where 1( , , 1/ 2, , , ) ( , 1/ 2, , , ) ( )i f

R
v t a c t R i a c t t

r
ψ ψ φ

α
− = − = . 

Alluding to Figure 8.1 the input element and output element impedances are 

1/2f

r
Z

s

α
=  and iZ R= ,which leads to transfer function in s-domain as 

0
1/2

( )

( )i

V s r

V s Rs

α
= − .Realizing this with 1r K= Ω  and 1c Fμ=  with 22R K= Ω  

gives transfer function for the semi-integrator as 0.50 ( )
1.4374

( )i

V s
s

V s
−= − . 

Replacing js ω→ , the transfer function becomes 0 ( j ) 1.4374
exp j

( j ) 4i

V

V

ω π
ω ω

⎛ ⎞= − −⎜ ⎟⎝ ⎠
. 

Following an inverting amplifier after semi-integration stage of Fig 8.9, one gets 
fractional (semi) integral control block for analog fractional order PID circuit. 
This block will behave as constant phase element of 045− . The controller constant 

like reset rate of PID is 1.4374f
i

i

r
Z cT
Z R

= = = . 

8.2.10   Operational Amplifier Circuit for Semi-differentiator 

Figure 8.10 shows a semi-differentiator circuit with semi-infinite lossy element 
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Fig. 8.10 Semi-differentiator circuit. 
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The expressions for circuit of Figure 8.10 are: 

[ ]1/21
( ) ( ) ( )i c t ii t D v t v t

r α −= −   

Initializing expression is  

2( ,1/ 2, , , ) ( )iv v a c t r tψ αφ−− =  

and ( ) ( ) ( )o fv t v t i t R− − = . Putting f ii i= and ( ) 0v t− = we have: 

1/ 2( ) ( ) ( )o f c t i

R
v t i t R D v t

r α
= − = −  

and 2( ,1/ 2, , , ) ( ,1/ 2, , , ) ( )i iv a c t v v a c t r tψ ψ αφ−= − =  

8.2.11   Cascaded Semi-integrators 

Figure 8.11 represents two semi-integrator circuits in series, which gives integral 
operation of order one. 
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Fig. 8.11 Cascaded semi-integrators. 

The circuit of Figure 8.11 has the following expressions:  

1 1 1/2
2 1

1
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α −= − , with 1 1( , 1/ 2, , , )v a c tψ − is first integrator, transfer 

function 2 2 1/ 2
3 2

2
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r
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R

α −= − , with 2 2( , 1/ 2, , , )v a c tψ − is the second 

integrator expression. 
Then combining we have  
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with 



400 8   Application of Generalized Fractional Calculus 
 

1/ 2 2
1 1 1 2 2

2 2

( , 1, , , ) ( , 1/ 2, , , ) ( , 1/ 2, , , )c t

R
v a c t d v a c t v a c t

r
ψ ψ ψ

α
−− = − − −  

8.2.12   Semi-integrator Series with Semi-differentiator Circuit 

Figure 8.12 gives the schematic of cascaded semi differentiator and semi 
integrator to have overall zero-order. 
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Fig. 8.12 Cascade circuit semi-integrator and semi-differentiator. 

1 2 1 2 1 2 1R R r r α α= = = = = = . 

The solution is 1/2 1/2 1/2 0
3 2 1 1( ) ( ) ( ) ( )c t c t c t c tv t D v t D D v t D v t−⎡ ⎤= − = − − =⎣ ⎦ , as expected. 

Here 3 1( ) ( )v t v t= only if  

1/ 2
1 1 2( ,0, , , ) ( ,1 / 2, , , ) ( ,1 / 2, , , ) 0c tv a c t d v a c t v a c tψ ψ ψ= − =  

Where 1( ,0, , , )v a c tψ is the combined initialization function for the combined 

operator 0
1( )c tD v t . This is satisfied under terminal charging. However under side 

charging conditions it is seen that 3 1 1( ) ( ) ( ,0, , , )v t v t v a c tψ= + and the zero-

property are not satisfied (not necessarily satisfied), as was indicated in the 
concept of initialized generalized calculus. 

8.3   Battery Dynamics 

8.3.1   Battery as Fractional Order System 

This section analyzes a simple battery. Electrolytic cell is known to exhibit fractional 
behavior, typically of half order. The fractional system is electrode-electrolyte 
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interface where diffusion takes place. This diffusion process is called the Warburg 
impedance (or a constant phase CPE element). The two phases of battery operation is 
considered, charging and discharging phases. The discharge phase is load drawing 
(usage). The charging phase takes place from 0t a= = , to t c= , with actual current 
flowing i.e. charging occurring for 0a t b= ≤ ≤ . Later is the load drawing usage 
phase. Figure 8.13 gives diagram of battery circuit charging, discharging phase circuit 
and the charge current profile. Here constant current charging is assumed. The block 
“W” represents Warburg impedance of electrode-electrolyte interface. 
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Fig. 8.13 Battery Charging, discharging circuit and charging current profile. 

8.3.2   Battery Charging Phase 

Time domain equations from Figure 8.13 are: 

1
1 2 0 1 2

0

1 1
( ) ( ) ( ) ( ) (0)

t

t c cv t v t D i t i d v
C C

τ τ−
−− = = +∫  

2 3( ) ( ) ( )Rv t v t i t R− =  

( ) ( ) ( )c R Wi t i t i t= + , and 

[ ]1/ 2
0 2 3

1
( ) ( ) ( )W ti t D v t v t

B
= −  

Taking Laplace transform yields: 
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Eliminating 2( ), ( ), ( )W RI s I s V s and rearranging we arrive at following: 
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or             
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These Laplace expressions are used to carry out transfer function analysis and to 
obtain time domain responses. The Laplace transform pairs useful are following: 
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Using standard Laplace transforms tables the time response is got for an impulse 
charging ( ( ) 1cI s = ) as: 

2

1 3 2

1 1
( ) ( ) exp erfc

B B B t
v t v t B t

C R RRtπ

⎧ ⎫⎛ ⎞⎛ ⎞⎪ ⎪− = + −⎨ ⎬⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
, 
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During initialization period here both the initialization functions are taken as zero 
for 0 a t c= < ≤ . The above time expression is for impulse charging and for any 
general charging this expression is convoluted with the charging current profile 
i.e. general ( )ci t , to get following: 
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As in the Figure 8.13 the constant current charge case for charging period 
( )c ci t I= for 0 a t b= < ≤ , then the step current can be resolved as function of two 

unit step functions. ( ) ( ( ) ( ))c ci t I H t H t bτ τ τ− = − − − − , and the charging 

equation thus becomes: 
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Using the solved integral formula  
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We get the charging equation as: 
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Figure 8.14 gives the charging voltage 1 3( ) ( )v t v t− for charging period  

of 0 1t b< < = , and during relaxation period 1t > . The same figure demonstrates 
the voltage across Warburg element 2 3( ) ( )v t v t− . For simplicity the parameters of 

battery chosen as 1.0R B C= = = . 
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Fig. 8.14 Battery charging till time 1 and thereafter relaxation period for constant current 
charging current up to time 1. 

The above charging expression of total battery includes the effect of both the 
Warburg element and the capacitor, which is segregated as described in following 
expressions. Since the 1 2 (0) 0v − = must be zero, the voltage 2 3( ) ( )v t v t− is 

determined as: 

{ } { } { }2 3 1 3 1 2 1 3

0

1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

t

cv t v t v t v t v t v t v t v t i d
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                                            = { } { }1 3
0

1
( ) ( ) ( ) ( )

t

cv t v t I u u b d
C

τ τ τ− − − −∫  

Using the derived expression for 1 3( ) ( )v t v t− , the Warburg element will have voltage 
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⎧ ⎫⎛ ⎞⎪ ⎪− −⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
∫  

The above expression can be good example for mathematical basis for an 
initialization function for systems of this type with constant current charging. 
These equations are also valid for t c> with external open circuit. Also if it is 
desired to initialize at 0c = , then axis shifting with ( )t t c→ − may be carried out 

for the expression obtained for Warburg impedance. 
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Warburg element is semi-derivative constitutive element 

{ }1/2
0 2 3

1
( ) ( )W ti D v t v t

B
= − , is assumed is terminally charged. Then the 

initialization function for the element is defined formally as 

( , , , , ) ( , , , , ) ( , , , , )
m

m

d
f u a c t f p a c t h m a c t

dt
ψ ψ ψ= − + , by standard rule described in 

earlier chapter for initialization concepts. Because of assumption of ‘terminal 
charging’, with ( ,1, , , ) 0h a c tψ = , we thus have  
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1
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1
( ) ( ) ( )

(1/ 2)

c

W

a

d
t v v d

dt
ψ τ τ τ τ

−
= − −

Γ ∫ , for t c> . 

8.3.3   Battery Discharge Phase 

Here in the solution demonstration will be made that to transform s p→ and 

obtain solution. Referring to the circuit in Figure 8.13 we write the following: 

1
1 2 1 2

1 1
( ) ( ) ( ) ( ) ( )

t

c t c c

c

v t v t D i t i t dt v c
C C

−
−− = = +∫  

2 3( ) ( ) ( )Rv t v t i t R− =  

( ) ( ) ( ) ( )c R W RLi t i t i t i t= + =  

3 1( ) ( ) ( )RL Lv t v t i t R− = , and 

{ }1/ 2
2 3

1
( ) ( ) ( )W c ti t D v t v t

B
= −  

Laplace transforming the above set we obtain: 

1 2
1 2

( )1
( ) ( ) ( )c

v c
V s V s I s

Cs s
−− = +  

2 3( ) ( ) ( )RV s V s I s R− =  

( ) ( ) ( ) ( )c R W RLI s I s I s I s= + =  

3 1( ) ( ) ( )RL LV s V s I s R− =  

( ){ }1/2
2 3 2 3

1
( ) ( ) ( ) ( ,1/ 2,0, , )W WI s s v s v s v v c s

B
ψ= − + −  

From charging analysis of equation 1 3( ) ( )V s V s−  and with 

{ }3 1( ) ( ) ( ) ( ) /c RL LI s I s V s V s R= = −  and taking 0, 1a c= =  



406 8   Application of Generalized Fractional Calculus 
 

1/ 2

2 31 2
1 3 3/2 1/2

1/ 2

1

( ,1/ 2,0,1, )(1)
( ) ( )

1 1 11

L

W

L
L

s
R s

B R v v sv
V s V s

R ss s
R s s B

B R CB RC B R

ψ−

⎡ ⎤ ⎡ ⎤⎛ ⎞
+⎢ ⎥ ⎢ ⎥⎜ ⎟⎝ ⎠ −⎢ ⎥ ⎢ ⎥− = −

⎢ ⎥ ⎢ ⎥⎛ ⎞⎛ ⎞+ + + + +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

There is no forced term (forced function is zero) but contains initialization terms from 
capacitor 1 2 (1)v −  and from Warburg impedance Wψ , the historic past of the element. 

Technique to solve the above expression is to convert s p→ domain. By 

putting 1/2p s= so 2 3 3/2,p s p s= = , so that we get: 

2 2
2 3

1 2
1 3 2

3 2

1
( ,1 / 2,0,1, )(1)
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1 L

L L L

B
p p v v pvR BV p V p

pRB B p
p p p

B RR R R C R RC

ψ
−

⎡ ⎤⎛ ⎞ ⎡ ⎤+ −⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠⎢ ⎥− = +⎢ ⎥⎢ ⎥⎛ ⎞ ⎢ ⎥++ + + +⎜ ⎟⎢ ⎥ ⎣ ⎦⎝ ⎠⎣ ⎦

 

Here appropriate substitution is called for 2( )pψ , and then using partial fractions 

to achieve p domain response. This obtained p domain response may be 
transformed back to s domain and then inverse Laplace operation to get time 
domain answer. To carry out special transform technique is required. The special 
transformation is ‘conformal transformation’. 

It is possible to simplify and rewrite the above expression in p -variable as: 

2
1 2 3

1 3 3
4 4

( )( )
( ) ( )

( )( )

p k p k p k
V p V p

p a p k p k

+ + +
− =

+ + +
 

This can be partial fractioned and written as, first in p variable and then 

substituting p s= as: 

1 3( ) ( )
A B C D A B C D

V p V p
p a p b p c p d s a s b s c s d

− = + + + = + + +
+ + + + + + + +

 

Inverse Laplace transform will give time response as: 

[ ] [ ] [ ] [ ]1 3 1 1 1 1
2 2 2 2

( ) ( ) , , , ,v t v t AF a t BF b t CF c t DF d t− = − + − + − + −  

Here 1
2

F  is Robotnov-Hartley function, , , , , , , ,A B C D a b c d  are complex numbers 

(in general). 
It is now possible to do fractional order system analysis and design directly on 

the transformed plane. To do this it is essential to choose the greatest common 
fraction q  of a particular system. Once this is done, all powers of qs  are replaced 
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by powers of qp s= . Then standard pole-zero analysis is done. This analysis 

includes root finding, partial fractions, root locus compensation etc. This is what is 
‘conformal-transformation’ s w→ plane discussed in Chapter 7. 

8.4   Tracking Filter 

The concept of fractional calculus adds another dimension to many applications. 
The example of fractional order tracking filter will demonstrate the degree of 
freedom in tuning. This concept is welcome in control science applications where 
conventional proportional integral and derivative (PID) controller gets more 
degree of freedom as order control of integration and derivative part is also 
available. By this we get new type of controller as PI Dα β . The fractional order-
tracking filter is just one example. 

Here a noisy signal ( )x t  is to be filtered to yield filtered signal ( )y t . Filter 

description is: 

0( ) ( ) ( )q
tD a y t ax t+ =     or    0 ( ) ( , ,0, , ) ( ) ( )q

td y t y q c t ay t ax tψ+ + =  

Taking Laplace gives: 

( ) ( ) ( ) ( )qs Y s s aY s aX sψ+ + =  

( )
( ) ( )

q q

a s
Y s X s

s a s a

ψ
= −

+ +
 

The use of ( )sψ  is to “pre-charge” the filter to maximize the filter lag, if taken zero 

then: 

( )

( ) q

Y s a

X s s a
=

+
, is the Transfer Function of the filter. 

For a unit step input X(s), the filter response is given by ( )
( )q

a
Y s

s s a
=

+
. The full 

range of freedom is available 0 1q≤ ≤ . Taking 1 / 2q =  we have time response 
2 1/2( ) 1 erfc( )a ty t e at= − . 

For 1 / 2q = , the forced response is obtained for a Heaviside unit step ( )H t (as 

above) is from listed transform tables. Following steps demonstrates the solution 
of filter response for any order other than half, for unit step. 

Let us write the filter output as  

( )
( )q

a
Y s

s s a
=

+
. 
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This we rewrite as follows: 

( )
1/ 1/ 1

( ) 1
q q

q q q

a a a s s
Y s a a

s s ss a s a s s a

⎛ ⎞⎛ ⎞= = − = −⎜ ⎟ ⎜ ⎟⎝ ⎠+ +⎝ ⎠ +
 

Using the Laplace pair  

{ } [ ]{ }1q q
q qE at s F at

s
⎡ ⎤⎡ ⎤− = −⎣ ⎦ ⎣ ⎦L L  

and  

{ }
1q

q
q q

s
E at

s a

−

⎡ ⎤ =⎣ ⎦ −
L , 0q >  

we get the inverse of Laplace of 

11 1
( )

( )

q q

q q

s s
Y s

s ss s a s a

−

= − = −
+ +

;  

to get time response: 

( ) ( ) ( ) 1 [ ]q q
q qy t H t E at E at⎡ ⎤= − − = − −⎣ ⎦ , 

Where  

1 0
( )

0 0

t
H t

t

≥⎧
= ⎨ <⎩

 

is Heaviside step. 
For a first order RC filter (integer-order filter with order 1q = ) the Heaviside 

step response is: ( ) 1 exp( )y t at= − − , with time constant 1/RC aτ = = . For 1q = , 

the one parameter Mittag-Leffler function [ ]1 exp( )q
qE at E at at⎡ ⎤− = − = −⎣ ⎦ . Here 

passing remark is made as for integer order calculus the exponential function 
appears as solution, for fractional order calculus Mittag-Leffler or its variants say 
Robotnov-Hartley function, Miller-Ross function etc. are the basis, and appears in 
solutions. (Refer Figure 8.15). 
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Fig. 8.15 (a) Response to step for varying a at q=0.5 
                   (b) Response to a step for varying q at a=1  
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Fig. 8.16 Gain and phase plot with change of order q with constant a 

Observations: The tracking of the filter performance with varying q the order as 
said in Figure 8.16 gives a variable slope of cut-off roll over at the same corner 
frequency. Also varying the order q, by keeping the corner frequency unchanged, 
also controls the phase. Conventionally the tuning of filter call for tuning by 
adjustment of a, to have particular response in time domain, whereas the extra 
freedom of q gives temporal response adjustment at the user’s will. This extra 
freedom is what the fractional order tuners give i.e. to get temporal or frequency 
characteristics at user’s will. This is the concept of ‘fractional pole’, which is 
fundamental to all these fractional order systems. 

8.5   Fractional Order State Vector Representation in Circuit Theory 

This example in this chapter is chosen as working model for vector space 
representation. The vector initialization issues have been touched in Chapter 7. This 
example will elaborate on the same topic and may be therefore extended for any 
system having set of fractional differential equations as basic phenomena 
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representation. This example pertains to Electrical Science circuit analysis.  
Figure 8.17 represents the circuit diagram of a voltage source connected by an 
inductor to a semi-infinite lossy transmission line. As described earlier the lossy 
semi-infinite line has got terminal characteristics defined by semi-differential element 
of fractional calculus. 

 

LOSSY LINE

sL

+ )(sVL -

+ +
)(sVi )(sVo

_ )(ti _ ....2/1s

 

Fig. 8.17 Voltage Source connected to a lossy transmission line through series inductor 

 
Dynamic relationship between current and voltage for inductor is: 

1( ) ( )L c tv t L D i t⎡ ⎤= ⎣ ⎦ , where L is the inductance of the coil. For a semi-infinite lossy 

line the dynamic relationship is: 1/2( ) ( )o c tv t D i tα −= , where α  is line constant 

depends on distribute ohmic resistance per unit length and distributed capacitance 
per unit length. In the differential form with 0c =  (start time) these equations can 
be expressed as: 

1
0

1
( ) (1, ( ), ,0, ) ( )t Ld i t i t a t v t

L
ψ+ =  and 1/ 2

0 ( ) (1/ 2, ( ), ,0, ) ( )t o od v t v t a t i tψ α+ = . 

From Kirchhoff’s law we have ( ) ( ) ( )L i ov t v t v t= − . Replacing this in the inductor 

expression above we get the dynamic equation as  

1
0

1 1
( ) ( ) ( ) (1, ( ), ,0, )t o id i t v t v t i t a t

L L
ψ= − + − . 

To have vector space of fractional dynamic variable it is necessary to reduce all the 
differential relationship to differential based on the largest common (denominator) 
differential fraction. In this case choice is ½. We define the following fractional order 
dynamic variable vector: 

1

2
1/2

3 0

( ) ( )

( ) ( ) ( )

( ) ( )

o

t

x t v t

x t x t i t

x t d i t

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= ≡⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
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The system input is defined as ( ) ( )iu t v t= and system output is chosen 

as ( ) ( )oy t v t= . The vector representation of the system will be as follows: 

1/ 2
0

0 0 0 (1/ 2, ( ), ,0, )

( ) 0 0 1 ( ) 0 ( ) 0

1 1 (1, ( ), ,0, )
0 0

o

t

v t a t

d x t x t u t

i t a t

L L

α ψ

ψ

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ −⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + +⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦⎢− ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

      [ ] [ ]( ) 1 0 0 ( ) 0 ( )y t x t u t= +  

Performing Laplace transformations and matrix algebraic manipulations on the 
above two vector space equations we obtain: 

1/2

1
1/ 2

23
2

1/2 3

0 ( )
1 1

( ) 0 ( ) ( )
/ 1 ( )

s s
s

X s s s U s s
Ls L s

s
s L

L L

α α ψ
ψ

α ψα

⎡ ⎤ ⎧ ⎫⎡ ⎤⎢ ⎥ ⎪ ⎪⎢ ⎥ ⎡ ⎤⎢ ⎥ ⎪ ⎪⎢ ⎥ ⎢ ⎥⎢ ⎥= − −⎨ ⎬⎢ ⎥ ⎢ ⎥⎢ ⎥+ ⎪ ⎪⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎪ ⎪⎢ ⎥⎢ ⎥− − ⎣ ⎦⎩ ⎭⎢ ⎥⎣ ⎦

 

Where 1( ) (1/ 2, ( ), ,0, )os v t a sψ ψ= , 2 ( ) 0sψ = and 3 ( ) (1, ( ), ,0, )s i t a sψ ψ= , which 

is a constant for an inductor. The Laplace transform of the forced response 
( )FX s is the first term from above relation is: 

1/2
3

2

(1/ )
( ) ( )

( / )
F

L
X s s U s

s L s

α

α

⎡ ⎤
⎢ ⎥= ⎢ ⎥+ ⎢ ⎥⎣ ⎦

. 

The Laplace transform of the initialized response ( )iX s is from the second term that 

is:  

1/2
1 2 3

1/2
1 2 33

2

1/2

1 2 3

( ) ( ) ( )

1 1
( ) ( ) ( ) ( )

( / )

( ) ( ) ( )

i

s s s s s

X s s s s s s
Ls L

s
s s s s

L L

ψ α ψ αψ

ψ ψ ψ
α

αψ ψ ψ

⎡ ⎤
⎢ ⎥

+ +⎢ ⎥
⎢ ⎥− −⎛ ⎞⎢ ⎥= + +⎜ ⎟⎝ ⎠⎢ ⎥+
⎢ ⎥⎛ ⎞− −⎛ ⎞⎢ ⎥+ +⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

 

These expressions can now be evaluated for any specific inputs and initialization 
function. 
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The choice of fractional dynamic variable order basis q  should imply minimal 

configurations. In the above example choosing 1 / 4q =  rather than ½ would yield 

six dynamic variables instead three. It is also important to remember that the least 
number of fractional dynamic variables is obtained by choosing the basis q , as the 

largest common (denominator) fraction of the differential order. (For 1 1/ 2q =  and 

2 1/ 3q = would require basis 1/ 6q = ) 

The input output transfer function with 1L = is: 

0
3

2

1
( ) 1

( )
1( ) 1i

V s sG s
V s ss

s

= = =
++

 

The time domain representation of the transfer function (without initialization) is 
thus: 

3
2

0 0 0( ) ( ) ( )t id v t v t v t+ = . 

Here initialization is zero 0( ,3 / 2, ,0, ) 0v a tψ = , thus, operation is 
3 3

2 2
0 0 0 0( ) ( )t tD v t d v t= . This problem can be solved in several ways depending 

upon the specific input. Using [ ],qF a t  function as obtained for the solution of 

‘fundamental fractional order differential equation’ the impulse response of this 
circuit with 3 / 2q =  as basis, and ( ) ( )iv t tδ= , ( ) 1iV s = , solution is: 

[ ]1
0 33

22

1
( ) 1.

1
v t F t

s

− ⎧ ⎫⎪ ⎪= = −⎨ ⎬
⎪ ⎪+⎩ ⎭

L . 

For a Heaviside step 
1 0

( )
0 0

t
H t

t

≥⎧
= ⎨ <⎩

 input.  1( )iV s s= , the solution is: 

( )
31 2

0 33 22

1
( ) ( )

1
v t H t E t

s s

−

⎧ ⎫
⎪ ⎪ ⎡ ⎤= = − −⎨ ⎬ ⎢ ⎥⎣ ⎦⎪ ⎪+
⎩ ⎭

L  

For the same circuit solution basis is now chosen to be 1 / 2q = . Here w -plane 

‘conformal transformation’ is demonstrated. This transformation was described in 

Chapter 7, and let 
1

2s w= . Putting this we get w -plane transfer function as: 

0
3

( ) 1
( )

( ) 1i

V w
G w

V w w
= =

+
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The denominator 3 1w +  has one root at 1w = − . Dividing the polynomial 3 1w +  
by ( 1)w + gives other factor as, 2 1w w− + . The other two roots of this are from 

roots of 2 1w w− + , those are j /31 3
j

2 2
w e π±= ± = .  

Therefore the factorized form of denominator is: 

{ }( )3 1 3 1 3
1 1 j j

2 2 2 2
w w w w

⎛ ⎞ ⎛ ⎞⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪+ = − − − + − −⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟
⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎩⎭ ⎭

 

This transfer function has poles in w -plane at 1w = − , j /3w e π+=  and j /3w e π−= . 

Since the basis 1 / 2q = , the stability wedge is at angle 
2 4

q
π πϕ = ± = ± . All these 

poles are to the left of the instability wedge in w − plane. The two poles 
exp( j / 3)π+  and exp( j / 3)π−  in the right half of the w − plane corresponds to 

poles at j2 /3s e π+= and j2 /3s e π−= in s − plane; therefore an oscillatory response is 
suggested. The third pole in w − plane 1w = −  is in ‘hyper-damped’ zone. This 
pole adds a rapidly decaying time response, to the oscillatory response due to the 
other two poles. 

Expanding the ( )G w  obtained for base 1 / 2q = , we get the following: 

3

1 3 1 3
j j1 1 1 2 2 2 2( )

3 11 1 3 1 3
j j

2 2 2 2

G w
ww

w w

⎧ ⎫
⎪ ⎪+ −⎪ ⎪= = − −⎨ ⎬++ ⎛ ⎞ ⎛ ⎞⎪ ⎪− + − −⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭

 

                          
0.3333 0.1667 j0.2887 0.1667 j0.2887

1 (0.5 j0.866) (0.5 j0.866)w w w

+ −
= − −

+ − + − −
 

                           
1 1 1

2 2 2

0.333 0.1667 j0.2887 0.1667 j0.2887

1 (0.5 j0.866) (0.5 j0.866)s s s

+ −= − −
+ − + − −

 

The time response can be obtained by inverse Laplace transforming and by using 

[ ]{ } 1 1
,q q

F a t
w as a

± = =
∓∓

L  pair as: 

[ ] [ ] [ ]0 1 1 1
2 2 2

( ) 0.3333 1, (0.1667 j0.2887) 0.5 j0.866, (0.1667 j0.2887) 0.5 j0.866,v t F t F t F t= − − + + − − −  

The 0 ( )v t thus obtained above for the circuit of semi-derivative terminal point 

immitance, connected to a voltage source through an inductor, is for only ‘forced-
response’. Similarly the solution of the ‘initialization-response’ may be obtained 
and then superimposed on this.  
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8.6   Realization of Fractional Order Transfer Function  

8.6   Realization of Fractional Order Transfer Function for PI Dα β  

8.6.1   Fractional Order PID Controller Approximation by FPP 
and  FPZ 

This section presents an effective method for the approximation by a rational 
function, for a given frequency band, of the fractional-order differentiator ms and 
integrator ms−  ( m  is a real positive number), and the fractional PI Dλ μ controller.  

First, the fractional-order integrator ms− (0 1)m< <  is modeled by a fractional 

power pole (FPP) in a given frequency band of practical interest. Next, this FPP is 
approximated by a rational function, using the method of singularity function 
approximations, discussed in earlier Chapter 7. The method in Chapter 7 was used 
to model the fractional-order differentiator ms  (0 1)m< < by a fractional power 

zero (FPZ). Then, the approximation method of the FPP is extended to the FPZ to 
obtain its rational function approximation. Therefore, with this method, one can 
achieve any desired accuracy over any frequency band, and a rational function 
approximation of the fractional-order differentiator and integrator. The rational 
function approximation of the fractional PI Dλ μ

 controller is just an application of 
the above method. 

8.6.2   Fractional Order Integrator 

8.6.2.1   Rational Approximation 

The transfer function of the fractional-order integrator is represented in the 
frequency domain by the following irrational transfer function: 

1
( )I m

G s
s

=                                                                (8.1) 

where js ω=  is the complex frequency and m  is a positive real number such that 

0 1m< < . The modulus of ( j ) ( j ) m
IG ω ω −=  at frequency Lω  is 

2

1
m

Lω
.The 

logarithmic value of the modulus at the frequency Lω , is therefore, 210 log( )Lm ω− . 

In a given frequency band of practical interest ( , )L Hω ω , this fractional-order 

operator can be modeled by an FPP whose transfer function is given as follows: 

( )

1

I
m

C

K
G s

s
ω

=
⎛ ⎞⎛ ⎞+⎜ ⎟⎝ ⎠⎝ ⎠

                                                      (8.2) 
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Suppose that forω is in between ( , )L Hω ω , where Cω ω>> . Therefore  

1
( ) ( )

m
I cI

Im m m

c

KK
G s G s

s ss

ω

ω

= = = =
⎛ ⎞
⎝ ⎠

.                               (8.3) 

The modulus of  

j( j ) ( ) 1
m

m
C

C
G ωω ω ω

−
− ⎛ ⎞= +⎝ ⎠ ,  at frequency Lω  is

2

2

1

( )[( ) ] 1
( )

m Lm
C

C

ωω ω+
.  

The logarithmic value of this modulus at Lω  is thus, 
2

2
20 log( ) 10 log L

C
C

m m
ωω
ω
⎛ ⎞

− − ⎜ ⎟⎝ ⎠
. The difference in logarithmic values of gain 

modulus at Lω  is denoted by ε , also called as slope error, 

log ( j ) log ( j )I LG Gε ω ω= − . Expanding this by putting the logarithmic 

modulus value we have: 

2
2

2

( )
10 log( ) 20 log 10 log

( )
L

L C
C

m m m
ωω ω ε
ω

− + + =  

2
2 2

2

( )
10 log( ) 10 log( ) 10 log

( )
L

L C
C

m m m
ωω ω ε
ω

− + + =  

2 2

2 2

( ) ( )
log 1

10( ) ( )
C L

L C m

ω ω ε
ω ω

⎧ ⎫⎛ ⎞⎪ ⎪+ =⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
 

2

1010 1C m

L

εω
ω

⎡ ⎤
⎢ ⎥⎣ ⎦

⎛ ⎞
= −⎜ ⎟⎝ ⎠

 

1010 1m
C L

ε

ω ω
⎡ ⎤
⎢ ⎥⎣ ⎦= −  

With ( )1/ m
I CK ω= ; Cω  is the ( 3 )dBm−  corner frequency of the FPP, which is 

obtained from the low frequency Lω , as: 

( )( )/1010 1m
C L

εω ω= −  

where ε  is the maximum permitted error between the slopes of the fractional-order 
integrator of (8.1) and the FPP of (8.2) in the given frequency band of interest 
( , )L Hω ω . Say the frequency of interest is from 0.1 Hz to 10 Hz, and to realize 

fractional integrator of order 0.6 with 510− as error in the slope of this realized 
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transfer function with the ideal fractional integrator, the, Cf  the -3m dB corner 

frequency is: 

510

10 0.6 40.1 10 1 2 10Cf

−⎡ ⎤
⎢ ⎥× −⎢ ⎥⎣ ⎦= − ≅ × Hz. 

In order to represent the FPP of (8.2), and consequently the fractional-order 
integrator, by a linear time-invariant system model, it is necessary to approximate 
its irrational transfer function by a rational one. The method of approximation 
(detailed in Chapter 7) consists of approximating the -20m dB/decade slope on the 
Bode magnitude plot of the FPP by a number of alternate slopes of -20 and 0 
dB/decade corresponding to alternate poles and zeros on the negative real axis of 
the s-plane such that 0 0 1 1 1... N Np z p z z p−< < < < < . Hence, the approximation is 

given by: 

( )( )

( )( )

1

0

0

1
( )

11

N

i
iI

Im N

i
c i

s z
K

G s K
s s pω

−

=

=

+
= ≅
⎛ ⎞⎛ ⎞ ++⎜ ⎟⎝ ⎠⎝ ⎠

∏

∏
                                    (8.4) 

Using a simple graphical method (detailed in Chapter 7) that began with a 
specified error y  in decibels and frequency band maxω  which can be 100 Hω  the 

parameters a , b , 0p , 0z and N  can be calculated as: 

( ) [ ] [ ]

( )

/10 1 /10 /20
0

0 0

max 0

10 , 10 , 10

log /
Integer 1

log( )

y m y m y m
Ca b p

z ap

p
N

ab

ω

ω

−⎡ ⎤⎣ ⎦= = =
=

⎡ ⎤
= +⎢ ⎥

⎣ ⎦

 

The poles ( )ip  and the zeros ( )iz  of (8.4) are found to be in a geometric 

progression form. They can then be derived from the above parameters as 
( )i

ip ab=  for 0,1,...i N=  and ( )i
iz ab=  for 0,1,2...( 1)i N= − . Hence, the 

fractional order integrator can be approximated by a rational function in a given 
frequency band of interest as: 

( )( )
( )( )

1

0
0

0
0

1 ( )
( )

1 ( )1

N
i

iI
Im N

i

C i

s z ab
K

G s K
s s p abω

−

=

=

+
= ≅
⎛ ⎞⎛ ⎞ ++⎜ ⎟⎝ ⎠⎝ ⎠

∏

∏
                                  (8.5) 



418 8   Application of Generalized Fractional Calculus 
 

8.6.3   Fractional Order Differentiator 

8.6.3.1   Rational Approximation 

The transfer function of the fractional-order integrator is represented in the 
frequency domain by the following irrational transfer function: 

( ) m
DG s s=                                                               (8.6) 

Where js ω=  is the complex frequency and m  is a positive real number such that 

0 1m< < . In a given frequency band of practical interest ( , )L Hω ω , this 

fractional-order operator can be modeled by an FPP whose transfer function is 
given as follows: 

( ) 1
m

D
C

s
G s K

ω
⎛ ⎞

= +⎜ ⎟⎝ ⎠
                                                        (8.7) 

Suppose that ω  is between ( , )L Hω ω , with Cω ω>> . Therefore  

( ) ( )
mm

mD
D Dm

C C

K ssG s K s G sω ω
⎛ ⎞= = = =⎝ ⎠                              (8.8) 

With ( )m
D CK ω= ; Cω  is the -3m dB frequency corner of the FPZ, which is 

obtained from the low frequency Lω , as: 

( )( )/1010 1m
C L

εω ω= −  

where ε  is the maximum permitted error between the slopes of the fractional-
order differentiator of (8.6) and the FPZ of (8.7) in the given frequency band of 
interest ( , )L Hω ω . 

In order to represent the FPZ of (8.7), and consequently the fractional-order 
differentiator, by a linear time-invariant system model, it is necessary to 
approximate its irrational transfer function by a rational one. The method of 
approximation consists of approximating the -20m dB/decade slope on the Bode 
plot of the FPZ by a number of alternate slopes of -20 and 0 dB/decade 
corresponding to alternate poles and zeros on the negative real axis of the s-plane 
such that 0 0 1 1 ..... Nz p z p p< < < < <  . Hence, the approximation is given by: 

( )( )

( )( )
0

0

1
( )

1

N

m i
i

D D N
C

i
i

s z
sG s K K

s p
ω

=

=

+
⎛ ⎞= ≅⎝ ⎠

+

∏

∏
                                              (8.9) 
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Using a simple graphical (detailed in Chapter 7) method that began with a 
specified error y in decibels and frequency band maxω which can be100 Hω , the 

parameters a , b , 0p , 0z and N  can be calculated as: 

( ) [ ] [ ]

( )

/10 1 /10 / 20

0 0

max 0

10 , 10 , 10

log /
Integer 1

log( )

y m y m y m
o Ca b z

p az

z
N

ab

ω

ω

−⎡ ⎤⎣ ⎦= = =
=

⎡ ⎤
= +⎢ ⎥

⎣ ⎦

 

The poles ( )ip  and the zeros ( )iz of (8.9) are found to be in a geometric 

progression form. They can then be derived from the above parameters as 

0 ( )i
ip p ab=  for 0,1,2...,i N=  and 0 ( )i

iz z ab=  for 1,2,...( 1)i N= − . Hence, the 

fractional order differentiator can be approximated by a rational function in a 
given frequency band of interest as: 

( )( )
( )( )

0
0

0

1 ( )
( )

1 ( )

N
i

m
i

D D N
C i

o
i

s z ab
sG s K K

s p ab
ω

=

=

+
⎛ ⎞= ≅⎝ ⎠

+

∏

∏
                                (8.10) 

8.6.4   Fractional PIλDμ Controller 

8.6.4.1   Rational Approximation 

The fractional PI Dλ μ controller is a generalization of the PID  controller. The 
transfer function of this controller is given in the frequency domain by the 
following irrational function: 

( ) I
P D

T
C s K T s

s
μ

λ= + +                                              (8.11) 

where js ω=  is the complex frequency, PK  is the proportional constant, IT  is the 

integration constant, DT  is the differentiation constant and λ  and μ  are positive real 

numbers. In general, these real numbers are such that 1λ >  and 2μ < . Hence, (8.11) 

can be rewritten as 

[ ]( )1
( ) D

I

mI
P Dm

T
C s K T s s

s s

⎡ ⎤⎛ ⎞= + +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
                          (8.12) 

where ( / )IT s  is a first-order integrator, (1/ )Ims is a fractional order integrator 

with 0 1Im< < , ( )DT s  is a first-order differentiator and ( )Dms is a fractional-order 
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differentiator with 0 1Dm< < . In order to represent the fractional PI Dλ μ  

controller of (8.11) by a linear time-invariant system model, it is necessary to 
approximate its irrational transfer function by a rational one. Hence, in a given 
frequency band of practical interest ( , )L Hω ω , the fractional-order integrator can 

be modeled by an FPP and the fractional-order differentiator by an FPZ. It has 
also been shown how the FPP and the FPZ can be approximated by rational 
functions.  

Hence, (8.12) becomes 

( )( )
( )( )

[ ]
( )( )
( )( )

1

0 0

0 0

1 1
( )

1 1

I D

i i

I D

i i

N N

I D
i iI

P I D DN N

I D
i i

s z s z
T

C s K K T s K
s

s p s p

−

= =

= =

⎛ ⎞ ⎛ ⎞
+ +⎜ ⎟ ⎜ ⎟⎡ ⎤⎜ ⎟ ⎜ ⎟= + +⎢ ⎥⎣ ⎦⎜ ⎟ ⎜ ⎟+ +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∏ ∏

∏ ∏
        (8.13) 

The poles ( )
iIp , the zeros ( )

iIz  and the parameters IK  and IN  of the rational 

function approximation of the fractional order integrator can be calculated as 
described in earlier section 8.6.2. Also, the zeros ( )

iDz , the poles ( )
iDp  and the 

parameters DK  and DN  of the rational function approximation of the fractional-

order differentiator can be calculated as described in section 8.6.3. 

8.6.5   Realization of Fractional Order Element by Circuit Network 

The realization of any rational function can be achieved by using lumped linear 
circuit components R  and C . The most important consideration is the availability of 
the values of these passive components. Very large capacitances and very low 
resistances are generally not available. Here the design of simple one port and two 
port networks are explained. 

8.6.5.1   Impedance Functions of a Single Port Network 

One port network consists of series connection of R C− parallel, hence problem is 
to find values of R and C .The partial fraction of rational transfer function, an 
approximate for fractional integrator will yield: 

( )
( ) 0

1 1

( )
nn

i i

i ii i

s z k
G s k

s p s p= =

+
= = +

+ +∏ ∑  

and the impedance function of the R C−  parallel combination is 
1/

( )
(1/ )RC

C
z s

s RC
=

+
. Comparing this with above, for thi R C−  parallel segment 

we get 1/i iC k=  and /i i iR k p= . This means a resistance of value 0 0R k=  and 
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n  sets of R C−  parallel segments connected in series, will give one port network 
with desired impedance function ( )G s . This implementation is possible only 

when i ip z<  or for only fractional integration. For fractional order differentiation 

the network is implemented as 1/ ( )G s  and should be connected in place of ( )iZ s  

of Figure 8.1. The problem with this implementation is that there are unique 
values of iR and iC for fixed ip and iz . Another limitation is that non standard 

value for capacitor is demanded. Further, after calculations very high capacitances 
are required for low values of poles and very low value of resistances are required 
for high frequency poles. These are difficult to obtain and impractical for 
operational amplifier practical circuits. 

8.6.5.2   Impedance Functions of a Two Port Network 

Thus another idea is implemented as to use cascaded connections of two port 
networks each having first order transfer function with a zero. In the circuit of 
Figure 8.1, ( )iZ s  and ( )fZ s of the operational amplifier, select R C− parallel for 

both these impedances. The indices are 1 for iZ and 2 for fZ , and will give the 

transfer function (Figure 8.1) as, 

1 1 1

2 2 2

(1/ )
( )

(1/ )

C s R C
G s

C s R C

+
=

+
. 

Now selecting 1 2i i iC C C= = , we get 1 1/i i iR z C=  and 2 1/i i iR p C= . Here easily 

available values of iC ’s can be selected independent of ip and iz . The required 

values at the resistances can be configured by using the fixed value of available 
resistances with trim-pots. This circuit though realizable practically is cascaded by 
AC coupling, which is susceptible to noise. Hence a modified scheme is generated 
by this method coupled with single port network.  

8.6.5.3   Improved Two Port Network 

Further improvement is achieved by combining the above two ideas. The rational 
approximation transfer function is implemented here, by cascaded connection of 
the basic two port network (Figure 8.1 with iZ and fZ ) in which one port network 

has first order impedance function with a zero represented as ( )Z s′ as: 

( )
s z k

Z s k
s p s p

+
= = +′ ′

+ +
 

This modified impedance means resistance R′ in series with R C− parallel. This 
gives 
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(1/ )
( )

(1/ )
ps R C

Z s R
s RC

+
=′ ′

+
, where / ( )pR RR R R= +′ ′  

In this realization zero is always greater than pole. Hence referring to Figure 8.1, 
for the integration circuit chose ( ) ( )fZ s Z s= ′  and ( )iZ s R= ′  because ip p=  

and iz z= . For differentiation circuit put in Figure 8.1, ( ) ( )iZ s Z s= ′  and 

( )fZ s R= ′ , because ip z=  and iz p= . 

For implementation of thi  two-port network segment select any available 
capacitor iC . Then the resistance values are calculated as 1/i i iR p C=  and 

1/ ( )i i i iR z p C′ = − , for fractional order integration. For fractional order 

differentiation we have 1/i i iR z C=  and 1/ ( )i i i iR p z C′ = − . For example for 6 pole-

zero pair approximation for CPE for half order differentiation, the first zero is at 

1 2.2537rad / secz =  (Chapter 7 CPE algorithm), and first pole at 

1 6.0406rad / secp = . Now practically choosing 1 1 FC μ= , gives 

1 1 11/ 443.7KR z C= = Ω  and 1 1 1 11/ ( ) 264KR p z C′ = − = Ω . So the first op-amp 

stage of two port network will comprise of impedance ( )iZ s made with 

1 443KR = Ω parallel with 1 1 FC μ= , series with 1 264KR ′ = Ω . The 

( )fZ s comprises of 1 264KR ′ = Ω . There will be six such circuits for different pole-

zero values, to realize approximate of 0.5s , in the said frequency band (Chapter 7). 
The circuit is in Figure 8.18 and the values are listed in Table 8.1.  

 
Table 8.1 Six cascaded circuits with values for realization of half order differentiator 

i iz ip iC 1/ i iziR z C
1/ )

fi

i i i

R
(

iiR
p z C

1 2.2537 6.0406 1 F 443.7K 264K

2 15.955 42.764 1 F 62.67K 37.3K

3 112.95 302.75 680 Fn 18.83K 11.21K
4 799.65 2143.3 68 Fn 18.39K 10.94K
5 5661.1 15173 10 Fn 17.64K 10.5K
6 40078 107420 1 Fn 24.95K 14.85K  
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Fig. 8.18 Cascaded circuit for realization of practical fractional order differentiator 
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Fig. 8.19 Input and output waveform for α=+0.5 

For the circuit shown in Figure 8.18, the input-output wave form at different 
frequency is obtained. Here it is observed that the input-output phase remains 

constant at 
045  with lead, for 0.5α = +  for the desired frequency band. The 

waveform shown in Figure 8.19 is for frequency f=500Hz. For fractional 

integration realization the ( )fZ s , comprises of ziR parallel with iC  and series 

with iiR . The ( )iZ s  will comprise of fiR  in Figure 8.18. This way one can obtain 
rational approximates of the fractional order differintegrals for a desired band of 

frequency for any value from (0,1)α ∈ . The Figure 8.20 gives picture of this 

technique applied to make hardwire fractional order PID. The knobs and selection 
switches are set so as to get fractional order differentiation or integration for order 
0.2, 0.5, 0.8 and 1.0, with proportional integral and differential gain 
potentiometers. The experiment in Figure 8.20 shows connection with DC motor 
emulator circuit as devise to be controlled. This experimental platform gives 
hardwire environment for study of ‘iso-damping’ and various aspects of controls 
(integer order vis-à-vis fractional order PID).   
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Fig. 8.20 Hardwire circuit with fractional order PID being tested in close loop with DC 
Motor emulator circuit 

8.7   Advance Digital Algorithms Realization for Fractional Controls 

As seen from the definitions of fractional differintegrations the operations are not 
a local or point property, rather distributed quantities. In the process therefore to 
obtain value of fractional differentiation and integration a bit of historical behavior 
are required. In spatial terms required is what behavior at the neighborhood of that 
function is. The GL RL definitions capture that historical behavior of the function, 
undoubtedly enormous amount of memory requirement be needed in spite of 
having short-memory principle. The historical behavior of the function is 
described by initialization function (instead of constant states in integer order 
calculus). Minimum 100 recent past history of the function is required to obtain 
good estimate with tolerable error and to get that initial function. There are 
advances in algorithms are to emulate the fractional differintegration by digital 
control theory of discretization lead to several other memory efficient method, as 
compared to GL method described herein. Few advance digital control algorithms 
are by power series expansion of Tustin rule Al-Alouni rule continued fraction 
expansion and method of interpolation through fractional order delay. These 
advance algorithms are to realize the fractional control digital systems with 
approximately one-tenth of memory requirement as compared with the short-
memory principle of the GL method. Advances in the algorithm development in 
this direction are ongoing process, and this century will see several of them. Here 
in this section attempt is made to give the digital realization of the fractional 
differintegration operators. In this section required is reader’s knowledge about  
z- transforms and control system basics and digital filters fundamentals. 
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8.7.1   Concept of Generating Function 

Discretization of fractional order differentiation rs  can be expressed by so called 
generating function. Here the s is Laplace variable and in discrete domain is z 
variable. To revise the concepts of digital controls the monomial 1z− is the unit 
delay dictated by sampling or dicretization time T. The generating function is 

1( )s zω −= . For backward difference or Euler’s rule the function is 
1

1 1
( )gf

z
G z

T

−
− −

= . Performing the power series expansion (PSE) of the 1(1 ) rz− ±−  

using short memory principle we get: 

( ) ( ) [ ] ( )
[ ]

[ ]
/

/ /1

0

( 1
L T

rr jL T L T jr
gf

j

r
s G z T z z

j

±± − −−

=

±⎛ ⎞
= = − ⎜ ⎟⎝ ⎠∑∓  

T: sampling period, L: Memory length, ( 1) j r

j

±⎛ ⎞
− ⎜ ⎟⎝ ⎠

 are binomial coefficients of 

the form i.e. ( ) ( ) ( )
0

1 ( )
1, 1 1r r r

j j

r
c c c

j

⎛ ⎞+ ±
= = − −⎜ ⎟⎝ ⎠

. This PSE of the backward 

difference rule give the digital realization of the GL Method with short memory 
principle. Applying this realization in digital filter realization gives the Finite 
Impulse Response (FIR) digital filter. 

Generating function for the Trapezoidal rule (Tustin) is  

( )
1

1
1

2 1
( ) ( )

1

r
r

T gf

z
G z G z

T z

±−±−
−

⎛ ⎞−
= = ⎜ ⎟+⎝ ⎠

 

Al-Alouni mixed Trapezoidal and Euler generating function is  

( )
1

1
1

8 1
( ) ( )

7 1

r
r

gf

z
G z G z

T z

±−±−
−

⎛ ⎞−
= = ⎜ ⎟+⎝ ⎠

 

These are infinite order rational discrete time transfer function. To approximate it with 
a finite order rational one Continued Fraction Expansion (CFE) is an efficient way.  

1
0

2
1

3
2

( )
( ) ( ) ( )

( )
( )

( )
( )

.......

b z
G z G z a z

b z
a z

b z
a z

∧
= = +

+
+

 , 

With ,i ia b are either rational functions of the variable z or constants. With CFE 

method the realization obtained is Infinite Impulse Response (IIR) digital filter. In 
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number theory the CFE method is used to represent a real number. A number can 
be represented as 

0

1
2

1
1

...

x a
a

a

= +
+

+

. 

For x π= , [ ]0 3a π= = , 1

1
7

3
a

π
⎡ ⎤= =⎢ ⎥−⎣ ⎦

, 2

1
15

1
7

3

a

π

⎡ ⎤
⎢ ⎥

= =⎢ ⎥
⎢ ⎥−

−⎣ ⎦

. 

The [ ]*  is ‘FLOOR’ function returns the integer part after operation. 

8.7.2   Digital Filter Realization by Rational Function 
Approximation for Fractional Operator 

Al-Alouni (1997) stated that magnitude of frequency of ideal integrator 1/s lies 
between that of Simpson and Trapezoidal digital integrators. It is reasonable to 
interpolate the Simpson and Trapezoidal digital integrators to compromise the 
high frequency response. The Simpson digital integrator is  

2

2

( 4 1)
( )

3( 1)S

T z z
H z

z

+ +=
−

, 

The Tustin (trapezoidal) integrator is 
( 1)

( )
2 ( 1)T

T z
H z

z

+
=

−
.  

The combined digital integrator is ( ) ( ) (1 ) ( )S TH z aH z a H z= + − , and the tuning 

knob fraction [ ]0,1a ∈ . Putting Simpson integrator and Tustin integrator we obtain 

[ ]{ }2

1 2
2 2

(3 ) 2(3 ) / (3 ) 1 (3 )( )( )
( )

6( 1) 6( 1)

T a z a a z T a z r z r
H z

z z

− + + − + − + +
= =

− −
 

With 1

3 2 3

(3 )

a a
r

a

+ +=
−

 and 2

3 2 3

(3 )

a a
r

a

+ −=
−

. Note that 1
2

1
r

r
= , and 1 2 1r r= = , 

when 0a = (Pure Tustin). For 0a ≠ , ( )H z must have one Non –Minimum Phase zero. 

Firstly we can obtain a family of new integer order digital differentiators from 
the digital integrator introduced above by mixing Simpson and Tustin. Direct 
inversion of ( )H z  will give an unstable filter since ( )H z has non-minimum 

phase (NMP) zero 1r .  
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By reflecting the NMP 1r  to 11/ r  i.e. 2r we have approximate as 

2
2

2

(3 )( )
( )

6( 1)

T a z r
H z K

z

∧ − +
=

−
. 

To determine K let the final value of the impulse response have ( )H z and 

( )H z
∧

be the same. Applying final value theorem i.e. 

1 1
lim( 1) ( ) lim( 1) ( )
z z

z H z z H z
∧

→ →
− = − , which gives 1K r= . Therefore, the new families 

of the digital differentiator are given by generating function 

22
2

2 2
1 2 2

6 ( 1)1 6( 1)
( )

(3 )( ) (3 )( )( )

r zz
G z

rT a z r T a z rH z
∧

−−= = =
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Finally we can obtain the expression for the Digital Fractional Order 
Differentiator as: 

( )
2

1 1
0 1 2

1
( ) ( )

(1 )

r
r

gf

z
G z G z k

bz

−
− −

−

⎛ ⎞−
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 Where [ ]0,1r ∈ ,  

2
0

6

(3 )

r
r

k
T a

⎛ ⎞
= ⎜ ⎟⎝ − ⎠

and 2b r= . 

It is well known that compared to Power Series Expansion (PSE) the Continued 
Fraction Expansion (CFE) is a method of evaluation of functions with faster 
convergence in larger domain in complex plane. Using the CFE approximations 
for an irrational function 1( )G z−  can be expressed as approximation. The CFE can 

be automated by using MATLAB symbolic toolbox 
2

2

1

(1 )

r
x

CFE
bx

⎛ ⎞−
⎜ ⎟+⎝ ⎠

 with 

1x z−= for desired order n. The MATLAB script generates the above CFE with 
polynomial containing the numerator and denominator with coefficients being 
function of b and r. Following list is IIR transfer function for 3n = , 0 1a = − in 
steps of 0.25 for semi-differentiation 0.5r = at sampling time of 

0.001T s= (1ms).  

,n aG Means n-th order polynomial approximate at mixing value a. 

1 2
1

(3,0) 1 2 3
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z z
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1 2 3
1

(3,0.75) 1 2 3

968.1 442 820.8 363
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The fourth order approximation is for digital IIR is listed below 
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8.7.3   Filter Stability Consideration 

For odd CFE 3n = , the pole-zero maps are nicely placed and behaved, that is, all 
pole and zeros of the transfer function lie inside the unit circle and the poles and 
zeros are interlaced along the segment of the real axis corresponding to ( )1,1z ∈ − . 

However, when 4n = even and if ‘a’ is near unity (tending towards Simpson rule) 
there may have one canceling pole-zero pair, which may not be desirable. 
Therefore suggestion is to use odd order (polynomial) expansions for CFE.  When 

0a =  for Tustin (trapezoidal) rule pole-zero (P-Z) maps always inside unit circle 

in an interlacing way along the segment of the real axis ( )1,1z ∈ − . For special 

case 0a =  Tustin CFE for odd polynomial expansion gives  

1 1
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For semi-differentiation realization 0.5r = for discretization time 0.001T s=  
(1ms) the approximate odd CFE expansions are: 
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0.5
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8.8   Charge Conservation for Fractal Distribution 

Let us consider a fractal distribution of charged particles. For example we assume 
that charged particles with constant density are distributed over the fractal. In this 
case, the number density of particles N  enclosed in a volume with characteristic 

size R  satisfies the scaling law ( ) dN R R∼ , whereas for a regular n -dimensional 

Euclidian object we have ( ) nN R R∼  ( n is integer). For charged particles with 

number density ( , )n r t  we have that the charge density can be defined by 

( , ) ( , )r t en r tρ = ± , where e± represents charge in coulombs. The total charge of 

the region W  is then given as 3( ) ( , )
W

Q W r t dVρ= ∫ , or ( ) ( )Q W eN W= ± , where 

( )N W  is the number of particles in the region W . The fractional generalization 

of this equation is ( ) ( , ) d

W

Q W r t dVρ= ∫ , where d  is the fractal dimension of the 

distribution and ddV  is element of d -dimensional volume, such that 

3 3( , )ddV K r d dV=  and 3 3
3 ( , ) ( / 3)dK r d r d− −= Γ  (refer Chapter 5 for details). 

Let us try to define Electric current of fractal distribution. For charged particles 
with number density ( , )n r t  flowing with velocity ( , )v v r t=  (a function of 

position and time); the resulting current density is given by 
( , )J r t as ( , ) ( , )J r t en r t v= . Where e is the coulomb of charge of particle. For 

electrons it is e− and for holes it is e+ . The electric current defined as the flux of 
electric charge. Measuring the field ( , )J r t passing through a surface 

S W= ∂ gives the current (that is flux of charge) as: 

( )2( ) ( )J

S

I S S J dS= Φ = •∫ , where ( , )J J r t=  is the current vector, 2dS  is 

differential area. The fractional generalization of this flux equation for the fractal 
distribution can be written in the following form: 

( )( ) ( , ) d

S

I S J r t dS= •∫ , where 2 2( , )ddS K r d dS= , and 2 2
2 ( / 2)dK r d− −= Γ  

(Chapter 5). 
The electric charge has fundamental property; the change of quantity of charge 

inside a region W  is bounded by the surface S W= ∂  is always equal to the flux 
of charge through this surface. If we denote ( , )J r t  as the electric current density, 

then the charge conservation is written as: 
( )

( )
dQ W

I S
dt

= −  or in integral form as ( )( , ) ( , )d d

W W

d
r t dV J r t dS

dt
ρ

∂

= − •∫ ∫v . In 

particular when the surface S W= ∂  is fixed we can write 
( , )

( , ) d d

W W

d r t
r t dV dV

dt t

ρρ ∂
=

∂∫ ∫ . Using the fractional generalization of the Gauss’s 

law (Chaprer-5), we have: 
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( ) ( ) [ ]1

3 3 2 2( , ) ( , ) ( , ) ( , )d d

W W

J r t dS K r d K r d J r t dV
x

−

∂

∂
• =

∂∫ ∫v , 

where 3 3 3
3 3 3( , ) ( / 3)dK r d r d− −= Γ . Assuming the flux vector is flowing in 

x direction only. Substituting the RHS above two equations into the integral 
equation of charge conservation law (above); we get the following: 

[ ]3 3 2 2

( , )
( , ) ( , ) ( , ) 0

r t
K r d K r d J r t

t x

ρ∂ ∂
+ =

∂ ∂
 

This equation can be considered as continuity equation for fractal distribution of 
particles. 

8.9   Electric Field of Fractal Distribution 

8.9.1   Electric Field and Coulomb’s Law for Fractal Distribution 

In this section the electrostatic laws will be generalized for fractal distributions, 
from the generalization concepts developed in Chapter 5. The Coulomb’s law 
relates Electric field to charges, as they are the source. For a point charge Q  at 

position r ′ the electric field at a point r is given as 

3
04

Q r r
E

r rπε
− ′=
− ′

. For a continuous stationary distribution of charges ( )rρ ′  

the Electric field is: 33
0

1
( ) ( )

4 W

r r
E r r dV

r r
ρ

πε
− ′= ′ ′
− ′∫  with 3dV dx dy dz=′ ′ ′ ′ . These 

are well known expressions for electrodynamics. The fractional generalizations of 
these laws are taken in this section for fractal charge distribution, in the following 
sections with concept developed in Chapter 5. 

The fractional generalizations of the above equations for the electric field is 

3
0

1
( ) ( )

4 d

W

r r
E r r dV

r r
ρ

πε
− ′= ′ ′
− ′∫ , where 2 3d< <  and 3 3( , )ddV K r d dV=′ ′  

This can be considered as Coulomb’s law for a fractal stationary distribution of 
electric charges in a fractal dimension d  enclosed in regionW . 

8.9.2   Gauss’s Law for Fractal Distribution 

Electric field passing through a surface S W= ∂ gives ‘electric flux’ as  

2( )E S
S E dSΦ = •∫v , where E is the electric-vector and 2dS  is the differential 

area. Gauss law tells us that total flux ( )E SΦ  of the electric field E  through a 
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closed surface S W= ∂  is proportional to the electric charge ( )Q W  inside the 

surface, that is 0 ( ) ( )E S Q Wε Φ = . The electric flux out of any closed surface is 

proportional to the total charge enclosed within the surface. 

For the fractal distribution the Gauss’s law states: 2
0

1
( , ) dS

W

E dS r t dVρ
ε

• =∫ ∫v , 

where 3 3( , )ddV K r d dV= . 

If we consider the stationary spherically symmetric fractal distribution 
( , ) ( )r t rρ ρ= and a ball region W ; such that r R≤ , then we have 

2
3

0

( ) 4 ( ) ( , )
R

Q W r K r d r drπ ρ= ∫ . Putting the value of 3 3
3 ( , ) ( / 3)dK r d r d− −= Γ , we 

have 3 1

0

( ) 4 { ( / 3)} ( )
R

dQ W d r r drπ ρ− −= Γ ∫ .  

Using the sphere S  such that its radius is r R=  as surface S W= ∂  we get 
2( ) 4 ( )E W R E RπΦ ∂ = . Substituting these two in the Gauss law we get the 

equation of electric field. As a result of Gauss’s law for fractal distribution with 
spherical symmetry leads to the equation for electric field as: 

1
2 3

0 0

1
( ) ( )

( / 3)

R
dE R r r dr

R d
ρ

ε
−=

Γ ∫  

For example the electric field of homogeneous, uniform 0( )rρ ρ= , spherically 

symmetric fractal distribution is defined by 2 20
3

0

( )
( / 3)

d dE R R R
d d

ρ
ε

− −=
Γ

∼ . 

8.10   Magnetic Field of Fractal Distribution 

8.10.1   Biot-Savart Law for Fractal Distribution 

The Biot-Savart law relates magnetic fields to the currents. The sources of 
magnetic fields are currents. This is similar to Coulomb’s law. For a continuous 

distribution the Biot-Savart law is 0
33

( ) ( )
( )

4 W

J r r r
B r dV

r r

μ
π

× −′ ′= ′
− ′∫ . 

Finding the magnetic field resulting from a fractal current distribution involves 
the vector product and is inherently a fractional calculus problem when the 
distance from the current to the field point is continuously changing. The 

fractional generalization of the above equation is: 0
3

( ) ( )
( )

4 d

W

J r r r
B r dV

r r

μ
π

× −′ ′= ′
− ′∫ . 
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8.10.2   Ampere’s Law for Fractal Distribution 

The magnetic field in space around an electric current is proportional to the 
electric current which serves as source, just as electric field in space is 
proportional to the charge. In case of static electric fields the line integral of 
magnetic field around a close loop is proportional to the electric current flowing 
through the loop. The Ampere’s law is equivalent to the steady state of the 
Maxwell integral equation in free space, and relates the spatially varying magnetic 
field ( )B r  to the current density ( )J r . Let there be a closed path around a current. 

The Ampere’s law states that line integral of the magnetic field B along the closed 

path L  is given by 0 ( )
L

B dL I Sμ• =∫v , where dL is differential length of line 

element. For fractal distribution the generalization is ( ) ( )d

S

I S J dS= •∫ , where 

2 2( , )ddS K r d dS= , with 1 2d< <  and 2 2
2 ( , ) ( / 2)dK r d r d− −= Γ .  

If we consider cylindrical symmetry fractal distribution we have 

 2
0

( ) 2 ( ) ( , )
R

I S J r K r d rdrπ= ∫  and putting the value of 2 ( , )K r d  we get 

2 1

0

( ) 2 [ ( / 2)] ( )
R

dI S d J r r drπ − −= Γ ∫ . Using a circle as L  with radius r R=  we 

have ( ) 2 ( )
L

B dL RB Rπ• =∫v , where 10
2

0

( ) ( )
( / 2)

R
dB R J r r dr

R d

μ −=
Γ ∫ . For example 

magnetic field ( )B r , at r R= of uniform and homogeneous, fractal current density 

0( )J r J=  is 1 10
0 2

( )
( / 2)

d dB R J R R
d d

μ − −=
Γ

∼ . 

8.11   Maxwell Equation for Fractal Distribution 

The Maxwell equations are fundamental set of equations governing electromagnetism. 
The equations that can be expressed in integral form expressions are: 

( )2 3
0

1

S W

E dS dVρ
ε

• =∫ ∫v  

( ) ( )1 2

L S

E dL B dS
t

∂
• = − •

∂∫ ∫v  

( )2 0
S

B dS• =∫v  

( ) ( ) ( )1 0 2 0 0 2

L S S

B dL J dS E dS
t

μ ε μ ∂
• = • + •

∂∫ ∫ ∫v  
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Suppose that the electromagnetic field can be defined on fractal as an 
approximation of some real case with fractal medium, and if the fields ( )E r and 

( )B r can be defined on fractal and does not exist outside fractal in Euclidian space 

of 3D, then we can have fractional generalization of these integral Maxwell 
equations in the form: 

( )
0

1
d d

S W

E dS dVρ
ε

• =∫ ∫v  

( ) ( )d d

L S

E dL B dS
t

∂
• = − •

∂∫ ∫v  

( ) 0d

S

B dS• =∫v  

( ) ( ) ( )0 0 0d d d

L S S

B dL J dS E dS
t

μ ε μ ∂
• = • + •

∂∫ ∫ ∫v  

These fractional integrals are considered as an approximation of integrals on fractals. 
Using the fractional generalization of the Stroke’s law and Gauss’s law for line-

surface-volume integrations, (Chapter 5) we write the fractional Maxwell equations 
in the form as: 

( ) [ ]1

3 3 2 2
0

1
( , ) div ( , ) d dW W

K r d K r d E dV dVρ
ε

−
=∫ ∫  

( ) [ ]( )1

2 2 1 1( , ) curl ( , ) d dS S
K r d K r d dS B dS

t

− ∂
= − •

∂∫ ∫  

( ) [ ]1

3 3 2 2( , ) div ( , ) 0dW
K r d K r d B dV

− =∫  

( ) [ ]( ) ( ) ( )1

2 3 1 1 0 0 0( , curl ( , ) . d d dS S S
K r d K r d B dS J dS E dS

t
μ ε μ− ∂

= • + •
∂∫ ∫ ∫  

As a result we get following Maxwell equations in differential forms: 

[ ]2 2 3 3
0

1
div ( , ) ( , )K r d E K r d ρ

ε
=  

[ ]1 1 2 2curl ( , ) ( , )K r d E K r d B
t

∂
= −

∂
 

[ ]2 2div ( , ) 0K r d B =  

[ ]1 1 0 2 2 0 0 2 2curl ( , ) ( , ) ( , )
E

K r d B K r d J K r d
t

μ ε μ ∂
= +

∂
 

Note that in classical electrodynamics there is no magnetic charges or ‘magnetic 
monopoles’. This makes [ ]2 2div ( , ) 0K r d B = .This magnetic field B  is also called 
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‘dipole’ field; no matter how small the volume is, you will get equal numbers of north 
and south poles. This equation can be re-written as: ( )2 2div grad ( , )B B K r d= − • . For 

a general case 2d ≠  the vector [ ]2grad ( , ) 02K r d ≠  and the magnetic field satisfies 

[ ]div 0B ≠ , indicating presence of ‘magnetic monopole’  or existence of ‘magnetic-

charges’, with magnitude as 2 2( , )me B K r d• ∇∼ .  

8.12   Electric Dipole Moments for Fractal Distribution 

To compute one particular case of multi-pole expansion, let R  be a vector from a 
fixed point i.e., origin to the observation, r  be the vector from the reference point 
(origin) to a point in the body to the observation point, and d = R - r  be the vector 
from a point in the body to the observation point. From law of cosines we have: 

2
2 2 2

2
2 cos 1 2 cos2 r r

d R r rR R
RR

θ θ
⎛ ⎞

= + − = + −⎜ ⎟⎝ ⎠
 where d = d  and 

( )cos / ( )rRθ = r.R  so 
2

2
1 2 cos

r r
d = R

RR
θ+ − . Now define /r R∈=  and 

cosx θ= , then ( ) 1
2 21 1

1 2 x
d R

−
= − ∈ + ∈ . Note that 

12 2(1 2 )x
−− ∈ + ∈  is the 

generating function for the Legendre polynomial ( )nP x  defined as 

12 2

0

(1 2 ) ( )n
n

n

x P x
∞

−

=

− ∈ + ∈ = ∈∑ . Using this we have the equation 

( )
0

1 1
cos

n

n
n

r
P

d R R
θ

∞

=

⎛ ⎞= ⎜ ⎟⎝ ⎠∑ .  

Any potential (gravitational, electric and magnetic) which behaves as inverse 
square (1/ )d of distance can be expressed as: 

( ) 31
00

1 1
cos ( )

4
n

nn W
n

U r P dV
R

θ ρ
πε

∞

+
=

= ∑ ∫ r . 

The 0n =  term in this expansion is called monopole term, can be written from above, 
as 0 ( ) 1P x = ; that is in expanded form with monopole extracted in following way: 

( ) 31
10 0

1 1 1 1
( ) cos ( )

4 4
n

nnW W
n

U r P dV
R R

ρ θ ρ
πε πε

∞

+
=

= + ∑∫ ∫r r  

The n -th term ( ) 31
0

1 1
cos ( )

4
n

n nn W
U r P dV

R
θ ρ

πε += ∫ r  is commonly termed to the 

multi-pole; when 0n =  this is monopole, with 1n =  this potential is dipole, and 
for 2n =  this is quadra-pole moments. 
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Therefore electric multi-pole expansion is determination of the voltage U  due to 
collection of charges obtained by performing a multi-pole expansion. This corresponds 
to a series expansion of charge density ( )ρ r  in terms of its moments given by 

expression ( ) 31
00

1 1
cos ( )

4
n

nn W
n

U r P dV
R

θ ρ
πε

∞

+
=

= ∑ ∫ r  where ( )cosnP θ is the 

Legendre Polynomial and θ  is the polar angle defined such that ( )cos /θ = r.R r R . 

The first term arises from 0 ( ) 1P x = , while all further terms vanish as a result of 

( )nP x  being a polynomial in x for 1n ≥ , giving (0) 0nP =  for all 1n ≥ . If we have 

3( ) ( ) 0
W

Q W dVρ= =∫ r  then the monopole term, for 0n =  vanishes. 

Set up coordinate system so that θ measures the angle from the charge-charge line 
with the midpoint of this line being the origin. Then 1n =  the dipole term is given as: 

( )1 1 32
0

1 1
cos ( )

4 W
U rP dV

R
θ ρ

πε
= ∫ r  

32
0

1 1
cos ( )

4 W
r dV

R
θρ

πε
= ∫ r  

( )
32

0

1 1
( )

4 W
dV

RR
ρ

πε
= ∫

r.R
r  

( ) 33
0

1 1
( )

4 W
dV

R
ρ

πε
= ∫ r.R r  

( ) ( )
33 3

0 0

1 1 1
( )

4 4W
dV

R R
ρ

πε πε
= =∫

R.p
R. r r  

For a continuous charge distribution the electric dipole moment is defined as 

3( )
W

dVρ= ∫p r r , where r  points from positive to negative. 

For a fractal distribution define the dipole moment as generalization of classical 

definition; that is: ( )d dW
dVρ= ∫p r r . This gives dipole moment of fractal 

distribution as: 

( )
1 2

0 0

cos1 1

4 4
d d

3

p
U

R R

α
πε πε

= =
R.r

 

where 
2 2 2

( ) ( ) ( )d x d y d z dp p p p⎡ ⎤ ⎡ ⎤ ⎡ ⎤= + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦  and ( )cos )d d/ (p Rα = R.p . 

Let us consider the dipole moment for the fractal distribution, given by 

( )d dW
dVρ= ∫p r r .Referring to Chapter 5, we have 

1
3

3 3
( , , , )

( / 3)

d

xyz
K x y z d

d

−

=
Γ

 .Let 

us consider dipole moment for uniform homogeneous 0( )ρ ρ=r  fractal 
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distribution of electric charge in box region W with 0 x A≤ ≤ , 0 y B≤ ≤ and 

0 z C≤ ≤ .We have: 

( /3) 1

( ) 0 0 3

31 1
0 03 3 3

3 3 2
0 0 0

( )

( / 3)

( )

( / 3) ( / 3)
1

3 3

d

x d d
W

W

d
A B C d d d

xyz
p x dV x dxdydz

d

ABC A
dx dy dzx y z

d d d d

ρ ρ

ρ ρ

−

− −

= =
Γ

= =
Γ Γ ⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∫ ∫∫∫

∫ ∫ ∫
 

The electric charge of the box region W is defined by 

3
0

0 3
3

( )
( )

( / 3)
3

d

dW

ABC
Q W dV

d
d

ρρ= =
⎛ ⎞ Γ⎜ ⎟⎝ ⎠

∫  

Using the above expression we have dipole moments for fractal distribution in box 
in the form 

( )
3 ( )

1
3

x d

d

p Q W A
d

=
+

, ( )
3 ( )

1
3

y d

d

p Q W B
d

=
+

, ( )
3 ( )

1
3

z d

d

p Q W C
d

=
+

, 

where 2 3d< ≤ . 

8.13   Concluding Comments 

Here variety of Electrical and Electronics circuits has given the feel of generalized 
fractional calculus, approaches. The intentions are, to demonstrate the broad array 
of uses of the fractional calculus, to clearly delineate the effects of the 
initialization function, to contrast generalized versus integer order differentiation 
and integration, to demonstrate the generalized ‘zero-operation’ (inverse-
operation), to demonstrate the use of Laplace transform methods, to show some 
unusual aspects of mathematics concerning the modeling of distributed effects; 
broadly to give scientists and engineers a concept to model the reality of system 
being investigated by use of fractional calculus. The electrodynamics gets changed 
in fractal space giving rise to different interpretation; and even there exists 
possibility of finding ‘isolated’ magnetic charges. These ideas will generate 
several new laws of nature; or ‘new mathematics’ what Newton envisaged should 
nature shall follow.  

 



Chapter 9 
Application of Generalized Fractional Calculus 
in Other Science and Engineering Fields 
Application of Generalized Fractional Calculus 

9.1   Introduction 

In this chapter a series of applications are described where fractional calculus is 
finding application. We start with diffusion model in electrochemistry, electrode 
electrolyte interface, capacitor theory, fractance circuits, and application in feed 
back control systems, viscoelasticity, and vibration damping system. This survey 
cannot cover complete applications like modern trends in electromagnetic theory 
like fractional multipole, hereditary prediction of gene behavior, fractional neural 
modeling in bio-sciences, communication channel traffic models, chaos theory, 
hence simple applications are provided for appreciation. However in the feedback 
control system section attempt is made to provide vector state feed back controller 
and observer available for multivariate control science, with explanation of 
fractional order feedback control and fractional phase shaper design to achieve 
robust iso-damped close loop performance. 

9.2   Diffusion Model in Electrochemistry 

One of the studies of importance in electrochemistry is the determination of 
concentration of analyzed electro active species near the electrode surface. The 
characteristic describing function is found experimentally as 0.5

0( ) ( )tm t D i t−= , 

which is the fractional (half) integral of the current. Then the subject of interest is to 
find surface concentration ( )sC t  of the electro active species, can be evaluated as, 

0.5
0 0( ) ( ( )),s tC t C k D i t−= −  

where 1/ ( )k nAF= D , A being electrode area, n number of electrons involved in 

the reaction, D  is the diffusion coefficient and F is the Faraday constant. C0 is the  
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uniform concentration of the electro active species through out the electrolyte 
medium, at the initial equilibrium situation characterized by constant potential at 
which the electrochemical reaction is possible. 

The relationship is derived from the classical diffusion equation: 

2

2

( , ) ( , )C x t C x t

t x

∂ ∂=
∂ ∂

D  , 

for  

(0 & 0)x t< < ∞ > with 0 0( , ) & ( ,0)C t C C x C∞ = = ; 

and 
0

( , ) ( )

x

C x t i t

x nAF=

∂⎡ ⎤ =⎢ ⎥∂⎣ ⎦
D  

(Similar equation for lossy semi-infinite transmission line and heat flux studies) 
Some interesting points are listed below. 

First the ( )m t  is characteristic intermediate between the current ( )i t  and the 

charged passed ( )q t . The charged passed is one integral as 1
0( ) ( )tq t D i t−= . This 

hints at non-conservation law of charges, as ( )m t  manifests. Secondly the kinetics 

of the electrode process and the surface property of electrode (alluding to 
heterogeneity) are not assumed. In a certain sense this approach of modeling 
embeds in a certain sense, contribution of particular features of the process in 
“non-integer order” of integration. Thirdly instead of classical diffusion equation 
it is possible to model with fractional-order diffusion equation as:  

2

0 2

( , )
( , )t

C x t
D C x t

x
α ∂=

∂
D  , 

with 0 1α< < , then the surface concentration will be related to 
/2

0( ) ( )tm t D i tα
α = . 

9.3   Electrode-Electrolyte Interface Impedance 

Warburg impedance in electrical battery (cell) is another motivating example of 
reality of fractional calculus. Limitations of electrical batteries, which always 
exhibit a limited current output is due to the fact that microscopic electrochemical 
process at the electrode electrolyte interface have “finite rate” and limit the current 
output. Battery manufactures use porous electrodes to circumvent this limitation, 
by way of increasing the surface area. It has been experimentally established that 
metal-electrolyte surface interface impedance does not exhibit pure capacitance 
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behavior, instead governed as power law: ( )
( j )

K
Z αω

ω
= where 0 1α< < . In 

Laplace domain impedance is, ( )Z s Ks α−= .  

This power term approaches unity (impedance tending to capacitive) as the 
smoothness of the interface is increased to infinity. 

Warburg impedance 0.5( ) ( j )Z ω ω −∝ , for any solid-state diffusion, electro 

chemistry, gives rise to power law in frequency. The constitutive equation is 
2

2

C C

t x

∂ ∂=
∂ ∂

D , which gives rise to 0.5( ) ( j )Z ω ω −∝ . When diffusion takes place in 

a layer of thickness L driven by diffusion over voltage at 0x = , the observed 
behavior is not solely Warburg impedance. In a spatially restricted situation there 
are at least two domains in the impedance spectra, which are separated by 

characteristic frequency 
2d L

ω = D
. Warburg occurs at high frequency regime 

dω ω> . At low frequency dω ω< , the impedance behavior depends if the 

diffusion species are reflected or extracted at the end of region ( x L= ). The 
reason for this is that the frequency dω corresponds to the transit time for a 

diffusing particle injected at 0x = , to cover a distance L. For dω ω> the particles 

will not sense the boundary x L= , so that the system will behave as “semi-
infinite” media. Anomalous diffusion is characterized by a mean square 
displacement of the diffusing particles that does not follow ordinary linear law 

2r t< >∝ , but more generally 2r tβ< >∝ . 
Not surprisingly many different mechanisms give rise to anomalous behavior, 

like complex flow, flow through porous, flow through random tubular ion 
exchange resin, due to structural complexity, shapes of complex geometry etc. 

9.3.1   Normal Diffusion in a Finite Boundary System 

The continuity equation is fundamental conservation law, 
C J

t x

∂ ∂= −
∂ ∂

 relating to 

time variation of the number density C of the diffusing species, to the macroscopic 

flux, J. The constitutive equation for diffusion is 
C

J
x

∂= −
∂

D . To calculate 

diffusion impedance consider 
0

( ) ( )
dE

E t C t
dC

⎛ ⎞= ⎜ ⎟
⎝ ⎠

�� , where E is excitation voltage at 

0x = , the expression gives linear dependence at 0x = . This is small amplitude 
oscillating condition, and the tide denotes that. The subscript (0) denotes a 
derivative following local equilibrium condition. The (oscillating) current at the 
origin (is flux J  of charges q  passing through area A ), related to small 

oscillating flux as: ( ) ( )i t qAJ t= �� . Taking the Laplace as the above expressions of 
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voltage and currents are for small changing quantities with respect to time, we 
obtain at 0x = ,  

0

( ) ( )
dE

E s C s
dC

⎛ ⎞= ⎜ ⎟
⎝ ⎠

�� and ( ) ( )I s qAJ s=� . 

This is first boundary condition. Thus the diffusion impedance is  

( ) ( )
( )

( ) ( )W

E s C s
Z s R

LI s J s
= =

��
� �

D
 

where Warburg constant is WR   given by 
0

W

L dE
R

qA dC
⎛ ⎞= ⎜ ⎟
⎝ ⎠D  is having unit of 

resistance if unit of D is 2 1[cm s ]− . 

Also denote diffusion capacitance as: 

2

W
W

L
C

R
= D . 

The various diffusion equations for small amplitude sinusoidal concentration may 
be written as in the Laplace domain form by taking Laplace of continuity and 
constitutive equations:  

( )
( )

J s
sC s

x

∂= −
∂

�� and
( )

( )
C s

J s
x

∂= −
∂

�� D  

From these we get 
2

2 2

1
( )

C
C s

x λ
∂ =
∂

� � . Here 
2d L

ω = D
, the characteristic frequency 

thus we have  

11
22

( ) ds L
s s

ωλ ⎛ ⎞⎛ ⎞= =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

D
 , 

which is function of frequency.  
This Laplace (time-frequency) equation has most general solution as: 

1 2( ) cosh sinh
x x

C s B B
λ λ

= +� . This equation will be used to give solution of 

Anomalous diffusion cases described in next sub-section by proper choice of 
( )sλ and dω . 

 
An absorbing boundary condition is: 0C =  at x L= , for this boundary condition, 
the diffusion impedance at origin is  
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1/21/2
( )

( ) tanh
( )

d
W W

d

C s s
Z s R R

L J s s

ω
ω

⎡ ⎤⎛ ⎞⎛ ⎞ ⎢ ⎥= = ⎜ ⎟⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

D
. 

The solution to this is explained in Chapter 3. 
At high frequency dω ω>>  the result is Warburg impedance 

( ( )1
2( ) /W dZ s R sω= ) and for dω ω<<  the impedance is approximated by 

resistance WR  parallel with one-third of diffusion capacitance / 3WC , where the 

diffusion capacitance is 2 /W WC L R= D . This is obtained by impedance-plot, on 

complex plane for the normalized terminal impedance. 
A reflective boundary condition is flux disappearing at x L=  that 

is ( / ) 0C x∂ ∂ =� , the diffusion impedance is for this condition is: 
1/2 1/2( ) ( / ) coth ( / )W d dZ s R s sω ω⎡ ⎤= ⎣ ⎦ . This has limiting behavior at high 

frequency dω ω>> as Warburg impedance 1/2( ) ( )Z s s −∼ , as half order behavior. 

For low frequency dω ω<< one gets series combination of WR and diffusion 

capacitance WC . These approximations appear from normalized impedance-plots 

on complex plane method explained in Chapter 3. 
The same semi-infinite conditions for high frequency approximations 

represented as semi-infinite lossy transmission line model too with r and c  as per 
unit length resistance and capacitance expressed as  

WR
r

L
= and 

W

L
c

R
= D . 

9.3.2   Anomalous Diffusion in Finite Boundary System 

9.3.2.1   Diffusion with Fractional Continuity Equation 

For Fick’s law the Fractional Continuity Equation in Laplace Form is 
J

s C
x

γ ∂= −
∂

, with 1γ < . The constitutive relation of Fick’s law remaining the 

same i.e. 
C

J
x

∂= −
∂

D . This gives fractional diffusion equation as: 

2

2

( , ) ( , )C x t C x t

t x

γ

γ
∂ ∂=

∂ ∂
D , 

with 1γ < . Gives Laplace equation as:  
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2

2
1

( , ) 1
( , ) ( , )

( )

C x s s
C x s C x s

sx

γ

λ
∂ = =

∂ D , 

with 1 2
1 1

( ) cosh sinh
x x

C s B B
λ λ

= +�  as solution; where 2
1 / sγλ =D . Therefore  

2
1

1( ) ds L
s

γ
ωλ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

with 
1

1 2d L

γ
ω ⎛ ⎞= ⎜ ⎟

⎝ ⎠

D
. 

The reflecting boundary condition at x L= where flux vanishes gives terminal 

impedance as: ( ) ( )2 2
1 1( ) / coth /W d dZ s R s s

γ λ
ω ω⎡ ⎤= ⎢ ⎥⎣ ⎦

. At high frequency 

1dω ω>> this function is approximated by ( ) 2
1( ) /W dZ s R s

γ
ω= . At low 

frequency 1dω ω<<  this impedance can be approximated by 
1

( )
3 WZ s R Qs γ−= + , 

where ( )W dQ R γω= . This is a series combination of resistance and a constant 

phase element (CPE) which gives constant lagging phase of ( / 2)γ π−  degrees. 

The absorbing boundary condition at x L= gives terminal impedance as 

( ) ( )2 2
1 1( ) / tanh /W d dZ s R s s

γ γ
ω ω⎡ ⎤= ⎢ ⎥⎣ ⎦

, which again at high frequency returns 

fractional order terminal impedance ( ) 2
1( ) /W dZ s R s

γ
ω= . At low frequencies the 

behavior is approximated as: 
1

1 1 1

( ) WZ s R Q s γ−= +  that is, parallel combination of 

resistance WR  and CPE 1 3Q Q= . 

9.3.2.2   Diffusion with Fractional Differential Constitutive Equation 

The continuity equation is integer order and its Laplace representation is: 
J

sC
x

∂= −
∂

. The Laplace of Fractional Differential Constitutive Equation is:  

1 C
J s

x
γ − ∂= −

∂
D with 0 1γ< < . 

This gives the same fractional diffusion equation as above.  

Here take ( ) 2
1 1( ) /ds L s

γ
λ ω= and ( ) 1

2
1 /d L γω = D  that is same as above. 

The impedance with reflective boundary condition is  
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11 2 2
1 1 1( ) ( ) ( / ) coth ( / )W d d dZ s R s s

γ γ
γω ω ω−− ⎡ ⎤= ⎢ ⎥⎣ ⎦

, 

this function can be approximated at high frequencies by 
1 1 /2

1 1( ) ( ) ( / )W d dZ s R sγ γω ω− −= .At low frequency the approximation is parallel 

combination of a new diffusion capacitance ( )11/X W dC R γω=  and a CPE  

2 / 3WQ R=  that is: 

(1 )1
( )

X

Z s Qs
C s

γ− −= + . 

The terminal impedance for absorbing boundary condition the function is: 
1 1 /2 /2

1 1 1( ) ( ) ( / ) tanh ( / )W d d dZ s R s sγ γ γω ω ω− − ⎡ ⎤= ⎣ ⎦ , the high frequency behavior is 

approximated as 1 1 /2
1 1( ) ( ) ( / )W d dZ s R sγ γω ω− −=  and low frequency behavior is 

approximated as parallel combination of 3Y W dC R ω= and CPE 3 WQ R=  that is: 

(1 )
3

1 1

( ) YC s
Z s Q s γ− −= +  

Though the diffusion equations for both the above anomalous diffusion are same 
with the same characteristic frequency formulation 1dω  and the frequency 

dependent diffusion parameter 1( )sλ , yet the terminal impedances in both the 

anomalous cases are different (for same boundary condition). The reason is in one 
case we have generalized the continuity equation and in other we have generalized 
the constitutive equation, with new definition of flux. 

9.3.2.3   Diffusion with Fractional Integral Constitutive Equation 

The flux continuity equation is integer order and its Laplace is:
J

sC
x

∂= −
∂

, and the 

Fractional Integral equation for the constitutive equation in Laplace domain is: 

1 C
J s

x
γ − ∂= −

∂
D , with 0 1γ< < . This gives fractional diffusion equation as: 

2 2

2 2
( , ) ( , )C x t C x t

t x

γ

γ

−

−

∂ ∂=
∂ ∂

D . 

Its Laplace equivalent is:  

2 2

2 2
2

( , ) 1
( , ) ( , )

( )

C x s s
C x s C x s

x

γ

λ

−∂ = =
∂ D  
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The solution in Laplace domain is: 1 2
2 2

( ) cosh sinh
x x

C s B B
λ λ

= +� . With  

1 / 2

2
2 ( ) ds L

s

γωλ
−

⎛ ⎞= ⎜ ⎟
⎝ ⎠

and 2 1/(2 )
2 ( / )d L γω −= D . 

The reflective boundary condition gives the terminal impedance as 
1 /2 1 / 2

2 2 2( ) ( ) ( / ) coth ( / )W d d dZ s R s sγ γ γω ω ω− −⎡ ⎤= ⎣ ⎦ . The limiting behavior at high 

frequency is approximated as 1 /2
2 2( ) ( ) ( / )W d dZ s R sγ γω ω−= . The low frequency 

behavior is approximated by a series combination of capacitor 2
21/ ( )Z W dC R γω −=  

and an element ‘resistoductance’ / 3wH R=  (at values 1γ = is pure resistance and 

as 1γ <  the element tends toward inductor). This is also termed as Generalized 

Warburg Impedance 

11
( )

Z

Z s Hs
C s

γ−= + . 

For the boundary condition absorbing in nature at x L=  the terminal impedance is: 
1 /2 1 /2

2 2 2( ) ( ) ( / ) tanh ( / )W d d dZ s R s sγ γ γω ω ω− −⎡ ⎤= ⎣ ⎦ . In the low frequency part, 

2dω ω<<  the approximating relation is by adding admittances of a capacitor 

which is (1/ 3) zC  and ‘resistoductance’ 1 3 WH H R= =  that is:  

1

1 1

( ) 3 3
zC

Z s Hs γ−= + . 

9.4   Capacitor Theory 

Capacitor is charge storage devise and is assumed that whatever charges are 
pumped are held between the plates (electrodes) by ideal dielectric having no loss. 

Therefore the impedance of non-leaky capacitor or ideal capacitor is
1

jcZ
Cω

= . 

With dielectric constant assumed to be ideal as ' j0ε ε= − . Now if we really have 

dielectric absorption then the real capacitor is 
0.999

1

( j )cZ
Cω

= , having slight 

imperfection, but good for electronic circuits and sample and hold circuits etc. 
Now if one designs a leaky capacitor by selecting di-electric (not ideal) but having 

' "jε ε ε= −  with 6' " 10ε ε= =  for wide range of frequency and temperature  
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then 1/2 1/2(1 j) 2( j )r rε ε ω ε ω− −= − = . Using this di-electric the capacitance 

impedance is  

1/ 2 1/2

1 1 1

j j 2( j ) 2( j )r r

Z
C C Cω ε ω ε ω ε ω−

= = = . 

The di-electric is Lithium Hydrazium Sulphate ( 2 2 4LiN H SO ). These capacitors 

are useful to realize the analog circuits for fractional order controller the  
Figure 9.1 gives operational amplifier realization of using these capacitors. 

                                                                                                                   R 

5.0s
K

                                                                               )(sVi 5.0s
K

                                                                                                                +                   )(0 sV
)(sVi R

                              +                                                        )(0 sV

sR
K

sV
sV

i

 
)(

)(0 sK
sV
sV

 
)(

)(

2

0

 

Fig. 9.1 Operational amplifier circuit to have fractional integration and differentiation. 

This fact was experimented in the late nineteenth century by M J Curie, who noted 

the current voltage relation as (power law) ( )
v

V
i t

ht
= , where (0 1, 0)v t< < > . In 

this expression h  is related to the capacitance of the capacitor and the kind of di-
electric and v is related to losses of the capacitor. The transfer function of this 
model of capacitor is found to be ( ) vH s C sϕ=  where Cϕ  is model constant close 

to what is called the capacitance. The capacitor impedance is described by 
1

( )
v

Z s
C sϕ

= . Advance research has realized these half order capacitors by 

polymer-coated electrode, and has been used as constant phase element to get 
semi-differentigration circuits. 
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9.5   Fractance Circuit 

Electrical circuit related to fractional calculus is fractance. An electrical circuit 
behaving in between capacitance and resistance. An example of fractance is tree 
fractance shown in Figure 9.2 a self-similar structure. 

 

R 

                                R 

  C 

R 

                                                           

C 

                                                              C

x x x x

x x x x
 

Fig. 9.2 Tree fractance circuit. 

The impedance of tree fractance is 

1 j
( j ) exp

4

R
Z

C

πω
ω

−⎛ ⎞= ⎜ ⎟
⎝ ⎠

, 

this corresponds to fractional order transfer function  

1
( )

R
Z s

C s
= . 

A circuit exhibiting fractional order behavior is called fractance, not essentially 
limited to half order, as described in the self-similar circuit diagram of Figure 9.2. 
The order can be of any arbitrary order in general. The fractance devises have the 
following properties. They are constant phase elements, i.e. the phase angle is 
constant independent of frequency within wide range of frequency band. Second it 
is possible to construct a filter, which has moderate characteristics, which cannot 
be realized by using conventional devises. Generally speaking there are three basic 
fractance devises. The most popular one is domino ladder circuit network. Very 
often are used a binary tree structure as in Figure 9.2. Also balanced transmission 
line structure is also used (or symmetrical domino ladder). 

Design of fractances can be easily done by any of these topological 
configuration as mentioned, to realize the rational approximated transfer function 
for the fractional order Laplace operator (Chapter 7). Truncated continued fraction 
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expansion (CFE) does not require any further transformation, a rational 
approximation based on any other method as (say Newton method of Carlson, 
described in Chapter 7), must be transformed into the form of CFE. The values of 
the electrical circuit elements, which are necessary for realizing a fractance, are 
then determined from the obtained continued fraction. If all the coefficients of 
obtained CFE are positive, then the fractance can be simply made by passive 
elements ( , ,R L C ). If some of the coefficients are negative then, the fractance 
realization requires active circuit as negative impedance converters, realized by 
operation amplifier circuits. In some of the methods of CFE to realize the 
represented transfer function negative impedances do appear. Negative impedance 
converters are also called current inverter, and have transfer function as 

/i iV I Z= − , realized by operational amplifier. 

Recalling the semi-infinite lossy transmission line, where r  is series resistance 
per unit length, and c is the shunt capacitance per unit length, used to demonstrate 
semi-differentigration as derived terminal impedance (in Chapter 3). The same 
circuit, truncated, if we mentally reconstruct the equivalent impedance by 
traveling from right side of the transmission line towards the left side, we will get: 

1
( )

1
1

1

.................

1
1

1

rcZ s r
cs

r
cs

cs
r

cs

= +
+

+
+

+
+

 

For the shunt element the admittance is ( )Y s cs= and thus impedance 

is ( ) 1/ ( )Z s Y s= . This truncated ( )rcZ s is approximation to the driving point 

impedance, which is /r cs  (fractional Laplace operator) for semi-infinite line. 
The generalization of this with series impedances of different 
values, 1 3 2 3 2 1( ), ( )..... ( ), ( )n nZ s Z s Z s Z s− − , and shunt admittances of different values 

2 4 2 2 2( ), ( )... ( ), ( )n nY s Y s Y s Y s− gives the CFE form of domino ladder immitance as: 

1

2

3

2 2

2 1
2

1
( ) ( )

1
( )

1
( )

..

1
1

( )
1

( )
( )

n

n
n

Z s Z s
Y s

Z s

Y s
Z s

Y s

−

−

= +
+

+

+
+
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The transfer function 
2

3 2

4 3
( )

6 8

s s
Z s

s s s

+ +=
+ +

is realized by doing CFE for admittance 

as: 

3 2

2

6 8 1
( )

1 14 3
4 12

3 13
12
3

s s s
Y s s

s s

s

s

+ += = +
+ + +

+
+

, 

Meaning shunt capacitors are
4 1

1, ,
3 3

, corresponding to 

admittances, 2 4 6( ), ( ), ( )Y s Y s Y s  the series impedance in this case 1( ) 0Z s = , and the 

other series impedances corresponding to 3 5( ), ( )Z s Z s are
1 3

,
2 2

. This is standard 

Caurer-I form of circuit synthesis. The same can be realized as Caurer-II form. 
Depending on the rational polynomial the realization with CFE can have 

, ,R C L components combination of them or even negative impedances, in the 
ladder form. 

The fundamentals of circuit synthesis are applicable for this fractance 
realization, of rational transfer function synthesis for fractional order Laplace 
operator. 

9.6   Feedback Control System 

Feed back control system is one the major area where concept of fractional 
calculus should be applied to obtain efficient system. This concept gives overall 
efficiency (in terms of energy) also longevity and freedom to control engineer to 
compensate any shifts in the transfer function due to parametric spreads aging etc. 
A system is efficient if the controller were of similar order to that of a plant 
(system) being controlled. In reality the systems are fractional order therefore to 
have fractional order controller will be efficient. Even for integer order systems 
the fractional controls give better freedom to achieve what is “isodamping”. 
Meaning, to achieve overall close loop behavior of overshoot independent of feed 
forward gain (pay-load, amplifier feed forward gain, in power systems the load 
current/load resistance). H W Bode envisaged this concept of having fractional 
integrator circuits to achieve overshoot independent of the amplifier gain in 1945. 
He proposed a fractional order controller, the purpose of which is to have a feed 
back amplifier of good linearity and stable gains even though the amplifier show 
non-linear characteristics and variable gain over ambient and time. Bode proposed 
a feed back amplifiers, whose open loop frequency characteristics 0 ( j )G ω  is such  

 



9.6   Feedback Control System 449
 

that the gain is constant for 00 ω ω< <  and phase is constant or (1 )yπ− −  radians 

for 0ω ω> . The suggested value was 1/ 6y = , which guarantees a phase margin 

(PM) of 030 . The open loop transfer function is given as  

( ) ( )
0

0 2(1 )
2

0

( j )

1 / j /
y

o

A
G ω

ω ω ω ω
−=

⎡ ⎤− +⎢ ⎥⎣ ⎦

, 

meaning 0 0( j )G Aω =  for 0ω ω< and angle i.e. 0arg ( j ) (1 )G yω π= − −  radians 

for 0ω ω> . This is early development of fractional order controls. Thus it was 

recognized that the open-loop transfer function of a good control system show a 
fractional order integral form with a fractional order between 1 and 2 (between 
totally being first order and second order). Meaning that open loop transfer 
function should be like 0 ( ) 1/ kG s s= . This gives close loop transfer function as 

0

0

( ) (1/ ) 1
( )

1 ( ) 1 (1/ ) 1

k

CL k k

G s s
G s

G s s s
= = =

+ + +
, where js ω= . 

In close loop transfer function 
1

( )
1CL k

G s
s

=
+

 expression, put for js ω= , 

j cos jsin
2 2

π π= +  then, cos jsin
2 2

s
π πω ⎡ ⎤= +⎢ ⎥⎣ ⎦

 and 

cos jsin cos j sin
2 2 2 2

k k k kk k k k
s

π π π πω ω ω⎡ ⎤= + = +⎢ ⎥⎣ ⎦
, 

Put this value of kω  in ( )CLG s  to get: 

1 1 1
( )

1 cos j sin 1 cos 1 j sin
2 2 2 2

CL k
k k k k

G s
k k k ks π π π πω ω ω ω

= = =
+ ⎛ ⎞+ + + +⎜ ⎟

⎝ ⎠

 

0.5
2 2 2 2 2

1 1
( )

cos 1 2 cos sin 2 cos 1
2 2 2 2

CL

k k k k k

G s
k k k kπ π π πω ω ω ω ω

= =
⎡ ⎤ ⎡ ⎤+ + + + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

rM is maximum value of ( )CLG s at rω when denominator 2 2 cos 1
2

k k kπω ω+ + is 

minimum.  
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Therefore, 2 2 cos 1 0
2

k kd k

d

πω ω
ω
⎡ ⎤+ + =⎢ ⎥⎣ ⎦

 gives 2 1 12 2 cos 0
2

k k k
k k

πω ω− −+ = , 

meaning at cos
2

k kπω = −  the magnitude of )(sGCL
 is maximized. 

1/

cos
2

k

r

kπω = , and putting this value of rω ω=  in expression of ( )CLG s  we 

get  

2
2 2 2

1 1 1

cos 2cos 1 1 coscos 2 cos cos 1 2 2 22 2 2

rM
k k kk k k π π ππ π π

= = =
⎡ ⎤⎛ ⎞ ⎛ ⎞ − + −− + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 

      
1

sin
2

kπ=  

For finding the damping ratio we find the poles of ( )CLG s  by transformation to 

w -plane and then with respect to s plane we look at the pole location.  

Putting kw s=  in the expression of close loop transfer function we obtain: 

1
( )

1CLG w
w

=
+

, 

with poles at j1w e π±=  in w − plane. 
Therefore the s plane pole is at 1/kw meaning poles at 1/ j /(1) k ks e π±= in the 

s − plane. The line with angle ( / )kπ± with the positive real axis of the s -plane is 

the locus of poles for ( )CLG s and are called iso-damped lines for particular value 

of k . The damping ratio 
( )e s

s
ς ℜ= with respect to imaginary ( )jω  axis.  

The angle of the iso-damped line with respect to imaginary axis is 
2k

π π⎛ ⎞−⎜ ⎟
⎝ ⎠

and 

thus any where on this line the pole is, the damping ratio is  

( )
sin

2

e s

s k

π πς ℜ ⎛ ⎞= = −⎜ ⎟
⎝ ⎠

 

This close-loop transfer function gives step response properties of controlled 
system output as robustness and stability measures. 
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( ) ( ) ( ) 0.52

1 1
( )

cos / 2 1 j sin / 2 2 cos / 2 1
CL k k k k

G s
k k kω π ω π ω ω π

= =
⎡ ⎤+ + ⎡ ⎤+ +⎣ ⎦ ⎣ ⎦

 

( )
1

sin / 2rM
kπ

= , ( ) 1/
cos / 2

k

r kω π= . 

The amplitude takes the peak value rM at . The damping ratio can be obtained 

from the poles of ( )CLG s  as sin
2k

π πς ⎛ ⎞= −⎜ ⎟
⎝ ⎠

. The phase margin is given by 

( )0
90 2

2
PM k k

ππ= − = − . The overshoot can be expressed as approximate 

formula as, ( )( )1 0.8 0.6PM k k≅ − − per unit. These performance specifications 

are also termed as robustness measures and are listed for various fractional orders: 

Table 9.1 Robustness Measures for various fractional orders k  

k (Order) PM Degree ς  %PM  rM  

1 90 1 0 1 
1.1 81 0.96 2.8 1.0125 
1.2 72 0.87 7.4 1.0515 
1.3 63 0.75 13.6 1.1223 
1.4 54 0.62 21.1 1.2361 
1.5 45 0.5 30.0 1.4142 
1.6 36 0.38 40.5 1.7013 
1.7 27 0.27 52.5 2.2027 
1.8 18 0.17 66.3 3.2361 
1.9 9 0.083 82.1 6.3925 

 
General properties of Bode’s ideal control system transfer functions are: 

a) Open loop: 

Type: 0 ( )
k

K
G s

s
= , ( )1 2k< <  

Magnitude: constant slope of - 20dB / decadek−   
Cross over frequency: a function of gain K  
Phase: horizontal line of / 2kπ− . 
Nyquist: straight line at argument / 2kπ−  
b) Closed loop: 

Type: ( )CL k

K
G s

s K
=

+
, ( )1 2k< <  

Gain margin: mA = ∞  infinite. 
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Phase margin: 1
2m

kπ ⎛ ⎞Φ = −⎜ ⎟
⎝ ⎠

, constant 

Step response: , 1( ) ( )k k
k ky t Kt E Kt+= −  The solution to this is as follows: 

The step response of a system with closed loop transfer function ( )CLG s is: 

1
( ) ( )CLY s G s

s
= . 

The closed loop transfer function is ( )CL k

K
G s

s K
=

+
.  

Therefore: 

1
( ) ( )

( )CL k

K
Y s G s

s s s K
= =

+
  

11 / 1/ 1 1
( ) 1

k k k

k k k k

K K K s s s
Y s K K

s s s ss K s K s K s K

−⎡ ⎤⎛ ⎞= = − = − = −⎢ ⎥⎜ ⎟+ + + +⎝ ⎠ ⎣ ⎦
 

Inverse Laplace transforming the above we get: 

( ) 1 ( )k
ky t E Kt⎡ ⎤= − −⎣ ⎦  

Using series expansion of one parameter Mittag-Leffler function we obtain: 

2 3( ) ( ) ( )
( ) 1 1 ...

( 1) (2 1) (3 1)

k k kKt Kt Kt
y t

k k k

⎡ ⎤− − −= − + + + +⎢ ⎥Γ + Γ + Γ +⎣ ⎦
 

         
2 3( ) ( ) ( )

...
( 1) (2 1) (3 1)

k k kKt Kt Kt

k k k

− − −= − − − −
Γ + Γ + Γ +

 

           
2 3( ) ( ) ( )

...
( 1) (2 1) (3 1)

k k kKt Kt Kt

k k k
= − + −

Γ + Γ + Γ +
 

            
21 ( ) ( )

...
( 1) (2 1) (3 1)

k k
k Kt Kt

Kt
k k k

⎡ ⎤− −= + + +⎢ ⎥Γ + Γ + Γ +⎣ ⎦
 

Now using definition of two parameter Mittag-Leffler function  

,
0

( )
( )

n

n

z
E z

nα β α β

∞

=

=
Γ +∑  
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We write 

2

, 1

1 ( ) ( )
( ) ..

( 1) (2 1) (3 1)

k k
k

k k

Kt Kt
E Kt

k k k+
− −− = + + +

Γ + Γ + Γ +
 

and use this to have time response expression as: 

, 1( ) ( )k k
k ky t Kt E Kt+= −  

The solution with one parameter Mittag-Leffler and two parameters Mittag-Leffler 
are equivalent. More form of algebraic manipulations of the series can give 
different compact functions as solutions (say by Robotnov-Hartley and several 
other variants of Mittag-Leffler). 

Therefore for Heaviside step input 
1 0

( )
0 0

t
H t

t

≥⎧
= ⎨ <⎩

, the time response of 

output is: 

, 1( ) ( ) 1 ( ) ( ) ( )k k k k
k k k ky t Kt E Kt E Kt H t E Kt+= − = − − = − −  

Further if the composition of a feed back controller with fractional differentiator 
and α -order fractional integrator gives 1k α= + , while obtaining ( )CLG s , then: 

1 1
1 ,2( ) ( )y t Kt E Ktα α

α α
+ +

+ += −  

Now with especially digital and advanced analog techniques this fractional order 
control system is possible in having real time responses. Figure 9.3 shows the 
concept of fractional order PID system connection. 
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Fig. 9.3 Fractional order PID controls. 

In fractional order PID control what is extra freedom to operator is in terms of two 
extra knobs namely in the order of differentiation and order of integration. In these 
fractional order controller PI Dλ δ  the knob values ,λ δ  is between 0-1. In PID 
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type control we compensate only the dominant roots and with these extra 
freedoms we are able to continuously span the area shaded in Figure 9.4. The 

Laplace domain of this controller has the form: 
( )

( )
( ) p i d

U s
H s K T s T s

E s
λ δ−= = + + . 

This PI Dλ δ  controller with complex zeros and poles located anywhere in the left-
hand side s w→  plane, may be rewritten as: 

( ) ( )/ 2 / 1
( )

n ns s
H s K

s

δ λ λ

λ

ω ς ω+ + +
= , 

where K is a gain, ς  is the dimensionless damping ratio (is chosen mostly as 

under-damped 1ς < , and =1 for critically damped) and nω  is the natural 

frequency. This PI Dλ δ is generalization to TID (Tilt Integral Derivative) 
compensator, which has a similar structure as PID but the proportional 
component is replaced with tilted component having a transfer function s , to the 

power of ( )1/ n− . Therefore the transfer function of TID is: 

1/
( )

n

T I
H s Ds

ss
= + + , where , ,T I D  are controller constant and n is non zero real 

number (between 2 and 3). The above transfer function approximates Bode’s ideal 
transfer function (US patent 5-371-670). 

It can be also mentioned that the controller can be also characterized with 
fractional Laplace operator by band-limited lead effect. That lead lag compensator 

be of representation: 1

2

1
( )

1

q

q

s
H s K

s

τ
τ

⎛ ⎞+
= ⎜ ⎟+⎝ ⎠

, 2 1τ τ<  and q  being fractional number. 

This transfer function can be realized by rational function approximation methods 
by recursive distribution of poles and zeros.  

0.1

G
       PD                     PID

GO DPI

                                   1.0
                                        PI 

O  

Fig. 9.4 Fractional order PID and integer order PID, PD, PI. 
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The example in state variable formulation gives some light about PID controls in 
fractional domain. Let a fractional plant transfer characteristics G(s) be identified 
as  

2 1 0( ) ( ) ( ) ( )a D y t a D y t a y t u tα β+ + =  

Simply written as: ( ) ( )
2 1 0( ) ( ) ( ) ( )a y t a y t a y t u tα β+ + = . The fractional order PID 

H(s) is: 

( ) ( ) ( ) ( )i t d tu t Ke t T D e t T D e tλ δ−= + +  

Using state variable 1( ) ( ) ( )y t x t x t= =  and ( )
2( ) ( )x t x tβ = . The G(s) is obtained 

as state space as: 

( )
11

( )
20 12

2
2 2

0 1 0
( ) 0( )

1
( ) ( )( )

x tx t

x ta u tax t
a

a a

β

α β−

⎡ ⎤
⎡ ⎤⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎢ ⎥⎢ ⎥= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦⎣ ⎦ − − ⎢ ⎥⎢ ⎥ ⎣ ⎦

⎣ ⎦

 , and 1( ) ( )y t x t=  

By GL definition 

0
0

1
( ) lim ( )

t a

T
r r

a t jrT
j

D f t b f t jT
T

−⎡ ⎤
⎢ ⎥⎣ ⎦

± ±
±→ =

= −∑ , 

Where 0 1

(1 ( ))
1, 1r r r

j j

r
b b b

j
± ± ±

−
⎛ ⎞+ ±= = −⎜ ⎟
⎝ ⎠

 are binomial coefficients. 

The discretized state space expression for G(s) is: 

1

1, 1 1, 1 2,
1

1
0 1

2, 1 2, 1 1, 2,
1 2 2 2

1,

1

k

k j k j k
j

k

k j k j k k k
j

k k

x b x T x

a a
x c x T x x u

a a a

y x

β β

α β α β

+

+ + −
=

+
− −

+ + −
=

= − +

⎛ ⎞
= − + − − +⎜ ⎟

⎝ ⎠
=

∑

∑  

The transfer characteristic equation is in the state space format is discretized using 
the definition of Grunwald-Letnikov GL differintegral. For the state variables 
fractional derivative ( )

1 1( )tx D x tβ β= and ( ) ( )
2 2 ( )tx D x tα β α β− −= , GL expansion is 

made and then written in above format. 
As we see fractional order differential equations accumulate the whole 

information of the formula in a weighted form, this is so called “memory effect”. 
Fractionally differentiated state space variable must be known as long as system 
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has been operated to obtain correct response. This is known as “initialization 
function”. For integer order systems it is constant and for fractional order systems 
it is time varying. In the usual integer order system theory, the set of states of the 
system, known at any given point in time along with the system equations are 
sufficient to predict the response of the system both forward and backwards in 
time. The fractional dynamic variables do not represent the “state” of the system at 
any given time in the previous sense; we need “history” of states or sufficient 
number by “short memory principle” for initialization function computation. 
Because of above mentioned memory effect from this following high memory 
consumption advance control algorithms with direct discretization of Tustin rule 
Al-Alouni rule by power series expansion (PSE) and or continued fraction 
expansion (CFE) is developed. In these new approaches the memory requirement 
is one tenth of the memory required for GL method. Several advance algorithms 
even to reduce this memory requirement is interesting topic of research and 
development. 

Many generalization of integer control design are possible with freedom 
allowed by fractional order systems. Some of them are listed below: 

a) Integral Control: Fractional integrals ( ) qH s ks−=  are used as 

compensators. The interesting feature of fractional integrals is that they 
still allow closed-loop tracking of step reference signals, while allowing 
the freedom to tune the low frequency and high frequency behavior by 
tuning the value of the q, although the tracking will be slower. 

b) Derivative Controls: Although the pure derivative control is seldom used, 
derivatives of any fractional order ( ) qH s ks=  are available, and these 

will have less noise amplification at high frequencies than integer order 
derivatives. 

c) PI, PD, and PID Controls: Fractional elements allow use of any value of 
the q, for integral and the derivative in these controllers. If a fractional 
PID control is implemented, the fraction in the derivative part need not 
be same of the integral part fraction. The different fractions are indicated 
in the Figure 9.3, the controller will be 1 2( ) q q

p i dH s k k s k s−= + + . The 

generalizations of the PID controls give a research topic of continuum 
order distribution controller (Chapter 10). 

d) Lead and lags: Lead compensators are often used to help stabilize 
marginally stable system. Lag compensators are often used to reduce the 
magnitude of high frequency loop gain of the system. Using fractional 
order components, it is possible to design fractional leads and fractional 

lag 
1

2

( )
( )

q

q

k s a
H s

s b

+=
+

. The benefit to these is that it is easier to shape the 

open loop and closed-loop frequency responses using them than 
exclusively integer-order elements, due to the extra freedom offered by 
the continuum values of the q. 

e) Start point singularity: Design criterion unique to fractional order system 
deals with time domain singularity occurring at time zero. If the plant 
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transfer function ( )G s  does not contain a term in the denominator with 

an exponent of at least 1, that is the leading term in the denominator is 
qs , then by the initial value theorem (0) lim ( )

s
g sG s

→∞
= , the impulse 

response, { }1( ) ( )g t G s−= L , will have a singularity at time zero. This 

may not be desirable, however using appropriate compensator in the 
forward path (say 1( ) qH s ks −= ) the singularity in the output of plant be 

eliminated 

9.6.1   Concept of Iso-Damping  

The concept of having iso-damping i.e. overshoot independent of the payload (or 
system gain) has remarkable usage in the field of control sciences. This is only 
possible by use of fractional order calculus theory. This concept was introduced as 
an example of DC motor controls in the Chapter 3. The plant may or may not be 
of fractional order, but controller with fractional order differential and or integral 
action is what makes the system response iso damped. 

This concept when applied to Nuclear Power Plant controls elevates over all 
fuel efficiency robustness. The Nuclear Reactor is divided in two parts of, namely 
reactor core and coupled energy transfer equipments (heat exchangers, boiler, 
turbine generator). The reactor part error correction is carried out in terms of ratio 
control of the observed neutron power (feedback) to the demanded power the set 
point (on suitable set exponent). The effective power error is written as  

{ } { }
OBS

SET

/

1 2 /
OBS SET

1 1 Cal .
EPE (log Cal log Dem )

Dem .

t T

t T

P e
K P P K

T T P e

⎛ ⎞
= − + − ∝⎜ ⎟

⎝ ⎠
, 

i.e. the ratio of observed neutronic power to the demanded power. This gives 
better results as compared to the existing integer order linear PID type corrections, 
as the governing formula is close to the reactor physics (which follows 
exponential and logarithmic expressions). In above expression 1 1K = and 

2 0.5K = seconds (digitization time of control computer). This expression error 

governance gives fuel-efficient concept. 
The reactor is coupled to several energy conversion devises, which governed by 

fractional order PID concept with iso-damping will increase overall nuclear power 
plant efficiency. The systems are always under dynamic corrections, and there are 
changes in gains (say pay-loads) and parametric shifts. This will be compensated 
by having iso-damped control systems where overshoot is independent of gain 
(pay-loads). The systems thus coupled to nuclear reactor will load the same with 
constant overshoot through out thus will have same energy transfer and not jittery. 
This process integrated over life span of nuclear power station will save nuclear 
fuel. This example to govern large energy transfer machines with fractional order 
controller with iso-damping is true for any power plant thus, to enhance overall 
fuel efficiency. 
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Start-up of nuclear plants when no inherent feedbacks are present is risky affair. 
More so, for experimental reactors where nuclear cores are of various 
experimental in nature. Although reactor trip systems will take care of any 
excursions in power levels at start up experiments, yet governing the start up 
procedure with a fractional order feed back controller where overshoot is 
independent of gain (fuel characteristics) will add another level of safety and 
confidence. 

As an example of DC motor controls let the motor (plant) be expressed as  

( )
( 1)

mK
G s

Js s
=

+
 with J as payload inertia. Let the selected fractional open loop 

transfer function have robustness and stability measure as per Bode’s ideal 
function with phase margin constant of 060 . Then Bode’s ideal open loop transfer 

function, which gives this phase margin, is 0 4/3

1
( )G s

s
= . Since 

0 ( ) ( ) ( )G s H s G s= , we can obtain a transfer function in the 

form: ( )2/3 2/3 1/3
1/3

1
( )

m

J
H s s K s s

K s
−⎛ ⎞= + = +⎜ ⎟

⎝ ⎠
, which is a particular case of 

PI Dλ δ where / mK J K= is the controller constant. The phase margin of the 

controlled system with a forward loop controller is 

[ ]
( )0 0 4/3

1 4
arg ( j ) ( j ) arg

3 2 3j
m H G

π πω ω π π π
ω

⎡ ⎤
Φ = + = + = − =⎢ ⎥

⎢ ⎥⎣ ⎦
, 

where 0ω is cross over frequency.  

The constant phase margin is not dependent on payload (gain) changes and the 
system gain K . The phase curve is a horizontal line at 2 / 3π− . 

Step-response of the closed loop can be expressed as: 

( )1 1 1/3 1 1/3
1 1/3,2 1/31 1/3

1
( )

( 1)
y t t E t

s s
− + +

+ ++

⎧ ⎫
= = −⎨ ⎬+⎩ ⎭
L , 

where step-response is independent of the payload inertia at fractional order 
setting of 4/3. The solution is noted as follows: 

Close loop transfer function from open loop transfer function 
4

3
0 ( )G s s

−=  is  

0
4

30

( ) 1
( )

1 ( ) 1
CL

G s
G s

G s s
= =

+ +
. 

The step input will have output (time) response as: 
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( )
4

14
3 3 41 1 1 3

44 44 33 33

1 1 1
( ) 1 1 ( )

1 11

s s
y t E t

s ss ss s

−

− − −

⎧ ⎫ ⎧ ⎫⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥= = − = − = − −⎨ ⎬ ⎨ ⎬ ⎨ ⎬
⎢ ⎥+ +⎪ ⎪ ⎪ ⎪ ⎪ ⎪+ ⎣ ⎦⎩ ⎭ ⎩ ⎭⎩ ⎭

L L L  

Expanding with definition of one-parameter Mittag-Leffler function 
4

3
4

3
( )E t−  

we get: 

4 4 42 33 3 3( ) ( ) ( )
( ) 1 1 ...

4 4 4
1 2. 1 3. 1

3 3 3

t t t
y t

⎡ ⎤
⎢ ⎥− − −⎢ ⎥= − + + + +

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥Γ + Γ + Γ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

4 4 42 33 3 3( ) ( ) ( )
...

4 4 4
1 2. 1 3. 1

3 3 3

t t t− − −= − − − −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞Γ + Γ + Γ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

4 4 42 33 3 3( ) ( )
...

4 4 4
1 2. 1 3. 1

3 3 3

t t t= − + −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞Γ + Γ + Γ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

4 4 23 34
3 1 ( ) ( )

...
4 4 4

1 2. 1 3. 1
3 3 3

t t
t

⎡ ⎤
⎢ ⎥− −⎢ ⎥= + + +

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥Γ + Γ + Γ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

Using the definition of two-parameter Mittag-Leffler function the following is 
obtained: 

1 1
1 14 4

3 3 3 3
4 4 1 1

, 1 1 ,2
3 3 3 3

( ) ( ) ( )y t t E t t E t
+ +

+ + +
= − = −  

9.6.2   Frequency Domain Design for Fractional Order Plant and 
Fractional Order Controller Tuning 

If ( )G s is the plant transfer function, the objective is to find a controller ( )H s , as 

in Figure 9.3, so that the open loop system ( ) ( ) ( )OLG s H s G s=  would meet the 

following specification: 

(a) Phase Margin specification: 

arg ( j ) arg ( j ) ( j )OL gc gc gc mG H Gω ω ω π⎡ ⎤ ⎡ ⎤= = − + Φ⎣ ⎦ ⎣ ⎦ . 
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Example the phase margin mΦ  is around 080 , for a given plant gcω  is of 

the order of 0.3rad / s . 

(b) Gain crossover frequency specification: ( j ) ( j ) ( j ) 1OL gc gc gcG H Gω ω ω= =  

That is, 0dB at the cross over frequency. 
(c) Robustness to Gain variation: 

arg ( j ) 0
gc

OL gc

d
G

d ω ω

ω
ω =

⎛ ⎞⎡ ⎤ =⎜ ⎟⎣ ⎦⎝ ⎠
.  

This gives the flat phase near the cross over frequency. A constant phase 
for a band of frequency till gain cross over frequency gives iso-damping. 

(d) Complimentary Sensitivity specification: 

( j ) ( j )
( j ) 20 log dB

1 ( j ) ( j )CL

H G
G A

H G

ω ωω
ω ω

= ≤
+

rad / stω ω∀ ≥ . 

For example selected values for tuning are around 40dBA = − , and 
10rad / stω = , for one application. 

(e) Sensitivity Specification: 

1
( j ) 20log dB

1 ( j ) ( j )
S B

H G
ω

ω ω
= ≤

+
rad / ssω ω∀ ≥ . 

For example the value is around 40dBB = − , and 210 rad / ssω −= , for 

one particular application. 

Let us consider a plant which is represented as a Fractional-order plus a time delay as  

[ ] [ ]j cos jsin cos jsin
( j )

( j ) 1
cos jsin 1 1 cos j sin

2 2 2 2

L K L L K L LK
G e

T
T T T

ω
α

α α α

ω ω ω ω
ω

απ απ απ απω ω ω ω

− − −
= = =

+ ⎛ ⎞ ⎛ ⎞+ + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

2 2
( j )

1 cos sin
2 2

K
G

T Tα α

ω
απ απω ω

=
⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

[ ] 1 1 1
sin sinsin 2 2arg ( j ) tan tan tan

cos 1 cos 1 cos
2 2

T TL
G L

L T T

α α

α α

απ απω ωωω ωαπ απω ω ω

− − −

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟−⎛ ⎞= − = − −⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎜ ⎟ ⎜ ⎟+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

The derivative of phase of the plant is: 



9.6.1   Concept of Iso-Damping 461
 

[ ] 1
sin

2arg ( j ) tan
1 cos

2

Td d
G L

d d T

α

α

απω
ω ω απω ω ω

−

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

= − −⎢ ⎥⎜ ⎟
⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

                                               

1

2 2

sin
2

1 cos sin
2 2

T
L

T T

α

α α

απαω

απ απω ω

−

= − −
⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Let us consider a controller with structure ( ) p i dH s K K s K sλ μ−= + , then: 

  ( j ) j jp i dH K K Kλ λ μ μω ω ω− −= + +  

             cos jsin cos jsin
2 2 2 2p i dK K Kλ μλπ λπ μπ μπω ω− ⎛ ⎞ ⎛ ⎞= + − + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

           cos cos j sin cos
2 2 2 2p i d d iK K K K Kλ μ μ λλπ μπ μπ λπω ω ω ω− −⎛ ⎞ ⎛ ⎞= + + + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

2 2

( j ) cos cos sin cos
2 2 2 2p i d d iH K K K K Kλ μ μ λλπ μπ μπ λπω ω ω ω ω− −⎛ ⎞ ⎛ ⎞= + + + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

[ ] 1
sin cos

2 2arg ( j ) tan
cos cos

2 2

d i

p i d

K K
H

K K K

μ λ

λ μ

μπ λπω ω
ω λπ μπω ω

−

−

−

⎛ ⎞−⎜ ⎟
= ⎜ ⎟

⎜ ⎟+ +⎜ ⎟
⎝ ⎠

 

The derivative of phase of the controller is: 

[ ] 1
sin cos

2 2arg ( j ) tan
cos cos

2 2

d i

p i d

K Kd d
H

d d K K K

μ λ

λ μ

μπ λπω ω
ω λπ μπω ω ω ω

−

−

−

⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟
= ⎢ ⎥⎜ ⎟

⎢ ⎥⎜ ⎟+ +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

1 1 1

2 2

( )
sin sin ( ) sin

2 2 2

cos cos sin cos
2 2 2 2

p d p i i d

p i d d i

K K K K K K

K K K K K

μ λ λ μ

λ μ μ λ

μπ λπ λ μ πμω λω λ μ ω

λπ μπ μπ λπω ω ω ω

− − − − + −

− −

+⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠=

⎛ ⎞ ⎛ ⎞+ + + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

For this controller five parameters namely , , , ,p i dK K K λ μ  and need to be found 

out for tuning purpose, the five above criteria is therefore required. The problem is 
that an analytical explicit solution is not easy to derive. For the above coupled 
transcendental non-linear equations MATLAB Optimization tool box is employed, 
where Powell’s Trust-Region-Dogleg algorithm is implemented.  
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9.6.3   Family of Fractional Order Controllers 

The classical PID structure can be extended to a family of Fractional Order 
Controller, structures, for controller transfer function ( )H s (Figure 9.3) as follows: 

a) Integer Order PID or IOPID controller: 1
1( ) p i dH s K K s K s−= + +  

b) Fractional Order PI or FOPI: 2 ( ) p iH s K K s λ−= +  

c) Fractional Order (PI) or FO(PI) controller: ( )1
3 ( ) p iH s K K s

λ−= +  

d) Fractional Order (PID) or FO(PID) controller:  

( )1
4 ( ) p i dH s K K s K s

λ−= + +  

e) Fractional Order PID or FOPID controller:  

5 ( ) p i dH s K K s K sλ μ−= + +  

Clearly integer order PID is special case of the generalized controller structures 
described above. Generally the PD controllers cannot remove the steady state error 
due to the absence of the integral element and also suffers from initial derivative 
kick. That is why it is used for processes mostly having integrator present in the 
process plant model. 

9.6.4   Fractional Vector Feedback Controller 

This section considers the use of fractional vector feed back for control system 
design, especially for multivariate fractional state space. The modeling of the system 
in fractional vector state-space has been covered in Chapter 7, and example given in 
Chapter 8. The vector representation is: 

0 ( ) ( , , ,0, ) A ( ) B ( )q
td x t x q a t x t u tψ+ = + and ( ) C ( ) D ( )y t x t u t= + . 

Typically, vector feedback is implemented as ( ) ( ) ( )u t Kx t r t= − + , where r  is 

vector set point and K is the feedback gain matrix to be determined. The closed 
loop system then becomes: 

[ ]0 ( ) A B ( ) ( , , ,0, ) B ( )q
td x t K x t x q a t r tψ= − − +  

[ ]( ) C D ( ) D ( )y t K x t r t= − +  

By choosing K appropriately and using standard pole-placement methods it is 
possible to place the eigenvalues anywhere in the w-plane. The [ ]det I A Bw K− +  

will determine the pole placement. While doing this, the eigenvalues should be 
placed to the left of the instability wedge (Chapter 7). In this qs w= , is the 
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transformation from s w→  plane. Presently without worrying about the 
instability due to initialization vector ψ , the pole placement can be carried to give 

the stable closed loop performance as desired. At present it is unclear how linear 
quadratic regulator (LQR) and other optimal feedback regulator rules be redrawn 
for fractional vector state problems. 

Consider 

[ ] [ ]
0 1 0 0

A 0 0 1 ,B 0 ,C 1 2 3 , D 0

2 4 6 1

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = = =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦

, 

the system is 0 ( ) A Bq
tD x t x u= +  and ( ) C ( )y t x t=  with controller as 

( ) ( )u t Kx t= − . The control parameter (gains) will be chosen such that the poles in 

the w-plane are 1,2 2 j4w = − ± and 3 6w = − . The Laplace transformation of the 

vector system equation with feedback regulator is 1( ) [ I A B ] ( )qX s s K sψ−= − − + . 

The close loop system matrix is [ ]I A B I A Bqs K w K⎡ ⎤− + = − +⎣ ⎦ , from here the 

value of K is evaluated as: 

[ ] [ ]1 2 3

0 0 0 1 0 0

det I A B det 0 0 0 0 1 0

0 0 2 4 6 1

w

w K w k k k

w

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥− + = − +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭

 

3 2
3 2 1

1 2 3

1 0

det 0 1 (6 ) (4 ) (2 )

2 4 6

w

w w k w k w k

k k w k

−⎡ ⎤
⎢ ⎥− = + + + + + +⎢ ⎥
⎢ ⎥+ + + +⎣ ⎦

 

From the poles given in the w-plane the characteristic equation is  
3 2( ) ( 2 j4)( 2 j4)( 6) 10 44 120w w w w w w wα = + − + + + = + + + , Comparing this 

with coefficients of the determinant we get [ ]1 2 3K k k k=  = [ ]4 40 118 .  

Here we have obtained the controller matrix and the gains because the system is 

controllable as rank of matrix 2B AB A B⎡ ⎤⎣ ⎦  is 3 full ranks. These are usual 

theory of multivariate control science. Refer Figure 9.5 for fractional vector state 
feed back block diagram. 

9.6.5   Observer in Fractional Vector System 

Just as in integer order theory, it is important to create observers or vector 
estimators for fractional order system. This section will present the theory 
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necessary for designing fractional order observer. The fractional order vector 
estimator is: 

0
ˆˆ ˆ ˆ( ) ( , , ,0, ) A ( ) B ( ) L ( ) ( )q

td x t x q a t x t u t y t y tψ ⎡ ⎤+ = + − −⎣ ⎦  

ˆ ˆ( ) C ( ) D ( )y t x t u t= + , where a non-zero initialization function ψ̂  has been 

assumed for the observer. The vector error ( )e t is defined as difference between 

the real system outputs ( )x t  and estimated observer outputs ˆ ( )x t : 

ˆ( ) ( ) ( )e t x t x t= − . The observer gain L is determined as to force the error between 

the plant vectors to go to zero. The dynamics of the error are obtained by 

fractionally differentiating the error equation as: 0 0 0
ˆ( ) ( ) ( )q q q

t t td e t d x t d x t= − .  

In this substitute the system equations to get: 

[ ]0
ˆˆ ˆ ˆ( ) A ( ) B ( ) ( , , ,0, ) A ( ) B ( ) ( , , ,0, ) L ( ) ( )q

td e t x t u t x q a t x t u t x q a t y t y tψ ψ⎡ ⎤ ⎡ ⎤= + − − + − − −⎣ ⎦⎣ ⎦

Now replacing the sensed system outputs ( )y t and ˆ ( )y t  with the vector variable 

C ( ) D ( )x t u t+  we obtain: 

[ ]0
ˆˆ ˆ( ) A ( ) B ( ) ( , , ,0, ) A ( ) B ( ) ( , , ,0, )q

td e t x t u t x q a t x t u t x q a tψ ψ⎡ ⎤= + − − + −⎣ ⎦  

                                 ˆ ˆL C ( ) D ( ) C ( ) D ( )x t u t x t u t⎡ ⎤− + − −⎣ ⎦  

Eliminating and doing simple algebra and substituting ˆ( ) ( ) ( )x t x t e t− = we get: 

[ ] { }0
ˆ ˆ( ) A - LC ( ) ( , , ,0, ) ( , , ,0, )q

td e t e t x q a t x q a tψ ψ= − −  

The matrix L is determined to force the observer error to go to zero by placing the 
eigenvalues of [ ]A - LC  in the stable region of w-plane (Chapter 7). The 

initialization function response eventually decays to zero for any system 
with 0 1q< < , and only has transient effect on the observer error. However proper 

choice of ψ̂  will help drive the error to zero sooner than if ψ̂  was simply zero. 

Consider 0 ( ) A ( ) B ( )q
tD x t x t u t= + and ( ) C ( )y t x t= , observer gain has to set 

such that the closed loop poles follow the w-plane as 1,2 32 j 12, 5w w= − ± = − . 

[ ] [ ]
0 1 0 0

A 0 0 1 , B 0 ,C 1 0 0 , D 0

6 11 6 1

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = = =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦

 

The normal observability matrix is  
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2

C 1 0 0

CA 0 1 0

CA 0 0 1

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

has full rank. Therefore the system is observable. The characteristic polynomial is:  

( ) ( 2 j 12)( 2 j 12)( 5)w w w wα = + − + + + = 3 29 36 80w w w+ + + . 

[ ] [ ]
1

2

3

0 0 0 1 0

det I A + LC det 0 0 0 0 1 1 0 0

0 0 6 11 6

w l

w w l

w l

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥− = − +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭

 

1
3 2

2 1 1 2 1 2 3

3

1 0

det 1 ( 6) (6 11) (11 6 6)

6 11 6

w l

l w w l w l l w l l l

l w

+ −⎡ ⎤
⎢ ⎥− = + + + + + + + + +⎢ ⎥
⎢ ⎥+ +⎣ ⎦

 

Equating the determinant to the characteristic polynomial we obtain 

1( ) 6 9l + = , 1 26( ) ( ) 11 36l l+ + =  1 2 3(11) (6) 6 80l l l+ + + =  gives the value for 

observer gain as [ ] [ ]1 2 3L 3 7 1l l l= = − . 

Refer Figure 9.6 for fractional vector observer block diagram. 

9.6.6   Modern Aspects of Fractional Control 

The multivariate control aspects are discussed in the previous sections with the 
examples. The controllable and observable issues are discussed and disregarding 
the time varying initialization vector the gains of fractional state feed back and 
gains of observer were calculated. In the example coefficient equalization scheme 
is chosen to equalize the determinants of controller and observer matrices. Here 
the Bass-Gura and Ackerman formula from the rank determination approach is 
also suitable, to place the poles as desired in the w-plane stability wedge.  

Question of controllability and observability and minimality arise when the 
systems are expressed in the vector fractional dynamic variable form. There are 
two directions to go in this regard. One is to completely redefine and derive all of 
the related vector system properties. This is not done at this time. Though effort is 
on in this regard. It is important to note that the fractional dynamic variable vector 
alone does not contain all the information about the state of the system, but 

requires vector 
_

ψ  the initialization vector. The implication of this is totally not 

clear at this stage at present; however, one important consideration in 
observability and controllability issue is the inclusion of the time dependent 
initialization function. Rather than re-deriving all the system theory results on 
controllability and observability, useful results can still be obtained by simply 
using the observabilty and controllability matrices directly for particular fractional 
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vector system-while neglecting the initialization vector. This can be done on usual 
ABCD matrices completely without regard to their deeper theoretic 
implementation.  

Finally it should be noted that the vector space of fractional dynamic variables 
allows direct use of standard state variable feedback and observer theory, with the 
understanding that the closed loop poles are being placed in stability zone of w-
plane. It is not clear at this point how to interpret any optimal control theory rules. 
Although we could use Lyapunov and Riccati equations for design, their 
interpretation is not clear with regard to optimality. One would expect that the 
resulting controllers which always guarantee to have closed loop poles in left half 
plane (LHP) of s-domain, would now place all closed loop poles in the LHP of w-
domain, which would guarantee some form of stable ‘hyper-damped’ response.   

Kalman’ decomposition laws are still valid with initialization function taken as 
one of the plant disturbance input. Also for state estimator ‘fractional Kalman 
filter’ and extended fractional Kalman filter’ for linear and non-linear systems are 
recent developmental field of multivariate control science.  
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Fig. 9.5 State variable fractional vector controller 
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Fig. 9.6 Fractional vector dynamic variable observer. 
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9.7    Fractional Compensator 

9.7.1   Generalized Compensator 

Generalization of the traditional lead compensator is discussed in this section. This 
is obtained by introducing as a new parameter the fractional order, α, of the 
structure. By doing so the proposed fractional order lead compensator (FOLC) has 
the form 

1 1
( )

1 1c c

s s
C s k k

x ss x

α
αλλ

λλ

⎛ ⎞+ +⎛ ⎞⎜ ⎟= = ⎜ ⎟⎜ ⎟ +⎝ ⎠+⎝ ⎠
                            (9.1) 

In this generalization, the above controller (9.1) is used just as a lead compensator 
that is, its purpose is not to ensure a constant phase (α π/2) in a frequency interval, 
but to ensure the fulfilling of the design specifications traditionally used for a lead 
compensator. Providing the designer with greater flexibility in shaping the 
frequency plot of the compensator, by the slope modification factor α, the 
fractional lead compensator enjoys a distinctive edge over its integer order 
counterpart. 

9.7.2   Frequency Characteristics of the Lead Compensator 

For the conventional lead compensator 

1 1
*( )

1 1c c

s s
C s k k

x ss x

λλ
λλ

⎛ ⎞+ +⎛ ⎞⎜ ⎟= = ⎜ ⎟⎜ ⎟ +⎝ ⎠+⎝ ⎠
                                   (9.2) 

The zero frequency is given by (1/ )zeroω λ=  and the pole frequency by 

(1/ )pole xω λ= . The key idea in the design of a lead compensator is to increase the 

phase margin of the open loop system, by adding phase in the neighborhood of the 
gain crossover frequency, cω . The bode plots of (9.2) are shown in Figure 9.7, 

where it can be observed that the maximum phase mΦ  is given at frequency mω , 

which is the geometric mean of the corner frequencies zeroω  and poleω . 
Therefore, 

* 1 1 1 1
arg[ ( )] tan ( ) tan ( ) sin

1m m m m

x
C s x

xω ω λω λω− − −
=

−⎛ ⎞= Φ = − = ⎜ ⎟+⎝ ⎠
           (9.3) 



468 9   Application of Generalized Fractional Calculus
 

1
m

x
ω

λ
=                                                   (9.4) 

* ( j ) j 1 1

j 1
m m

c m

C

k x x x

ω ω λ
ω λ

+
= =

+
                                    (9.5) 

 

Fig. 9.7 Bode plots of the transfer function C*(s) 

It must be taken into account that this compensator modifies the magnitude curve, 
moving the frequency cω  to the right, of the Bode-plot, after compensation and 

producing a phase boost at the uncompensated cω  point (Figures 9.9 and 9.10). In 

order to maintain the specification of the phase margin, the mΦ  of the compensator, 

this phase lag must be compensated by increasing this by few degrees the maximum 
phase mΦ  that the compensator, must give (over phase). This over phase is 

estimated by trial and error method. 
However, analytical methods can be used for the design of the integer 

compensator in order to guarantee the desired mΦ  at the desired cω  without a trial 

and error process, though the over phase is always present. 
Now, considering the fractional lead compensator of (9.1), as can be seen from 

Figure 9.8, the parameter x  sets the distance between the fractional zero and pole, 
and the parameter λ  sets their position on the frequency axis. The choice of these 
two parameters depends on the value of α . Higher the value of α , the higher the 
slope of the magnitude of ( )C s  and the higher the maximum phase mΦ  that the 

compensator can give. 
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Fig. 9.8 Bode plots of the transfer function C(s) fractional order compensator. 

At the frequency mω  

2

2

( j ) ( ) 1 1
'( )

( ) 1m

m m

c m

C
C s

k x x x

α α

α ω ω

ω λω
λω=

⎛ ⎞+ ⎛ ⎞⎜ ⎟= = = ⎜ ⎟⎜ ⎟+ ⎝ ⎠⎝ ⎠
                (9.6) 

1 1 1 1
arg( '( )) tan ( ) tan ( ) sin

1m m m m

x
C s x

xω ω α λω λω α− − −
=

−⎛ ⎞⎡ ⎤= Φ = − = ⎜ ⎟⎣ ⎦ +⎝ ⎠
     (9.7) 

9.7.3   Compensation Using a Fractional Lead Compensator 

In the most general case, first of all, the value of compensator gains k’= kcx
α can 

be set in order to fulfill a static error constant specification for the compensated 
system. For a general plant model of a form (system type n) 

( 1)
( )

( 1)

i
i

n
j

j

k s
G s

s s

τ

τ

+
=

+

∏
∏

                                                  (9.8) 

the static error constant kss , has the expression: 
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0 0 0

( 1)
1 '

lim ( ) ( ) lim ' lim '
1 ( 1)

i n
n n i

ss n ns s s
j

j

k s
s s k k

k s C s G s s k k k
x s s s s

α τ
λ
λ τ→ → →

⎡ ⎤+
⎡ ⎤+⎢ ⎥⎛ ⎞⎡ ⎤= = = =⎢ ⎥⎜ ⎟⎢ ⎥⎣ ⎦ + +⎝ ⎠ ⎣ ⎦⎢ ⎥⎣ ⎦

∏
∏

      

(9.9) 

that is, k’ = kcx
α= kss/k, setting the relation between parameters kc, x and α. 

Knowing the value of k’, the bode plots of the system G’(s) =k’G(s) are obtained, 
in which the static error constant specification is already fulfilled. Now, 
specifications of gain crossover frequency and phase margin must be achieved. 
Through the Bode plots of the plant G’(s) the maximum phase ( mΦ ) and the 

magnitude that the compensator C’(s) must give to fulfill these two frequency 
specifications is observed. Then, the relations for the parameters of the fractional 
structure are given by the equations: 

1

c x
λ

ω
=                                                        (9.10) 

1 1
'( )

' ( )m c

c

C s
k G sx

α

ω ω
ω ω

=
=

⎛ ⎞= =⎜ ⎟
⎝ ⎠

                                 (9.11) 

1 1
arg( '( )) sin arg( ' ( ))

1m c cm m

x
C s k G s

xω ω ω ωα π−
= =

−⎛ ⎞= Φ = = − + Φ −⎜ ⎟+⎝ ⎠
       (9.12) 

The above expressions come from the fact that open loop transfer function after 
compensation is / /( ) ( )G s C s  must have at gain cross over point ( cω ) the phase as 

mπ− + Φ  for stability. Thus  

/ / / /
@arg[ ( ) ( )] arg[ ( )] arg[ ( )]

c mG s C s C s k G sω ω π= = + = − + Φ  

So, a set of three nonlinear equations (9.10) to (9.12)) and three unknown 
parameters (x,λ,α) are obtained. Solving these equations, the value of parameter kc 
can be easily obtained, since 

ss
c

k
k

x kα=                                                          (9.13) 

Therefore we have a total of four non linear equations and four unknown 
parameters to fulfill three design specifications, independently, ensuring the 
maximum phase, mΦ  at the frequency cω . 

One of the major issues in obtaining an analytical design structure for the 
fractional lead compensator is the solution of the above mentioned set of non 
linear transcendental equations, whose solution and convergence are strongly 
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governed by factors such as selection of starting point (initial solution guess) and 
the number of iterations. The only issue which has to be dealt carefully is the issue 
of convergence of solutions of the non linear equations. However, design issues 
such as accuracy of fractional order devices and hardware requirements for integer 
order approximations for implementing the fractional order design, need to be 
thoroughly analyzed.  

The introduction of parameter α , fractional order of the structure, allows 
flexibility on the fulfillment of specifications of phase margin, mΦ , at the gain 

crossover frequency, cω  and the static error constant kss. The proposed method of 

design is based on the condition of null over phase, forcing the compensator to 
give it maximum phase at the gain crossover frequency.  

As mentioned at the beginning  there is distinct advantages of the fractional 
order design over the integer order structure, by providing greater Gain and Phase 
margins throughout the frequency range of interest.  

Analogously, lag and lead-lag fractional order compensators can be designed 
based on similar non linear relations and compared with their integer order 
counterparts. The Figures 9.9 and 9.10 compares the Bode gain and phase plots for 
integer order compensator.  

To fulfill the design specifications for the given plant G(s), using both integer 
and fractional order designs, and then compare the performances, we consider 
plant as: 

2
( )

(0.5 1)
G s

s s
=

+
 

With, velocity error constant, 20vk = . Gain crossover frequency, cω = 10 

rad/sec., Phase margin, mΦ = =0.27π=50°. 

For both the compensators, from the velocity error constant specifications, it is 
obtained as k’=kv / k=10. Now for the system G’(s) =k’G(s), it is observed that at 
the gain crossover frequency, ωc=10 rad/sec, the magnitude of G’(s) is -8.16 dB 
and the phase is -168.7°. Thus design of the requisite compensators, to fulfill the 
conditions is given by: 

'( ) 8.16dB
c dB

C s ω ω=
⎡ ⎤ =⎢ ⎥⎣ ⎦

 and 

0 0 0 0arg[ '( )] ( 180 50 { 168.7 }) 38.7
c

C s ω ω= = − + − − =  

Integer order Compensator:  

0.2082 1
( )

0.048 1I

s
C s

s

+=
+

 

Fractional Order Compensator:  

0.55
0.5266 1

( )
0.0178 1F

s
C s

s

+⎛ ⎞= ⎜ ⎟+⎝ ⎠
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Fig. 9.9 Compensated Gain plots 

 

Fig. 9.10 Compensated Phase plots 
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9.8   Phase Shaping with Fractional Order Differ-Integrator 

In this section, the methodology of designing a phase shaper with a fractional 
order differ-integrator is presented for a given system ( )G s  comprising the plant 

( )plG s  and its PID controller ( )cG s , so that open loop transfer function is 

( ) ( ) ( )c plG s G s G s= × , which is tuned by standard techniques. On this tuned plant 

with controller if one has to achieve iso-damping, the extra fractional order differ-
integrator block is required, and is demonstrated.  

9.8.1   Application of Bode’s Phase Integral 

Bode’s phase integral formula is used to approximate the derivative of the phase 
of transfer-function ( )G s  around its gain crossover frequency gcω . Using Bode’s 

phase integral, it can be shown, that for a stable, minimal phase system in the 
neighborhood of any ω , (Chapter 3). 

( j ) 2
( j ) [ln ln ( j ) ]g

d G
G k G

d

ωω ω ω
ω π

∠ = ∠ + −                            (9.14)  

where, gk  is the static gain of ( )G s . It is established that equation (9.14) is valid 

for both minimal and non-minimal phase systems alike. Substituting gcω ω=  in 

equation (9.14), where ( j ) 1gcG ω =  , and ( j )gc mG ω π∠ = − + Φ  yields 

( j ) 2
ln

gc

m
g

gc gc

d G
k

d ω ω
πω

ω ω πω=
Φ −∠ = +                               (9.15)  

where, mΦ  is the phase margin of ( )G s .  

Now, if it is attempted to flatten the phase around gcω ω=  using a phase 

shaper ( )phG s , then the relationship   

( j ) ( j ) 0ph

d d
G G

d d
ω ω

ω ω
∠ + ∠ =                           (9.16)  

(9.16) must be satisfied over a frequency band ωΔ , around gcω . For a FOPTD 

(First Order Plant with Time Delay) or a SOPTD (Second order Plant with Time 

Delay) system, 
( j )

gc

d G

d ω ω
ω

ω =
∠

 is negative and therefore, for equation (9.16) to 

be valid in the neighborhood of gcω , ( j )
gcph

d
G

d ω ωω
ω =∠  should be positive. This 

can be achieved by using a phase shaper of the (general) form as: 
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( ) (1 )q
phG s as= +  , with 

1 q
gca

ω≤  and 0 1q≤ ≤                     (9.17)  

If it be assumed that the phase shaper does not introduce any change in static gain 
or phase of the original plant, then the phase shaper described by equation (9.17), 
which is general, must be modified as, a lagging phase shaper (integrator) 

(1 )
( )

q

ph q

as
G s

s

+=                                          (9.18)  

With, ( j ) ( j ) cos j sin
2 2

q q q
ph

q q
G a a

π πω ω ω ω− − −⎛ ⎞⎛ ⎞ ⎛ ⎞= + = + −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

  

1
sin

2( ) tan
2 1 cos

2

q

ph
q

q
aq

G s
q

a

πωπ
πω

−

⎛ ⎞
⎜ ⎟

∠ = − + ⎜ ⎟
⎜ ⎟+⎜ ⎟
⎝ ⎠

, and 

                             
2 2

sin( ) 2

(1 2 cos
2

q

q q

q
aqd G s

qd a a

πω

πω ω ω ω

⎛ ⎞
⎜ ⎟∠ = ⎜ ⎟
⎜ ⎟+ +⎜ ⎟
⎝ ⎠

 

The derivative of the phase curve of plant along with PID controller is (9.15) that is 

( j ) 2
ln

gc

m
g

gc gc

d G
k

d ω ω
πω

ω ω πω=
Φ −∠ = + . 

By putting the derivative of phase shaper (9.18) that is  

1
sin

2( ) tan
2 1 cos

2

q

ph
q

q
aq

G s
q

a

πωπ
πω

−

⎛ ⎞
⎜ ⎟

∠ = − + ⎜ ⎟
⎜ ⎟+⎜ ⎟
⎝ ⎠

, 

and using (9.16) that is,  

( j ) ( j ) 0ph

d d
G G

d d
ω ω

ω ω
∠ + ∠ = , 

we get the following: 
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2 2

sin2 2ln 0
(1 2 cos )

2

q

m
g

q qgc gc

q
aq

k
q

a a

πωπ
πω πω ω ω ω

Φ −
+ + =

+ +
                 (9.19) 

Equation (9.19) assumes that the slope of the phase curve of ( )G s  remains 

constant around gcω . The advantage of a Fractional Order differ-integrator as a 

phase shaper arises from the fact that it allows a flexibility in making the phase 
curve of ( )OLG s flat over a varying frequency spread by suitable selection of a  

and q . 

However, the addition of ( )phG s  alters the phase of ( )G s  and the net phase of 

( )OLG s  at gcω can be expressed, by putting the phase of phase shaper (9.18) with 

known minimum desired phase margin mdΦ , the phase angle of the overall system 

at gain cross-over frequency gcω is by following expressions 

( j ) ( j )
gc phG Gω ω ωΦ = ∠ + ∠  

1
sin

2( ) tan
2 1 cos

2

gc

q

m
q

q
aq

q
a

ω ω

πωππ πω

−
=

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

Φ = Φ − + − +⎢ ⎥⎜ ⎟
⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

                    (9.20)  

From equation (20) it follows that the phase of ( )OLG s at gcω  is less than the 

phase of ( )G s  at the same frequency. Since the phase shaper flattens the phase 

curve of ( )OLG s around gcω , it follows that the phase margin may reduce with the 

introduction of the phase shaper. Thus if the minimum desired phase margin with 
the phase shaper be mdΦ , (that is total phase of plant plus PID plus phase shaper, 

added to 0180− at gcω is LHS of (20)); then it follows that  

1
sin

2tan 0
2 1 cos

2

q

md m
q

q
aq

q
a

πωπ
πω

−

⎛ ⎞
⎜ ⎟

Φ − Φ + − ≤⎜ ⎟
⎜ ⎟+⎜ ⎟
⎝ ⎠

                (21)  

Thus, the problem is of finding a phase shaper of the form represented by equation 
(9.18) that produces maximum flatness in terms of frequency spread can be 
viewed as a constrained optimization that finds ( ),q a  maximizing the value of 

gcω ω−  and satisfying the constraints represented by equations (9.16), (9.17), 

(9.19) and (9.21) using MATLAB’s Optimization Toolbox function fmincon(.) 
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9.8.2   Plant with Tuned with Integer Order PID Made Iso-
Damped with Additional Fractional Differ-Integrator 

Consider a plant identified by reduced order model as a ‘first order with time 

delay’ (FOPTD) represented by Transfer function 
1

( )
1

Ls
plG s e

Ts
−=

+
 is con- 

trolled by, normal integer order PID that is: 

( ) i
c p d

k
G s k k s

s
= + + . 

The Fractional Order phase shaper ( )phG s  is so designed that the resultant closed-

loop system exhibits iso-damped response to step changes in input over a range of 
gain variations. The design methodology for the phase shaper maximizes the 
width in terms of frequency of the flat-phase region in the asymptotic phase curve 
around the gain crossover frequency of ( )G s . These ensure a constant phase 

margin and hence gain independent overshoot for the time response of the system. 
The open loop transfer function is thus: ( ) ( ) ( ) ( )OL ph c plG s G s G s G s= × × .  

A flat phase curve around the gain cross-over frequency also ensures enhanced 
parametric robustness. The methodology presented in this section assumes the 
following: 

a).    The plant transfer function ( )plG s  is can be approximated by a First Order 

plus Time Delay (FOPTD). 
b).    The PID controller may be tuned by any standard method and the closed 

loop system comprising the plant and the controller is a stable system. 
c).    The phase shaper does not add any additional gain, nor does it add a net 

phase change to ( )G s .  

Specified gain-cross over frequency gcω , and at that frequency Phase margin 

specified is mdΦ ; thus 

arg[ ( j )] arg[ ( j ) ( j )]md OL gc ph c gc pl gc mG G G Gω ω ω πΦ = = × × = − + Φ  . 

For robustness, we have  

arg( ( j ) 0
gc

OL

d
G

d ω ω

ω
ω =

=  

With these conditions that the phase derivative with respect to the frequency is 
zero i.e. the phase from bode plot is flat, and at the gain crossover frequency and 
the system became robust for gain variations. 

For amplitude we have the condition 
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( j ) ( j ) ( j ) ( j ) 1OL gc ph gc c gc pl gcG G G Gω ω ω ω= × × =  

around the gain crossover point magnitude of open loop transfer function is equal 
to one. Steps to fulfill the above criteria are as follows: 

From the transfer function of the PID controller, we have: 

( j ) j i
c p d

k
G k kω ω

ω
⎛ ⎞= + −⎜ ⎟
⎝ ⎠

. 

This gives argument as: 

1arg[ ( j )] tan

i
d

c
p

k
k

G
k

ω
ωω −

⎛ ⎞−⎜ ⎟
= ⎜ ⎟

⎜ ⎟⎜ ⎟
⎝ ⎠

 

and gain modulus of controller is  

2

2( j ) i
c p d

k
G k kω ω

ω
⎛ ⎞= + −⎜ ⎟
⎝ ⎠

 

From the transfer function of the plant as identified as a first order with time delay 
1arg[ ( j )] tan ( )plG T Lω ω ω−= − −    and the modulus is,  

2

1
( j )

1 ( )
plG

T
ω

ω
=

+
 

Transfer function of the fractional order phase shaper is:  

1
( )

q
q

ph q

as
G s a s

s
−+= = +  

( j ) ( j ) cos j sin
2 2

q q q
ph

q q
G a a

π πω ω ω ω− − −⎛ ⎞⎛ ⎞ ⎛ ⎞= + = + −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

,  

which gives modulus and argument as follows:  

1
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2arg ( j ) tan
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2

q
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q

q

G
q

a

πω
ω πω

−

−

−

⎛ ⎞
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, 

2 2

( j ) cos sin
2 2

q q
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q q
G a

π πω ω ω− −⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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The open loop transfer function of a plant controlled by PID controller with 
fractional order phase shaper is ( ) ( ) ( ) ( )OL ph c plG s G s G s G s= × × . The net gain and 

phase of the system is as follows: 

( )

2 2 2
2

2

cos sin
2 2

( j )
1

q qi
p d

OL

k q q
k k a

G
T

π πω ω ω
ω

ω
ω

− −⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − × + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠=
+

 

[ ] ( )1 1 1
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2
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d
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qp

k q
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G T L
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πω ω
ωω ω ωπω
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= − − −⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟+⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

 

From robustness criterion,  

arg ( j ) 0
gc

OL

d
G

d ω ω

ω
ω =

= , 

applying this on above expression, we get:  

( ) ( ) ( )

1
2

2 22 2 2 2

sin( ) 2
11 2 cos

2

q
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q
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2 22 2

( )

1

p d i

p d i

k k kT
B L

T k k k

ω
ω ω ω

+
= + −

+ + −
, 

where  

1

2 2
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2

1 2 cos
2

q

q q

q
aq

B
q
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πω

πω ω
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=
+ +

 

From gain criterion, ( j ) ( j ) ( j ) ( j ) 1OL gc ph gc c gc pl gcG G G Gω ω ω ω= × × =   we get 

( )

2 2 2
2

2

cos sin
2 2

1
1

q qi
p d

k q q
k k a

T

π πω ω ω
ω

ω
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From above after simplification we obtain:  

2 22 cos
2

q qq
a a A

πω ω− −+ + = , 

where 

2

2
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i
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T
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From 2 22 cos
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q qq
a a A

πω ω− −+ + = and
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, 

we get  

1sin
2

qq AB
q

a

π ω +=  

Phase margin specification gives: 
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 and m L Dπ ω− + Φ + = , and substitute in above to get 

simplification for the following terms as:  
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From the all above steps we get three conditions:  

1.  2 22 cos
2

q qq
a a A

πω ω− −+ + =                    

2. 1sin
2

qq AB
q
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π ω +=                                     

3. 
sin
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πω
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⎜ ⎟
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⎜ ⎟+⎜ ⎟
⎝ ⎠

                              

The problem is to find ( ),a q  that is, fractional order phase shaper, ( )phG s  for 

given mdΦ , for a tuned plant ( )plG s  already working with tuned PID controller 

( )cG s . This optimization problem is solved using MATLAB’s Optimization 

Toolbox function fsolve (*). The rationale behind use of fsolve (*) arises from the 
fact that this is an optimization problem with non-linear constraints and it has been 
shown that for such optimization problems fsolve (*) can be used effectively.  

Take a plant, identified as 0.1051
( )

1.11 1
s

plG s e
s

−=
+

 which is controlled by a 

PI controller, which is tuned with parameters and represented 

as
10.5

( ) 7.73cG s
s

= + . 

Transfer function of the phase shaper obtained by above methods, for desired 
phase margin of 035mdΦ > , gives the following phase shaper. This limit is to 

ensure that not too much oscillatory behavior is obtained after iso-damping. Phase 
moving toward zero degrees is less oscillatory. 

0.7895

0.7895

1 1.3104
( )ph

s
G s k

s

+=  

Figures 9.11 and 9.12 represent the iso-damped step response under varying k , 
(the scalar gain introduced in order to evaluate the gain spread studies) the 
frequency response with phase flattening due to the phase shaper, shows the peak 
overshoot is fixed for 200% variation in parameter k , whereas without this 
additional phase shaper the PID only has large change in overshoot with same 
parametric spreads. The gain and phase curves show the reduction in phase margin 
and increase in gain margin and lowering of gain cross over frequency; while 
phase shaper of fractional order is introduced. 
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Fig. 9.11 Iso-damped step responses with the variation of loop gain, dashed line represents 
original system controlled by PID controller and continuous lines represent responses along 
with PID and phase shaper for varying gains. 

 

Fig. 9.12 Open Loop Frequency responses (Gain and Phase) of the plant controlled by PID 
with (continuous line) and without (dashed line) phase shaper. 
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9.9   Viscoelasticity (Stress-Strain) 

Macromolecular systems show in many cases viscous-elastic behavior, which 
combines feature of solids (elasticity) and of liquids (viscosity). The expression 
for solids is by Hook’s law i.e. ( ) ( )t E tσ ε= , and liquid behavior, of viscosity by 

( ) ( )t tσ ηε ′= , i.e. Newton’s law. ( )tε , is the strain (displacement), ( )tσ  is stress, 

E modulus of elasticity, η  is coefficient of viscosity and ( )tε ′  is strain rate. In 

general the real objects show a behavior which combines characteristic features of 
solids and liquids. Let us model a visco-elastic behavior by series connected pure 
elastic Hook’s element with pure viscous element of Newton’s law. Coupling 

1 1( ) ( )t E tσ ε= with series with 2 2( ) ( )t tσ ηε ′= . In this configuration the elongations 

(displacements) gets added to give total displacement (across variable). The total 
displacement (strain) is 1 2ε ε ε= + . The stress being the through variable will be 

common to these series element, i.e. 1 2σ σ σ= = . Taking / Eτ η= , the 

differential equation representation is ( ) ( ) ( )
d d

t t E t
dt dt

τ σ σ τ ε+ = . The relaxation 

modulus for ‘shear-jump’, i.e. ( ) ( )t H tε = , unit step at 0t = , gives ( )tδ  as source 

term. Then, ( ) ( ) exp
t

G t t Eσ
τ

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

is the Green’s function, and solution to 

homogeneous differential equation, and also the relaxation modulus for the shear-
jump excitation. This model leads to exponential stress decay. Real materials 
however show a more general decay profile as power law ( )G t t α−∝ . This is due 

to linear superposition of normal modes leads to non-exponential power-law 
decay, in a ‘fractal’ chain network of connected monomers of a long polymer 
chain (Rouse dynamics Chapter 3). The decay coefficient α is related to the 
spectral dimension sd  of the fractal network. In general late time asymptote of 

relaxation modulus gives indication of ‘spectral’ dimension of the fractal network. 
Let us try to generalize the integer order model, with fractional derivatives as: 

( ) ( ) ( )
d d

t t E t
dt dt

α β
α β

α βτ σ σ τ ε+ = , with 0 , 1α β< <  

For short time t τ<< , the relaxation modulus will be as ( )G t tα β−∝ . In this 

generalization for α β> , the ( )G t  grows with time, which is not physically 

correct. Therefore, for this method of generalization for modeling to be correct 
α β≤ . This way direct replacement of integer order derivative with fractional 

derivative operator is meaningful only if physically correct picture is obtained. 
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Assuming, the relaxation response function as power law to shear-jump in strain is 

( )
(1 )

E t
G t

γ

γ τ

−
⎛ ⎞= ⎜ ⎟Γ − ⎝ ⎠

 , with 0 1γ< < , then from above reasoning the visco-elastic 

relationship in fractional order model is: 

( ) ( )
d

t E t
dt

γ
γ

γσ τ ε≡  

that is, making 0α = and β γ= .   

In Chapter 3 we have seen the relation between Force 0F  and average 

displacement 0 ( )x t , for tagged bead in chained network as half order integral 

equation, for semi-infinite case. The case was discussed there for a linear chain in 
network. That model is thought of as monomers of beads connected to form a 
polymer chain. Now instead of a linear chain consider the network be of fractal 
nature, meaning that the connectivity instead of linear is random and heavily 
connected from one monomer (bead) to all others. Thus making a mesh of 
monomers to form a fractal lattice. In case of linear chain the average-

displacement of tagged bead follows t  ,form the number or group 
1

2( ) ( )g t t∝ moving collectively after application of step-force at 0n = monomer. 

This slows down the tagged monomer-bead (due to collective motion). It is 
evident that pulling a monomer of a macro network which has more connectivity 
than the linear chain involves even a slower drift. Refer the Chapter 3 for linear 
chain of network, for which the Rouse’s dynamics gave one dimensional equation 
of diffusion type. It was discussed that its Green’s function is Gaussian whose 

width increases with time as t ; stated differently the number of monomers 

(group of beads) ( )g t which are involved in a collective motion obey ( )g t t∝  . 

Now if this were to happen in fractal network, would lead to different equation on 
the corresponding fractal lattice. This fractal lattice is having scales of fractal 
dimensions different from Euclidean lattice; for linear chain the dimension 1sd = . 

Thus for fractal lattice we expect, the group of beads obey 2( ) ( )
sd

fg t t∝ , with 

2sd < as ‘spectral’ dimension of the network. It is well known that in a random 

walk model of a fractal lattice, the number of different sites ( )S t visited by 

random walker during time t grows as 2( )
sd

S t t∝ for 2sd < and 

( )S t t∝ for 2sd ≥ , where sd is spectral dimension of the network. In case of 

regular lattice sd is Euclidean dimension. Now the dynamical process has single 

parameter combination with dimension of time namely 2 /b Tζ  (refer Chapter 3 

for these constants as discussed) then: 
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2
2

2

2

; 2

( )

; 2

s

s

s
s

d
d

sd
d

f

s

T
t d

bg t
T

t d
b

ζ

ζ

⎧
⎪ <
⎪

= ⎨
⎪

≥⎪
⎩

 

At later times that is, Rt τ>>  ; ( )fg t N=  holds. The cross over time Gτ follows 

by setting ( )f Gg Nτ = ,and for 2sd < this leads to 2/2 /sd
G b N Tτ ζ≅ . For linear 

chain 1sd = , one gets Rouse time Rτ (Chapter 3). The domain which moves 

collectively has the, average velocity ( ) 1

0( ) ( )xv t g t Fζ −= . For 2sd < this leads 

to: 

1 /20
0 1 /2 /2
( )

s

s

s s

d
d

d d

F b
x t t

Tζ
−

−≅ . 

Using the argument of fractional integration of a constant as for linear chain, we 
get similar expression for fractal network as: 

( )

( )

/ 2 1

0 1 /2 /2 /2 1
( ) ( )

ss

s s s

dd

d d d

b d
x t F t

T dtζ

−

− −
≅ . 

With 1 ( / 2)sdα = − , we get fractional integral equation 

as
2 2

1
( ) ( )

b d
x t F t

T dt

α α

α α αζ

− −

− −= , where 0 (1/ 2)α< ≤ . This expression is similar to the 

generalization of stress strain relationship as 1 1( ) ( )
d

t E t
dt

γ

γε τ σ
−

− −
−= expressed 

above. Thus from microscopic chain dynamics of elastic connected monomer 
beads in a fractal network one can get macroscopic stress strain fractional 
differential equations for viscoelasticity. 

Stress relaxation and creep behavior in stress strain relationship is well 
described by fractional order models. A stress strain law for viscoelastic materials 

is described as 
1

( ) ( )v
c tt D t

K
ε σ−=  or a new specimen where no initialization is 

required and is thus memory less be represented as (un-initialized 

derivative)
1

( ) ( )v
a tt d t

K
ε σ−= . Here ε  is strain and σ is stress. For 0v = the 

material is elastic solid and for 1v = the material is viscous liquid. K is constant 
depends on material. In the above stress strain relationship, both effects i.e. 
instantaneous elastic and long term viscous flow are neglected. 
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Consider a unit step load is applied from 0t = and t d= on a new specimen (un-

initialized). [ ]( ) ( ) ( )t H t H t dσ κ= − − , H is Heaviside step unity function and κ  
is the magnitude. Then: 

[ ]1

0

( ) ( ) ( ) ( )
( )

t
vt t H H d d

K v

κε τ τ τ τ−= − − −
Γ ∫  

                                    1 1

0 0

( ) ( ) ( ) ( )
( )

t t
v vt d H t t d H t d

K v

κ τ τ τ τ− −⎡ ⎤
= − − − −⎢ ⎥Γ ⎣ ⎦

∫ ∫  

                                    ( ) ( ) ( )
( 1)

v vt H t t d H t d
K v

κ ⎡ ⎤= − − −⎣ ⎦Γ +
 

defines the strain (creep) response, for the prescribed loading. The Figure 9.7 
gives the strain curve for this prescribed loading. For 1t d< =  the curve is 
essentially a creep function and for 1t d> =  is relaxation period. 

1.0
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 0.6 
 0.5 6.0 v
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t
              0.5               1                 1.5    2    2.5    3    3.5  

Fig. 9.13 strain versus time (creep function & relaxation function) 

The above example material was new. For creep initialization function associated 
with constant past loading may be readily inferred from  

( ) ( ) ( ) ( )
( 1)

v vt t H t t d H t d
K v

κε ⎡ ⎤= − − −⎣ ⎦Γ +
 

as follows: 
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Consider this problem initialized at point c, then ( )q q
c t a tD f t D− −= , for t c> , 

therefore: 

( ) ( , , , , ) ( ) ( )q q q
c t a t a td f t f q a c t D f t d f tψ− − −+ − = = , 

for t c> . Thus ψ  may be expressed as: 

( , , , , ) q q
a t c tf q a c t d dψ − −− = − , for t c> . 

For obtaining the initialization function of creep problem initialized at t c d= = , 
where d is as used in above equation i.e.  

( ) ( ) ( ) ( )
( 1)

v vt t H t t d H t d
K v

κε ⎡ ⎤= − − −⎣ ⎦Γ +
. 

Applying this result to equation ( , , , , ) q q
a t c tf q a c t d dψ − −− = − , to the creep 

problem, gives: 

( ) ( ) ( , , , , )v v
c t c tD t d t v a c tσ σ ψ σ− −= + − , for t c>  

Then taking c d= and since ( ) 0tσ = for t d> , we get:  

( ) ( ) 0v v
c t d td t d tσ σ− −= = , for t c d> =  

and K times the response equation of  

( ) ( ) ( ) ( )
( 1)

v vt t H t t d H t d
K v

κε ⎡ ⎤= − − −⎣ ⎦Γ +
, 

is the initialization function ( )tψ , therefore:  

( , , , , ) ( ) ( ) ( )
( 1)

v vv a c t t H t t c H t c
v

κψ σ ⎡ ⎤− = − − −⎣ ⎦Γ +
, for t c d> = . 

This initialization function with proper time shifts may thus be employed for the 
material, which had “creep history”. 

The stress relaxation (or creep) function ( )tχ is defined as the stress required to 

produce a strain ( )H t , excluding terms that are initially infinite or do not tend to 

zero a time grows. For a new material this stress is: 
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1 (1 )

0

( ) ( ) ( ) ( ) ( ) ( )
(1 )

t
v v v

a t a t a t

d K
t t K d t K d d t K t H d

dt v
χ σ ε ε τ τ τ− − −= = = = −

Γ − ∫  

( ) ( )
(1 )

vK
t t H t

v
χ −=

Γ −
 

yielding as a result the stress (creep) relaxation function for this formulation.  
This stress-strain with memory and history definitions with fractional calculus 

is a suitable method of describing the fundamentals of ‘shape-memory’ alloys. 

9.10   Vibration Damping System 

The addition of damping is important in many applications for stability 
enhancement. One such is requirement to have vibration-damping augmentation in 
gas turbines blades (especially for aerospace). Figure 9.8 gives spring-mass-
viscodamped dynamic system diagram and we derive the transfer function of the 
same. 

0x
m

                                                  1F 2F

11qk 22qk

1mx 2mx
k 33 qk

ix

                                 

                                       

 

Fig. 9.14 Spring mass viscodamped dynamics. 

Since the transfer function requires the initialization to be zero, the equations 
describing the system uses un-initialized operators as follows: 

                                                 1
1 1 0 0 1( )q

t mF k d x x= − −  

                                                 1 1( )m iF k x x= −  
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                                                 2
2 2 0 0 2( )q

t mF k d x x= − −  

                                                 3
2 3 0 2( )q

t m iF k d x x= − , and 

2
1 2 0 0tF F m d x+ =  

Where k’s are damping coefficients, and the spring constants, and m, F, and x are 
the mass force and displacement respectively. 

After taking Laplace transforms and considerable algebra and elimination 
process the generalized transfer function is: 

1 3 1 2 2 3 1 2 3

0 2 3 1

2 3 2 1 3 2 2 2 1 2 1 3 1 2 2 3 1 2 3

1 2 2 1 3 3 2 3 1

1 1 1 1
( )

1 1 1 1( )

q q q q q q q q q

q q q q q q q q q q q q q q qi

s s s s
X s k k k k

m m m mX s s s s s s s s s
k k kk k k kk k k k k

+ + + + +

+ + + + + + + + + + +

+ + +
=

+ + + + + + +
 

This general transfer function can be studied for special cases, by appropriate 
choices of , ,i ik k and q  . For example to allow damper 3 to represent a 

conventional dashpot-damper lets 3 1q = and select appropriate 3k . Now making 

the 1 2 0q q= = , means eliminating the dampers and spring of infinite stiffness i.e. 

1 2k k= = ∞ gives simple transfer function of fractional order 3q with viscoelastic 

element 3. The transfer function is: 

33

0

2 33

( )

( )

q

qi

k k
sX s m m
k kX s s s
m m

+
=

+ +
 

The frequency response may now be evaluated by putting js ω→ , and 

determining the magnitude and phase angle using the derived transfer function, for 
various values of 3/ , /k m k m , and letting the fractional order 3q  vary from 0-2 in 

steps of 0.2, to arrive at designated design measures. 
In nature we always get mix of mass spring and damper systems and thus to 

have reality modeling this fractional calculus plays important role. 

9.11   The Non-newtonian Fluid Anamolous Behavior with 
Memory 

The non-Newtonian fluid behavior is depicted in Figure 9.15. A non-Newtonian 
fluid reveals anomalous visco-elastic properties as compared to Newtonian fluid, 
the ‘beads-on- a- string’ structure gets formed in visco-elastic fluid of non-
Newtonian in nature. The spreading experiment is conducted where arrowroot 
solution is kept between two glass plates and steady load is applied. A camera is 
kept below to capture snap shots regularly to record the spreading pattern. The 
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area is calculated graphically later, and its plot with respect to time for various 
loads is shown in Figure 9.16. Interestingly the observation reveals oscillatory 
nature of the spreading. We relate area to strain and following analysis shows that 
the fractional differential equation gives suitable explanation of this anomalous 
behavior, of non-Newtonian relaxation (with memory). Our experiment shows that 
the fractional order corresponding to this oscillatory relaxation behavior is of 
fractional order 1.5q ≅ . 

We write for Newtonian fluids a lumped spring and a lumped dashpot model as 

( ) ( ) ( )
d

t E t t
dt

β ε ε σ+ =  

The above equation is generalized to representation of the stress-strain in 
distributed spring and dashpot system for a non-Newtonian fluid as a fractional 
differential equation: 

1
( ) ( ) ( )

q

q

d
t B t t

dt
ε ε σ

β
+ =  

where, /B E β= . The constant of this expression β  is generalized viscous 

coefficient the units of which are having the non-integer order q  imbibed into it, 

and E , the modulus of elasticity. When the order 1q = , then normal constant of 

viscosity is returned. The unit of B  for order 1q =  is per seconds i.e. 1[ ]s− , but 

for any other order 1q ≠ ; the unit modifies as [ ]qs− .  

Mathematically one has to see the Green’s function for general relaxation in 
equation given above by fractional differential equation, so we write the 
homogeneous equation with RHS equal to zero. To that, we give delta function 
stress excitation. The strain built up for any relaxation process may be treated as 
convolution integral of a strain variable with integral kernel ( )qK t  as: 

0

( ) ( ) ( )
t

q

d
t K t d

dt
ε τ ε τ τ= − −∫  

Well if the memory kernel is 0 0( ) ( )K t B tδ= , we have the above system without 

memory and the Green’s function will be 0
0( ) B tt eε ε −=  that is, the impulse 

response quickly decays to zero. Here 0ε  is initial strain of the system at 0t = . 

Derivation is following: 

{ }

0

0 0

0

0 0

( ) ( )

( ) ( ) ( ) ( )

( ) exp

t

K t B t

d
t B t d B t

dt

t B t

δ

ε δ τ ε τ τ ε

ε ε

=

= − − = −

= −

∫  
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The homogeneous strain relaxation equation for no-memory case is first order 
Ordinary Differential Equation i.e. the Newtonian case, with 0 /B E β=  

0( ) ( ) 0
d

t B t
dt

ε ε+ =  

If the memory kernel is a constant say 1 1K B= , then we will have oscillatory 

Green’s function, which never decays to zero. 

1 1

2

12

0 1

( )

( ) ( )

( ) cos( )

K t B

d
t B t

dt

t B t

ε ε

ε ε

=

= −

=

 

Above is representation of a constant memory system. 
The generalized memory integral is as follows and the case is for non-

Newtonian fluids. 

2

1
1

1

( ) ; 0 2

1
( ) ( ) ; ( 1)

q
q

q
q

qq q

K t B t q

d d
t t B q

dt dt
ε ε τ

τ

−

− −

−

= < ≤

⎡ ⎤
⎡ ⎤= − = Γ −⎢ ⎥ ⎣ ⎦

⎣ ⎦

 

Its corresponding generalized differential equation, obtained from above 
derivation, is the system with memory index coming as fractional order of the 
Fractional Differential Equation with, 0 2q< ≤ ,  

0( ) ( )
(1 )

q q
q

q

d t
t t

qdt
ε ε τ ε

−
−− = −

Γ −
. 

These concepts were earlier discussed in Chapter 2. 
In our experiment, the oscillatory response to a step input we say that the order 

is between 1 2q< <  and thus system has “long lingering and decaying” memory. 

The above derived general equation we say 0 0ε = , at initial time and the stress 

be Heaviside’s step input then it modifies to our original fractional differential 
equation (FDE), what we had assumed, with q Bτ − ≡ . 

The fractional order of the FDE corresponds to system with memory. The non-
Newtonian fluids without oscillatory behavior will have fractional order 0 1q< < , 

and the step-response, for input 0( ) ( )t H tσ σ= , ( )H t  is Heaviside’s step; will 

have monotonically increasing strain response, given by one argument Mittag-
Leffler function 1

0( ) ( ) [1 ( )]q
q q qt B E B tε β σ−= − − . Its impulse response will be 

having long tailed decay, that is, the response will have long-range temporal 
correlation. The Newtonian fluid will have integer order in with 1q =  , the system 

without memory, and the step-response will have the monotonically increasing 
strain as 0( ) 1 exp( )t B tε ≈ − − ; where as its impulse response will decay quickly 
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as 0( ) exp( )t B tε ≈ − . This Newtonian system can be modeled with a discrete ideal 

spring and a ideal dashpot. Whereas, the non-Newtonian cases require a different 
representation; like fractal chain of the ideal spring and ideal dashpot. We have 
observed oscillatory case of strain and thus our fractional order is at 1.5q ≅ . 

 

Fig. 9.15 Spreading of Non-Newtonian fluid 

 

Fig. 9.16 Plot of area with respect to time showing oscillation in relaxation. 

A small comment may be made regarding percolation of strain. Well in normal 
integer order system the percolation phenomena is by Brownian motion with 
regular irregularity, giving a standard stochastic process, here the Brownian 
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motion has no memory, that its past walk is independent of present step. Here in 
non-Newtonian case we have a case where the Fractional Brownian motion is 
prevalent with memory that is, a walker remembers its past steps to move the 
present. Well its memory may be persistent or anti-persistent, but the walker 
certainly has a memory, and system relaxation through FDE is with memory. 

9.12   Concluding Comments 

As far the imagination goes, the reality systems have the effect of past. The 
present behavior is someway definitely related to past history. The actual systems 
therefore are non-Markovian systems with past history, heredity and memory. The 
fractional calculus thus is a language what nature understands the best. This way 
system modeling and control becomes efficient. The application here included 
simple aspects of system modeling and control and further research is required to 
have optimal descriptor of dynamic vector space controllers. Not only for science 
and engineering this tool is efficient descriptor, but also for finance and stock 
market analysis the tool is being recently explored and applied. Therefore this 300 
years old (new) subject will revive in this century to speak, what nature 
understand the best.  



Chapter 10 
System Order Identification and Control 
10   System Order Identification and Control 
 

10.1   Introduction 

For unknown systems, ‘system identification’ has become the standard tool of the 
control engineer and scientists. Identifying a given system from data becomes 
more difficult, however when fractional orders are allowed. Here identification 
process is demonstrated using assumption that system order distribution is a 
continuous one. Frequency domain system identification can thus be performed 
using numerical methods demonstrated in this chapter. Here one concept of r- 
Laplace transforms is discussed (Laplace transform in log domain), to discuss the 
system order distribution. Also mentioned is variable order identification as 
further development where the system order also varies with ambient and time is 
highlighted.  Here in this chapter, an identification method based on continuous 
order distribution, is discussed. This technique is suitable for both the standard 
integer order and fractional order systems. This is topic for further advance 
research as to qualify the procedure of system order identification and to have 
technique of tackling variable order. Extending this continuous order distribution 
discussion, the advance research of having a continuum order feedback and 
generalized PID control is elucidated. Also in this chapter some peculiarities of 
the pole property of fractional order system as ultra-damping, hyper-damping and 
fractional resonance is explained. Elaborate research in this direction is ongoing 
process; to crisply define the system identification, crisply define the variable 
order structure, along with generalized controller for future applications. The 
system identification in presence of disorder is what is challenging and some 
unification of disordered time-response that is relaxation is too discussed. This is 
general process of returning to equilibrium for say any stable system or properties 
of condense matter physics. The introduction to complex order calculus in system 
identification is too touched upon, in this chapter, along with identification of 
main parameters of ‘irregular’ stochastically behaving systems.  

10.2   Fractional Order Systems 

As the concept of order is central to the understanding of fractional (or integer) 
order systems, some discussion of this concept now follows. In this discussion, 
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single-input-output systems are considered. The examples in the earlier chapters 
for heat flow and transmission line (lossy, and lossless) and several examples, 
gave the stage for half order system or zero order system, integer order systems 
and fractional order systems. Recalling the characteristic equations or transfer 
function definition we call a system first order, second order third order etc. 
similarly the system can be of fractional order too i.e. the characteristic equation 
having powers of s-variable of non integers numbers (real). We also consider that 
system representation is generally of ‘minimal phase’ and they are linear. For non-
minimal phase the system behavior is for a positive step demand the output 
initially goes in reverse and then changes direction to follow the demand. This is 
peculiar of gas turbines where for non-minimal phase system the velocity first will 
marginally decrease and then eventually increase to follow increment in the 
demanded velocity.   

Mathematical order conventionally is defined as highest derivative occurring in 
a given differential equation. The concept of mathematical order is applicable to 
both ordinary and fractional differential equations. Normally, when the order is 
used without qualifier, it implies the meaning of mathematical order. 

For linear dynamic systems that are described by ordinary differential equations 
the system mathematical order implies or is equivalent to the following: 

(1). The highest derivative in ordinary differential equation. (2). The highest 
power of Laplace variable-s, in the characteristic equation. (3). The number of 
initializing constants required for the differential equation. (4). The length of the 
state vector. (5) The number of singularities in the characteristic equation. (6). The 
number of energy storage elements. (7). The number of independent spatial 
directions in which a trajectory can move. (8). The number of devices that can add 
900 sinusoidal steady state phase lag and (9). The number of devises that retain 
some memory of the past. 

The utility of the definition of mathematical order is that infers all the system 
characteristics for system, with integer order components. 

Thus the benefit of having a definition for order for linear ordinary differential 
equations is that it allows a direct understanding of the behavior of given dynamic 
system. Unfortunately, for fractional differential equations, the order of the 
highest derivative does not infer all of the previously mentioned properties. 
Indeed, the most important characteristics of order in integer order ordinary 
differential equation are probably item (3) i.e. it indicates number of initializing 
constants, which together with the differential equations allow prediction of the 
future behavior. In system terminology this information provides initial ‘states’, of 
the system being analyzed. Clearly the order of highest derivative in a fractional 
differential equations does not have this property nor does it predict the associated 
number of energy/memory elements associated with fractional differential 
equation, nor does it infer the number of integrations (even fractional), required to 
solve simulate the given fractional differential equation. Thus the issue of order 
and the information required together with the fractional differential equation to 
predict the future is fundamental and should be treated differently. This is 
explained as seeming looking first order characteristic polynomial with fractional 
order components may go into resonance. 
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For integer order systems once the maximum order of the system to be 
identified is chosen, the parameters of the model can be optimized directly. For 
fractional order systems, the identification requires a) the choice of the number of 
fractional operators, b) the fractional powers of the operator, c) the coefficients of 
the operators. Specifically in electrode-electrolyte interface experiments for 
determining the interface impedances the frequency domain techniques are 
followed, for chosen transfer function. But to identify the form of transfer function 
itself, with order and coefficient an approach from experimental data of frequency 
domain analysis should be the starting point, to identify unknown systems. 

10.3   Continuous Order Distribution 

A very basic of mass spring damper system of force balance is taken here to study 
the concept of continuous order distribution. The familiar system is represented 
(with un-initialized derivative) as: 

2 1
0 0( ) ( ) ( ) ( )t tm d x t b d x t kx t f t+ + =                                (10.1) 

where ( )x t  is position of the mass m , ( )f t  is the forcing function on the mass, 

b  is the damping and k  is the spring (restoring) force. In the Laplace domain this 
takes following form. 

2( ) ( ) ( )ms bs k X s F s+ + =                                        (10.2) 

It is well known that some element intermediate between spring and dashpot 
behaves and balances the forces called viscoelastic element. Such element is 
described as: 

0 ( ) ( )q
q tk d x t f t=         0 1q≤ ≤                                   (10.3) 

The Laplace representation is: 

( ) ( )q
qk s X s F s=                                                (10.4) 

Adding this viscoelastic element to the original assumed (lumped) system (10.2) 
we get: 

( )2 ( ) ( )q
qms bs k s k X s F s+ + + =                                    (10.5) 

It is known that viscoelastic elements will posses any order q between 0 and 1, so 
we can add another viscoelastic element and then keep on adding several others 
too, like the following:  

( )2 2 1
2 1 ( ) ( )q q

q qms bs k s k s k X s F s+ + + + =                          (10.6) 

Similar concepts were first introduced by Prof Michelle Caputo as Distributed Order 
Differential equations. We keep on adding fractional order to (10.6) and  
obtain (10.7). 
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( )2 4 3 2 1
4 3 2 1 ( ) ( )q q q q

q q q qms k s k s bs k s k s k X s F s+ + + + + + =            (10.7) 

This process could be continued so that the system can therefore be expressed as 
power series with 0 2nq≤ ≤ , with N as integer as following: 

0

( ) ( )n

N
q

n
n

k s X s F s
=

⎛ ⎞
=⎜ ⎟⎜ ⎟

⎝ ⎠
∑                                        (10.8) 

Now in reality the order nq  is temperature dependent, and the entire system will 

be considered as layered of such material. Therefore if the material is subjected to 
temperature distribution, then the material will exhibit order distribution too. In 
the limit of infinitesimally small elements the above (10.8) will tend to continuum, 
and the summation be replaced then by integral. This gives fundamental 
motivating procedure for concept with continuous order distribution. This 
continuous order is expressed as: 

2

0

( ) ( ) ( )qk q s dq X s F s
⎛ ⎞

=⎜ ⎟
⎜ ⎟⎝ ⎠
∫                                     (10.9) 

This is very general representation of a dynamic system of any type taken for 
system identification studies. For demonstration the familiar integer order 
dynamic spring damper mass element equation (10.2) can be re-written with form 
expressed in (10.9) as: 

[ ]
2

0

( 2) ( 1) ( ) ( ) ( )qm q b q k q s dq X s F sδ δ δ
⎛ ⎞
⎜ ⎟− + − + =
⎜ ⎟
⎝ ⎠
∫            (10.10) 

Figure 10.1 show the plot of ( )k q and q, for the classical (10.2) mass –spring –

damper, i.e. order distribution. Here the order is discrete, dirac-delta functions at 
0,1,2. 

   1.0 

)(qk

         0                1            2 q  

Fig. 10.1 Order distribution of mass-spring- damper integer order system. 
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The Figure 10.1 demonstrates for ideal (classical) systems the orders are 
concentrated at a single number, in this case at 0, 1, and 2. This is accepted if the 
mass spring and damper are (really) ideal elements. In the classical calculus 
terminology these orders are point property, the question is if at all these are point 
quantities? If so then we should have mass assigned to a point? But in reality the 
mass is assigned a distributed volume and thus the idealism vanishes. Therefore 
the order indeed need not be appoint property. Well even for integer order systems 
these dirac-deltas concentrated at 0, 1, 2 should spread out may be like Gaussian 
distribution with peaks at 0, 1, 2 and spread from 0q =  to +∞ , in continuous 

spectrum. Though the Figure 10.1 show the height of these dirac-delta functions to 
be same, but actually the height is proportional to the coefficients. As per the 
equation (10.10) the height will depend on the relative values of the multiplier 
coefficients , ,m b k . To demonstrate the concept all dirac-delta at the discrete 
order points are taken as of unity height, actually the heights should be different. 

Allowed the restriction on the maximum possible order (i.e. second order in the 
present case) the equation (10.9) can be still generalized as continuum power 
series as following. 

0

( ) ( ) ( )qk q s dq X s F s
∞⎛ ⎞
⎜ ⎟ =
⎜ ⎟
⎝ ⎠
∫                                   (10.11) 

The time domain representation of the (10.11) is  

0

0

( ) ( ) ( )q
tk q d x t dq f t

∞

=∫                                         (10.12) 

Mathematically system can be also described by continuum asymptotic series 
instead of power series (10.11) as: 

0

( ) ( ) ( )qk q s dq X s F s
∞

−
⎛ ⎞
⎜ ⎟ =
⎜ ⎟
⎝ ⎠
∫                                   (10.13) 

Combining (10.11) and (10.13) we obtain a very general system descriptive 
method as: 

( ) ( ) ( )qk q s dq X s F s
+∞

−∞

⎛ ⎞
⎜ ⎟ =
⎜ ⎟
⎝ ⎠
∫                                (10.14) 

The time domain symbolic representation of (10.14) is  

                                    0[ ( ) ( )] ( )q
tk q d x t dq f t

+∞

−∞

=∫       
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Let us try and get system response from the equation (10.14). In inverted form we 
can write the equation (10.14) in Laplace domain for obtaining ( )X s  as  

( ) ( )
( )

( )
( ) q

F s F s
X s

P s
k q s dq

+∞

−∞

= =

∫
,  

With  

( ) ( ) qP s k q s dq
+∞

−∞

= ∫  

Consider a simple case of a second order system with uniformly distributed order 
of value ( )k q = Κ  for the order interval 0 2q≤ ≤ . Then calculation of ( )P s  is: 

( )
2 2 2

ln( )

0 0

1
( ) ( )

ln( )
q q q s s

P s k q s dq s dq e dq
s

∞

−∞

⎡ ⎤−
= = Κ = Κ = Κ ⎢ ⎥

⎢ ⎥⎣ ⎦
∫ ∫ ∫  

Forcing function as delta-function ( ) 1F s =  gives the response function in Laplace as: 

2

ln( )
( )

1

s
X s

s
=

⎡ ⎤Κ −⎣ ⎦
 

Consider another simple case that order is uniformly distributed equally at q q=  

with spread of q±Δ , and strength as ( )k q = Κ , a constant. The response for 

( ) ( )f t tδ= , the unit delta will consider ( ) 1F s = , and the integral expression for 

the response is thus, as demonstrated above: 

( ) ( )
q q

q q

q q

P s k q s dq s dq

+Δ+∞

−∞ −Δ

= = Κ∫ ∫ . 

With change of variable as p q q= −  we have with new limits: 

( )( )ln
( ) ( )ln sinh [ ]ln

( ) 2
ln ln

p qq q p s
p q q p s q q

p qq q

q se
P s s dp s e dp s s

s s

=+Δ+Δ +Δ
+

=−Δ−Δ −Δ

⎛ ⎞ Δ
= Κ = Κ = Κ = Κ⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫
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Therefore the response to the impulse input is (in Laplace variables): 

( ) ln( )
( )

2 sinh( ln )
q s

X s s
q s

− Δ=
Κ Δ

 

This is basic response from which other responses are formed by convolution. 
10.4   Determination of Order Distribution 

10.4   Determination of Order Distribution From Frequency Domain 
Experimental Data 

Take the general power series representation of a system (10.11)  

0

( ) ( ) ( )qk q s dq X s F s
∞⎛ ⎞
⎜ ⎟ =
⎜ ⎟
⎝ ⎠
∫  

It is desirable to get the transfer function: 

0

( ) 1 1
( )

( ) ( )
( ) q

X s
G s

F s P s
k q s dq

∞= = =

∫
                           (10.15) 

Inverting (10.15) we get: 

0

1
( ) ( )

( )
qP s k q s dq

G s

∞

= =∫                                      (10.16) 

For an unknown system the measured frequency response is available 
experimentally, as ( j )G ω . In equation (10.16), we replace js ω→ , and assume 

the representation of the system is by form (10.16). Then 

0

1
( )( j )

( j )
qk q dq

G
ω

ω

∞

=∫                                       (10.17) 

System identification problem thus boils down to finding the order distribution 
( )k q  given ( j )G ω .  

Obviously analytical approach is difficult and we resort to numerical approach. 
In reality the order distribution decays as q →∞ . So to assume ( ) 0k q →  as q 

grows will not be an offset from reality. In that event the integral expressed in 
(10.17) converges and Euler’s formula to numerically solve (10.17) is used. The 
integral of (10.17) will take the summation form as: 
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0

1
( j )

( j )

N
nQ

n
n

k Q
G

ω
ω=

=∑                                  (10.18) 

where Q is the constant sample width, in the variable q and kn  is the height of the 
sampled order distribution. Remembering that we usually have sampled frequency 
response data the equation (10.18) should be satisfied at each data point or for any 
frequency ( iω ). Thus we write the (10.18) as: 

0

1
( j )

( j )

N
nQ

n i
in

k Q
G

ω
ω=

=∑ , For any i                        (10.19) 

 
The equation (10.19) can be written for 1 to M, frequency points as: 

2 3
0 1 1 2 1 3 1 1

1

2 3
0 1 2 2 2 3 2 2

2

1
( j ) ( j ) ( j ) ... ( j )

( j )

1
( j ) ( j ) ( j ) ... ( j )

( j )

....................................................................................

Q Q Q NQ
N

Q Q Q NQ
N

Qk Qk Qk Qk Qk
G

Qk Qk Qk Qk Qk
G

ω ω ω ω
ω

ω ω ω ω
ω

+ + + + + =

+ + + + + =

2 3
0 1 2

.........................................

..............................................................................................................................

( j ) ( j ) ( j )Q Q
M M MQk Qk Qk Qkω ω ω+ + + 1

... ( j )
( j )

Q NQ
N M

M

Qk
G

ω
ω

+ + =

(10.20) 

Rearranging the (10.20) in Matrix form we obtain: 

2
1 1 1 0 1

2
1 22 2 2

2

1 ( j ) ( j ) . ( j ) 1/ ( j )

1/ ( j )1 ( j ) ( j ) . ( j )
. .. . . . .
. .. . . . .

1 / ( j )1 ( j ) ( j ) . ( j )

Q Q NQ

Q Q NQ

Q Q NQ N MM M M

k G

k G

Q

k G

ω ω ω ω
ωω ω ω

ωω ω ω

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦⎢ ⎥⎣ ⎦

          (10.21) 

The compact form representation is shown below: 

[ ] [ ] [ ].W k g=                                                (10.22) 

The [W] matrix includes Q and the vectors are [k] and [g]. Clearly if M N> , then 
least square solution or matrix inverse solution may be applied, and can be solved  

to get sampled order-distribution ( )k q . The problem with the solution of (10.22) 

is the matrix [W] tends towards singularity if N (the number of order samples) 
grows large, or the order distribution sample size Q is made smaller. 
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Therefore numerically the order distribution ( )k q is [ ] [ ] [ ]1
k W g

−=  or can be 

written as pseudo inverse expression as [ ] [ ] [ ] [ ] [ ]
1T T

k W W W g
−

⎡ ⎤= ⎣ ⎦ . The proven 

concepts of numerical robustness be maintained in these calculations too. 

10.5   Analysis of Continuous Order Distribution 

By rewriting the integral in system equation (10.11) i.e. 
0

( ) qk q s dq
∞

∫ , the 

exponent [ ]exp ln( )qs q s= , we obtain: 

ln( )

0

( ) ( ) ( ) ( ) ( )q sk q e dq X s P s X s F s
∞⎛ ⎞

= =⎜ ⎟⎝ ⎠∫                       (10.23) 

The expression (10.23) is effectively a Laplace transform of the function 
( )k q with the new Laplace variable ln( )r s= − . As long as the order distribution 

( )k q  is of exponential order then the resulting ( )P s , is easy to evaluate using this 

r-Laplace transform. 
Table 10.1 presents the transfer function ( )P s , for second order systems with 

continuous order distribution. 
The integral in equation (10.23) resembles Laplace transform in log frequency 

and could be used for frequency domain analysis by replacing j ms ω→ . Then,  
 

ln( j )

0
{ ( ) } ( j )mnQ

mdq k nQ e Pω ω
∞

=∫ ; 

rather difficult to solve, but solvable to obtain ( )k nQ . 

The order distribution ( )k q  is taken for all 0q ≥ . The system descriptions 

with the characteristic equations are expressed in differential equations with 
differentiation order greater than zero. So the integration terms are also converted 
to differentiation and the characteristic equations are in polynomial of powers of 

qs  with 0q ≥ . In the following derivations thus, the q  is always taken as greater 

than zero, and ( ) 0k q =  for all 0q < . 

To evaluate r-Laplace transform from given order distribution (continuous 

spiked or mixed), the Laplace identities are used. So 
0

( ) ( ) rqP r k q e dq
∞ −= ∫ , 

obtained is r-Laplace transform, and then in the obtained expression of ( )P r  

substitution for ln( )r s= −  is carried out to get ( )P s . Meaning obtain r-Laplace 

as { }( ) ( )k q P r=RL , and then get ( )P s . 
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Following examples demonstrates derivation of r-Laplace ( )P r  and then 

Laplace transform ( )P s  of continuous order, spiked ordered and mixed order 

distributions ( )k q . 

For exponential order distribution ( ) qk q e−=  for all 0q ≥ .  

r-Laplace transform is  

( 1)

0 0

1
( )

1
q rq q rP r e e dq e dq

r

∞ ∞
− − − += = =

+∫ ∫ , 

in this expression putting ln( )r s= − , gives  

1
( )

1 ln( )
P s

s
=
−

 

For 
1

( )k q
q a

=
+

 for all 0q ≥ , 

0

1
( ) qrP r e dq

q a

∞
−=

+∫ . 

This integral we solve by using definition of Exponential Integral as: 

def

( )
t

x

e
Ei x dt

t

∞ −

−

= − ∫  

Put u q a= + , then  

( )1 1
( ) r u a ar ru

a a

P r e du e e du
u u

∞ ∞
− − −= =∫ ∫ . 

In this take ru v= , then 

( ) ( )

1
( ) ( )

v
ar v ar v ar ar

ar ar ar

r dv e
P r e e e e dv e dv e Ei ar

v r v v

∞ ∞ ∞ −
− −

− − − −

⎧ ⎫⎪ ⎪= = = − − = − −⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫ ∫  

Substitute ln( )r s= − to get 

[ ] [ ]( )ln( ) 1
( ) ln( ) ln( )a s a

a
P s e Ei a s Ei s

s
− ⎡ ⎤= − − − = − ⎣ ⎦  



10.5   Analysis of Continuous Order Distribution 503
 

For a train of spikes alternating at 1, 2,3,4...q = , we have  

( ) ( 1) ( 2) ( 3) ( 4) ...k q q q q qδ δ δ δ= − − − + − − − +  

By using the shifted Dirac delta and its transform as 0
0( ) stt t eδ −− ↔ , we get: 

                                       2 3 4( ) ...r r r rP r e e e e− − − −= − + − +  

                                               3 5 2 4 6( ...) ( ...)r r r r r re e e e e e− − − − − −= + + + − + + +  

                                     
2

2 2

1 1
(1 )

2sinh( )1 1

r r r
r

r r r r

e e e
e

re e e e

− − −
−

− − −

−= − = = −
− − −

 

Substituting ln( )r s= −  we obtain 

[ ]
[ ]( ) [ ]

ln( )1 1 1
( ) 1

2sinh ln( ) sinh ln( ) 2
s s

P s e
s s

− − −⎛ ⎞= − = ⎜ ⎟− ⎝ ⎠
 

For  

1 0
( )

0 1

q
k q

q

≥⎧
= ⎨ >⎩

, 

call this as ‘window order-one’ WIN(0,1) . 

Then  

0

( ) 1. rqP r e dq
∞

−= ∫  is 
1

0

1
( )

r
rq e

P r e dq
r

−
− −= =∫  

and substituting ln( )r s= −  we have: 

[ ]ln( )1 1
( )

ln( ) ln( )

r se s
P s

s s

− −− −= =
−

 

For  

1 0
( )

0 2

q
k q

q

≥⎧
= ⎨ >⎩

, 

call this as ‘window order-two’ WIN(0,2) ,  

Then  
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21
( )

re
P r

r

−−=  

and substituting ln( )r s= −  we have 

2 1
( )

ln( )

s
P s

s

−=  

For order distribution with continuous from 0-1 as WIN(0,1)  and spike at 2q =  

is  

( ) WIN(0,1) ( 2)k q qδ= + − , 

then  

{ } { }( ) WIN(0,1) ( 2)P r qδ= + −R RL L   

gives: 

2
21 1

( )
r r r

re e re
P r e

r r

− − −
−− − += + =  

and substituting ln( )r s= −  we have  

[ ] [ ] [ ]ln( ) 2 ln( ) 21 ln( ) ln( ) 1
( )

ln( ) ln( )

s se s e s s s
P s

s s

− − − −− + − + −= =
−

 

For  

0
( )

0 2

q q
k q

q

≥⎧
= ⎨ >⎩

, 

call this as RAMP(0,2)+ . 

In this derivation we use Laplace identity: 

{ } ( )
( ) ( 1)

n
n n

n

d F s
t f t

ds
= −L . 

This observation makes construction of RAMP(0,2)+ from WIN(0,2)  as:  

RAMP(0,2) WIN(0,2)q+ =  
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So Laplace will be { } { }1WIN(0,2) ( 1) WIN(0, 2)
d

q
dr

= −R RL L  

2 2 2 2

2 2

1 1 2 1 (2 1)
( ) ( 1)

r r r rd e re e r e
P r

dr r r r

− − − −− − − − += − = =  

and substituting ln( )r s= −  we have  

[ ] [ ]

[ ]
[ ]
[ ]

2 ln( ) 2

2 2

1 (2 ln( ) 1) 1 2ln( ) 1
( )

ln( ) ln( )

ss e s s
P s

s s

− −− − + + −
= =  

For  

0
( )

0 1

q q
k q

q

≥⎧
= ⎨ >⎩

, 

call this as RAMP(0,1)+ , using similar procedure as above we get: 

2

1 (1 )
( )

rr e
P r

r

−− +=  

and substituting ln( )r s= −  we get  

[ ]
[ ]2

1 ln( ) 1
( )

ln( )

s s
P s

s

+ −
=  

For  

2 0
( )

0 2

q q
k q

q

− + ≥⎧
= ⎨ >⎩

, 

call this as RAMP(0,2)− , can be composed as: 

[ ]( ) RAMP(0,2) 2[WIN(0,2)]k q = − + + , 

By using derived Laplace of these constituents we get:  

2 2 2 2

2 2

1 2 1 2 1
( ) 2

r r r re re e r e
P r

rr r

− − − −⎛ ⎞ ⎛ ⎞− − − − += − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

, 

and substituting ln( )r s= −  we get: 
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[ ]
2

2

1 2 ln( )
( )

ln( )

s s
P s

s

− −=  

For  

1 0
( )

0 1

q q
k q

q

− + ≥⎧
= ⎨ >⎩

, 

call this as RAMP(0,1)−  and by the above procedure we compose this and write: 

[ ]( ) RAMP(0,1) 1[WIN(0,1)]k q = − + + , 

then taking Laplace of the constituents we get: 

2 2

1 (1 ) 1 1
( ) 1

r r rr e e r e
P r

rr r

− − −⎛ ⎞ ⎛ ⎞− + − − += − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

and substituting ln( )r s= −  we get: 
[ ]2

1 ln( )
( )

ln( )

s s
P s

s

− −=  

For  

0 0

( ) 2 1

0 2

q

k q q q

q

≥⎧
⎪= − + ≥⎨
⎪ >⎩

, 

is RAMP(0,1)− shifted from 0q =  to 1q = . 

Here Laplace shift identity { } 0
0( ) ( )stf t t e F s−− =L is used to get  

2 2

2 2 2

1 ( 1)
( )

r r r r r r
r r e re e e r e e

P r e
r r r

− − − − − −
− ⎛ ⎞− + − + − += = =⎜ ⎟⎜ ⎟
⎝ ⎠

 

and substituting ln( )r s= −  we get:  

[ ]( ) [ ] [ ]

[ ]
[ ]

[ ]

ln( ) 2 ln( ) 2

2 2

ln( ) 1 ln( ) 1
( )

ln( ) ln( )

s ss e e s s s
P s

s s

− − − −− − + + +
= =  

For  
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0

( ) 2 1

0 2

q q

k q q q

q

≥⎧
⎪= − + ≥⎨
⎪ >⎩

 

can be composed by [ ]
@ 1

RAMP(0,1) RAMP(0,1)
q=

+ + − . 

From above obtained results for shifted RAMP(0,1)− and RAMP(0,1)+ we get: 

2 2

2 2 2

1 1 2
( )

r r r r r r re re re e e e e
P r

r r r

− − − − − − −− − − − − += + =  

and substituting ln( )r s= −  we get:  

[ ]
2

2

1 2
( )

ln( )

s s
P s

s

− +=  

For  

1 1
( ) cos(2 )

2 2
k q qπ= −  

we use standard Laplace transform for Heaviside step and cosine expressions to 
obtain  

2

2 2 2 2

1 1 1 2
( )

2 2 4 ( 4 )

r
P r

r r r r

π
π π

⎛ ⎞= × − =⎜ ⎟+ +⎝ ⎠
 

and substituting ln( )r s= −  we get: 

[ ]{ }
2

2 2

2
( )

ln( ) ln( ) 4
P s

s s

π
π

−=
+

. 

We now use this derived expression to get truncated  

0.5 0.5cos(2 ) 0
( )

0 2

q q
k q

q

π− ≥⎧
= ⎨ >⎩

, 

this can be composed by continuous function 
1 1

cos(2 )
2 2

qπ−  and from this 

subtracting shifted function at 2q = , that is [ ]1 1
cos 2 ( 2)

2 2
qπ− − . Using shift 

identity of Laplace operation we get: 
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2 2 2 2
2

2 2 2 2 2 2

2 2 2 (1 )
( )

( 4 ) ( 4 ) ( 4 )

r
r e

P r e
r r r r r r

π π π
π π π

−
− ⎛ ⎞ −= − =⎜ ⎟+ + +⎝ ⎠

 

and substituting ln( )r s= −  we get: 

[ ]{ }
2 2

2 2

2 ( 1)
( )

ln( ) ln( ) 4

s
P s

s s

π
π

−=
+

 

If ( )k q is composed of one continuous function ( )f q  multiplied by 

WIN(0, )na q then to get r-Laplace transform, convolution identity is used.  

Meaning  

{ } { }( ) ( ) * WIN(0, )nP r f q a q= R RL L  

From the system order distribution, continuous spiked or mixed ( )k q , it thus 

possible to obtain the Laplace transform ( )P s  of the same (by going through 

intermediate r-Laplace i.e. ( )P r ). The reciprocal of the Laplace transform of the 

system order distribution gives the frequency response or the system transfer 
function, ( ) 1/ ( )G s P s= . When Laplace transform of the input excitation is 

multiplied by reciprocal of Laplace transform of order distribution we get the 
output i.e. ( ) ( ) / ( )X s F s P s= , ( )F s is excitation. Conversely by controlling or 

manipulating the shape/form of ( )P s , the systems transfer function or the output 

shape/form can be controlled, with infinite freedom. The manipulation of the order 
distribution ( )k q  thus gives a thought for ‘continuum order feed back controller’. 

 

Table 10.1 

rder-distributionO

   vs. q

r-Laplace-Transform

)(qk

Laplace transfer function

)(rP )(sP )ln(sr

                         

2
)(qk

1

 1 2 q

r

e r21
)ln(

12s

s

k )

                            

(q

    1
         q

                 1       2  

2

221

r

ee rr

2

2

)ln(

21

s

ss
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Table 10.1 (continued) 

 
       

                                      

 2  
)(qk

 
1 q  

                 1       2  

2

2)21(1

r

er r

 
2

2

)ln(

)ln(211

s

ss
 

 
 

   )(qk
  

   
                           

     2
         0  q  
                 1         2  

2

212

r

er r

 

 
 

2

2

)ln(

)ln(21

s

ss
 

 
        

                                   

 2  
)(qk

 1 
1 2 q

r

ere rr 12

 

 
 

)ln(

)ln(1 2

s

sss
 

 
          

                                      

 2  
)(qk

     1

                     1     2      

2

221

r

erer rr

 

 
 

2

22

)ln(

1)ln()ln(

s

ssss
 

 
      

                                    
         

    1 

)( qk

 
           2           

                        

2

22)1(1

r

erer rr

 

 
 

2

22

)ln(

)ln()ln(1

s

sssss
 

 
    

     

2  
)(qk

 
1                                  

                                          
                  1           2 

)4(2

)1(4
22

22

rr

e r

 

 
 

22

22

4)ln()ln(2

)1(4

ss

s
 

 
    

       

    

                                 

)(qk

 
1 

           q

                         1      

r

e r1
 

 
 

)ln(
1
s

s
 

    
            

                                              

      1 

)(qk

 

                           1      

2

)1(1

r

er r

 

 
 

2)ln(

)ln(11

s

ss
 

q

q

q

q

 

1

 
 

The Figure 10.2 represents the system identification method applied for the 

transfer function 
2 1.5 0.5

1
( )

1.5 1.5 1
G s

s s s s
=

+ + + +
. The equation (10.20) with 



510 10   System Order Identification and Control
 

0.1, 25Q N= = with ω spaced logarithmically between 2 210 10− − , gives the 

discretized plots for ( )k q , the order distribution. Similarly Figure 10.3 represents 

the order distribution obtained for 
2

1
( )

0.5 1
G s

s s
=

+ +
. The observation in  

figure 10.2 and Figure 10.3 is that the order spikes that one would have obtained 
are somewhat smeared and are blunt. The techniques to concentrate the ( )k q  

distribution peaks into specific discrete q values is topic of advance research and 

development. The concentration of the spikes should ideally as in Figure 10.1, for 
integer as well as fractional order system to be identified. Given order distribution 
in discrete form the transfer function is reconstructed by  

0

1
( )

N
nQ

n
n

G s

k s Q
=

≡

∑
 

 

          10 

          5 

)(qk

            0 

                                                                                                                               
              0                    0.5                 1                    1.5                 2               2.5 

q
 

Fig. 10.2 Order distribution for transfer function 
2 1.5 0.5

1
( )

1.5 1.5 1
G s

s s s s
=

+ + + +
 

Sampling issues are described here for different types of order distribution, 
(spiked, continuous and mixed). In evaluating the order-distribution integral, it 
will be important to distinguish between types, i.e. spiked (impulsive) and 
continuous. If the composition of the order distribution is assumed to be purely  
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              10 

                5 
)( qk

                 0 

                    0                   0.5                 1                  1.5                2  q  

Fig. 10.3 Order distribution of transfer function 
2

1
( )

0.5 1
G s

s s
=

+ +
 

impulsive entirely, or more generally 

0

( ) ( ) ( )
N

n

k q k nQ q nQδ δ
=

= −∑ , maxq NQ= , 

then the integral can be evaluated by Euler expansion. The approximation then for 
the integral is 

max

00

( ) ( )

q N
q nQ

n

k q s dq k nQ s Qδ
=

≅∑∫ . 

Here in this discussion a note may be taken as it is observed that Q  appears 

explicitly in the summation. The unit impulses are spikes of unit area, their heights 
when identified by the above method, are amplified by 1 Q . This height gets 

reduced by Q  in the summation to give correct results. 

For continuous order distribution for type as say ( ) exp( )k q q= −  and others in 

the Table 10.1, then the integral can be evaluated by inter-sample reconstruction 
technique. This is analogous to sampled data reconstruction problem in time 
domain. Assuming the order-distribution to be piecewise constant, then the 
approximate integral is expressed as 

max ( 1)

0 00

1
( ) ( ) ( )

ln( )

q n Q QN N
q q nQ

c c
n nnQ

s
k q s dq k nQ s dq k nQ s

s

+

= =

−≅ =∑ ∑∫ ∫ . 
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Evaluation of 

( 1)n Q
q

nQ

s dq

+

∫  

is obtained by writing ln( )q q ss e= .  
So  

( 1) ( 1)( 1) ( 1) ln( )
ln( ) ( 1)

11

ln( ) ln( ) ln( ) ln( )

n Q n Q nQ Qn Q n Q q s q
q q s n Q nQ

nQnQ nQ nQ

s se s
s dq e dq s s

s s s s

+ ++ +
+

⎡ ⎤−⎡ ⎤ ⎡ ⎤ ⎣ ⎦⎡ ⎤= = = = − =⎢ ⎥ ⎢ ⎥ ⎣ ⎦
⎣ ⎦ ⎣ ⎦

∫ ∫  

Notice that, Q  does not explicitly multiply the summation, though implicitly 

being present in numerator. Using this discussion the expression-10.22 is modified 
and presented as: 

( )
( ) ( ) ( ) ( ){ }

( )
( ) ( ) ( ) ( ){ }

( )
( ) ( ) ( ) ( ){ }

( )
( )

( )

21
1 1 1

1

0 1
22

1 22 2 2
2

2

j 1
1 j j * j

ln j
1/ j

j 1
1/ j1 j j * j

ln j
* *

* 1/ j
j 1

1 j j * j
ln j

Q
Q Q NQ

cQ
Q Q NQ

c

cN M
Q

Q Q NQM
M M M

M

k G

k G

k G

ω
ω ω ω

ω
ω

ω ωω ω ω
ω

ω
ω

ω ω ω
ω

⎡ ⎤−
⎢ ⎥
⎢ ⎥
⎢ ⎥ ⎡ ⎤⎡ ⎤
⎢ ⎥− ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ =⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
⎢ ⎥−
⎢ ⎥
⎢ ⎥⎣ ⎦

 

If the order distribution is assumed to be with mixed type that is with both 
continuous order distribution and the impulsive type then the reconstruction 
procedure will be mixed of the above discussed procedure, for the system 
identification experiments. The expression-16 gets modified as: 

( ) ( ) ( ) ( )
1

10 0 j

1 1

ln j

N NQ
nQ nQ

c

n n s

s
k nQ s Q k nQ s

s Gδ
ω

ω
= = =

⎡ ⎤−⎢ ⎥+ =
⎢ ⎥⎣ ⎦
∑ ∑ . 

The expression-10.22 thus for the system identification with mixed order 
distribution is: 

( ) ( ){ } ( )
( ) ( ) ( ){ }

( ) ( ){ } ( )
( ) ( ) ( ){ }

( ) ( ){ } ( )
( ) ( ) ( ){ }

( )
( )

( )

01
1 1 1 1

11

1
2

22 2 2 2
2

0

1

j 1
1 j * j 1 j * j

ln j
* 1/ j

j 1
1/ j1 j * j 1 j * j

ln j
*

* * 1/ j

j 1 *
1 j * j 1 j * j

ln j

Q
Q NQ Q NQ

Q
Q NQ Q NQ

N

c

c M
Q

Q NQ Q NQM
M M M M

M cN

k
Q k

G

k GQ

k

k G

Q
k

δ

δ

δ

ω
ω ω ω ω

ω
ω

ω ωω ω ω ω
ω

ω
ω

ω ω ω ω
ω

⎡ ⎤ ⎡ ⎤−
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎡
⎢ ⎥ ⎢ ⎥− ⎢
⎢ ⎥ ⎢ ⎥ ⎢=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎣
⎢ ⎥ ⎢ ⎥−
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

⎤
⎥
⎥

⎢ ⎥
⎢ ⎥
⎢ ⎥⎦
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10.6   Variable Order System 

While developing the concept of continuous order distribution, some thought was 
put in if the system is subjected to ambient variations say temperature variation 
the fixed order does show distribution. For instance taking the transfer impedance 

of a half order element at fixed ambient is 
0.5

1
( j )

( j )
Z ω

ω
∝  may well show a 

change in order 0.5 with the variable ambient. Therefore the differintegrals of the 
fractional or integer order may well have the order q, which varies with time i.e. 

becomes ( )q t . Consider the fractional differential equation ( ) ( )q
c tD y t f t= and 

inferred integral equation is ( ) ( )q
c tD f t y t− = . 

Since q can take any real value, the development of calculus for varying q with 

t and y is essential field or research. The variable order system will 

have ( , ) ( ) ( )q t y
c tD f t y t− = . 

In experiments of condense matter physics, relaxation process where the 
relaxation is intermittent and thus fractional order differential equations govern the 
process, the ambient temperature changes give rise to changes in relaxation 
curves. The expression governing fractional relaxation process is: 

0 0( ) ( ) ( )q q
tt D tφ φ τ φ− −− = − . 

With, 0 1q< ≤ ; stating degree of intermittency in relaxation process. Taking 

initial conditions as 0 1φ = , the relaxation expression (for delta input excitation) is 

{ }( )( ) /
q

qt E tφ τ= − . The power law exponent here ( )q T CT= , is temperature 

dependent, with C as constant and T defining absolute temperature. Several 
power-law curves give different degree of intermittency of relaxation curves. This 
is the motivation to develop variable order differintegration systems. 

10.6.1   RL Definition for Variable Order 

Consider only time variation of the order i.e. ( )q q t→  the RL definition with zero 

initial condition ( , ( ), , , ) 0f q t a c tψ − =  yields: 

( , ) 1
( )

0

0

( )
( ) ( )

( ( , ))

e
t q t

q t
t

g

t
D f t f d

q t

ττ τ τ
τ

−
− −≡

Γ∫  

Here the arguments of exponent are eq  and the Gamma function argument is gq  

may be different. This is basic difference from fixed order system. The above  
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formulation of the definition can have ( , ) ( ), ( , ) ( ), ( , )q t q t q t q q tτ τ τ τ→ → →  

( )q t τ− . Substitution of these three definitions into above formulation of ( , )eq t τ  

and ( , )gq t τ  yields nine expressions of the variable order fractional RL 

integration. These nine definitions are subjected to the criteria and desirable 
properties of fractional integration, to rule out the undesirable formulations. The 
most important ones are linearity and index law (composition), leaving aside 
backward compatibility and zero property. 

Consider the linearity property for the definition of variable order integration as 
mentioned above: 

( ) { }
( , ) 1

( )
0

0

( )
( ) ( ) ( ) ( )

( ( , ))

e
t q t

q t
t

g

t
D af t bg t af bg d

q t

ττ τ τ τ
τ

−
− −+ = +

Γ∫  

                                    
( , ) 1 ( , ) 1

0 0

( ) ( )
( ) ( )

( ( , )) ( ( , ))

e e
t tq t q t

g g

t t
a f d b g d

q t q t

τ ττ ττ τ τ τ
τ τ

− −− −= +
Γ Γ∫ ∫  

                                     ( ) ( )
0 0( ) ( )q t q t

t ta D f t b D g t− −= +  

The above derivation shows that linearity is satisfied for all arguments of q in 

numerator as well as denominator for the definition of fractional integral. 
Out of all these substitutions the definition of the variable order fractional RL 

integration when ( , ) ( , )e gq t q tτ τ= , gives interesting observation, for the 

substitution case with, ( , ) ( )q t q tτ τ→ − ; which provided adherence to the index 

law, but failed to satisfy composition law under following definition: 

( ) 1
( )

0

0

( )
( ) ( )

( ( ))

t q t
q t

t

t
D f t f d

q t

ττ τ τ
τ

− −
− −≡

Γ −∫  

Here it was inferred that  

( ) ( ) ( ) ( ) ( ) ( )
0 0 0 0 0( ) ( ) ( )q t v t v t q t q t v t

t t t t tD D f t D D f t D f t− − − − − −= ≠ . 

The detailed proof uses convolution theory and convolution nature of this 
particular definition, which appears to be the most satisfactory one for usage.  

It should be mentioned that different physical processes might effectively use 
different definitions and all the three forms namely 

( ) 1
( )

0
0

( )
( ) ( )

( ( ))

t q t
q t

t

t
D f t f d

q t

ττ τ τ
τ

− −
− −≡

Γ −∫ , 
( ) 1

( )
0

0

( )
( ) ( )

( ( ))

t q t
q t

t

t
D f t f d

q t

τ τ τ
−

− −≡
Γ∫   

and  
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( ) 1
( )

0

0

( )
( ) ( )

( ( ))

t q
q t

t

t
D f t f d

q

ττ τ τ
τ

−
− −≡

Γ∫  

may prove useful. This is because this formulations adherence to the index law 
and because of the convolution forms, which makes available all of the results of 
the associated theory, the most compelling definition is 

( ) 1
( )

0

0

( )
( ) ( )

( ( ))

t q t
q t

t

t
D f t f d

q t

ττ τ τ
τ

− −
− −≡

Γ −∫      ( ) 0q t >  

Figure 10.4 describes a variable order structure. 

 
)( tq
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)( tq
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o
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Fig. 10.4 Variable order structure 

If the above form of equations is assumed, then parallel definition for the 
variable structure derivative might be considered as: 

( ) ( )
0 0 0( ) ( )q t m p t

t t tD f t D D f t−≡ , ( ) 0q t >  

where ( ) ( )q t m p t= − , and m  is positive integer. If it is assumed that ( )q t  be 

always positive, the m  could be taken as the least integer greater than ( )q t . 

However since composition does not hold it is not clear that if this could be 
reasonable definition. Matters are further complicated by the fact that it may be 
desirable to allow ( )q t  to range over both positive and negative values. This 

places a ‘seam’ at 0q = , which may make any approach based on RL definition 

implausible, and perhaps requires approach based on GL definition. 

10.6.2   Laplace Transforms and Transfer Function of Variable 
Order System 

The derivation of the Laplace transforms of the variable order structure integral 
follows that for the fixed order case exactly since the convolution theorem can be 
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applied. Then, considering the un-initialized case of fractional integration of 
variable structure, we get: 

{ }
( ) 1

( )
0

0 0

( )
( ) ( )

( ( ))

t q t
q t st

t
t

D f t e f d dt
q t

ττ τ τ
τ

∞ − −
− −

⎛ ⎞−⎜ ⎟=
⎜ ⎟Γ −⎝ ⎠

∫ ∫L , ( ) 0, 0q t t> >  

With definition of convolution  

{ }
0

( )* ( ) ( ) ( ) ( ) ( )
t

h t g t H s G s h g t dτ τ τ
⎛ ⎞
⎜ ⎟= = −
⎜ ⎟
⎝ ⎠
∫L L , 

and taking  ( ) ( )h t f t=  and ( ) 1( ) / ( ( ))q tg t t q t−= Γ , the convolution theorem yields: 

{ } { }
( ) 1

( )
0 ( ) ( ) ( ) ( )

( ( ))

q t
q t

t
t

D f t F s G s f t
q t

−
− ⎧ ⎫⎪ ⎪= = ⎨ ⎬Γ⎪ ⎪⎩ ⎭

L L L  

The variable order structure differintegration allows the introduction of a new transfer 
function concept. Refer Figure 10.4; the conventional transfer function relates the 
Laplace transform of the output to the transform of the input (ratio of the two) by: 

{ }
{ }

{ }
{ }

{ }

{ }

( ) 1

( ) ( ) 10

1

( )
( ) ( ( ))( )

( ) ( ) ( ) ( ( ))

q t

q t q tt

t
f t

D f t q ty t t
TF

f t f t f t q t

−

− −

⎧ ⎫⎪ ⎪
⎨ ⎬Γ ⎧ ⎫⎪ ⎪ ⎪ ⎪⎩ ⎭≡ = = = ⎨ ⎬Γ⎪ ⎪⎩ ⎭

L L
LL

L
L L L

 

Since the ( )q t  is now a variable, it may be thought of as an input (Figure 10.4), 

and for this new transfer function may be defined as: 
{ }
{ }2

( )

( )

y t
TF

q t
≡
L
L

. For the 

considered definition, the process from ( )q t to ( )y t  has not been shown to be 

linear.  

That is 1 2 1 2( ) ( ) ( ) ( )
0 0 0( ) ( ) ( )q t q t q t q t

t t tD f t D f t D f t− − − −= +  has not been shown. 

Thus for meaning and utility of 2TF , for these definitions requires further 

considerations. 
The relationship of two transfer functions may be determined as follows. 

Consider ( )f t  and ( )q t to be related by ( )g t , where: 

0

( ) ( ) ( )
t

q t f t g t dτ τ= −∫ , then { } { } { }( ) ( ) ( )q t f t g t=L L L , 

by convolution theorem. Then: 
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{ }
{ }

{ }
{ } { }

1
2

( ) ( )

( ) ( ) ( )

y t f t TF
TF

q t f t g t
= =
L L
L L L

 gives { }1

2

( )
TF

g t
TF

= L  

10.6.3   GL Definition for Variable Order 

A variable structure differintegral is formed by GL definition too. Let 
( ) /T t a NΔ = −  and limit consideration to ( )q q t→ or ( )q q t j T→ − Δ . Then 

expressing q  generally as ( , )q q t j T→ Δ , a generalized GL form may be written as: 

1
( , )( )

0
0

( ( , ))
( ) lim ( )

( ( , )) ( 1)
E

N
q t j Tq t N

a t N
Dj

T

j q t j T
D f t T f t j T

q t j T j

−
Δ

→∞
=

Δ →

Γ − Δ
= Δ − Δ

Γ − Δ Γ +∑  

It is observed that ( , )q t j TΔ  occurs three times in this expression, in the exponent 

as Eq , in the numerator Nq , and in the denominator Dq . Thus the number of 

formula combination (permutation) is eight, as compared to nine in RL type 
definition previously discussed. 

For the combinations ( , ) ( )E Eq t j T q t j TΔ → − Δ , ( , ) ( )N Nq t j T q t j TΔ → − Δ , 

( , ) ( )D Dq t j T q t j TΔ → − Δ  the GL formulation is following: 

1
( )( )

0
0

( ( ))
( ) lim ( )

( ( )) ( 1)
E

N
q t j Tq t N

a t N
Dj

T

j q t j T
D f t T f t j T

q t j T j

−
− Δ

→∞
=

Δ →

Γ − − Δ
= Δ − Δ

Γ − − Δ Γ +∑  

This is the most promising definition out of the eight permutations. 

Consider two time interval evaluations of GL differeintegration of ( ) ( )q t
a tD f t , 

for common ( )q t  with one evaluation for 1a t t< ≤ , and another in interval 

2a t t< ≤  where 2 1t t> (Figure 10.5). The function did not exist before the time 

t a= , so ( ) 0f t =  for t a< . In particular consider the order ( )q t  steps from 

constant value 1 2( ) ( )q t q t→  a new constant value at time 1tt = . The evaluation 

of ( ) ( )q t
a tD f t , to 2t t=  can be viewed as an evaluation from 1t a t= → , summed 

to an evaluation from 1 2t t t= → . In view of the hereditary nature of the fractional 

differintegration, the evaluation to 1t t=  is part of history in the evaluation a to 

2t ; thus it is apparent that for the evaluation of ( ) ( )q t
a tD f t to 2t t=  based on the 

value ( , ) ( )E Eq t j T q t j TΔ → − Δ , ( , ) ( )N Nq t j T q t j TΔ → − Δ , 

( , ) ( )D Dq t j T q t j TΔ → − Δ , will yield desirable result all others will give 

undesirable result. This is also because, over the period 1t t< , part of evaluation 

the value of 2( , ) ( ) ( )q t j T q t q tΔ = =  will be used in the summation, essentially 

changing history. Thus it appears that the only satisfactory definition is as  
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Fig. 10.5 Variable ( )q t differintegration by GL method 

mentioned above. This definition parallels the RL promising formulation, and 
adds credibility of convolution related variable structure form. The intuitive nature 
of GL form, in terms of available conceptualization allows the hope that a form of 
it may evolve which would satisfy composition property. The detailed study in 
this direction is still matter of research. 

10.7   Generalized PID-Controls 

Here in this section generalization of the PI-PID controller is presented. The 
generalization is possible only because the availability of the fractional order 
elements. The standard integer order PI-controller has a transfer function of the 
form: 

( ) i
p

k
H s k

s
= +                                            (10.24) 

This can be written as: 

1( ) p iH s k k s−= +                                        (10.25) 

The controller can now be generalized using fractional order integrals. Assuming 
the base fraction 1/q N= , for now, a generalized PI-controller can be written as: 
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2 ( 1) 1
0 1 2 1( ) ...q q N q

N NH s k k s k s k s k s− − − − −
−= + + + + + ,  0 1q< <            (10.26) 

 

0

( )
N

nq
n

n

H s k s−

=

=∑ , 1Nq =                                     (10.27) 

 
Performing manipulation on above expressions we obtain: 

( 1)
0 1 1...

( )
N q q

N Nk s k s k s k
H s

s

−
−+ + + +

=  , 1Nq =                 (10.28) 

( )

0( )

N
N n q

n
n

k s

H s
s

−

==
∑

, 1Nq =                                  (10.29) 

Clearly, this controller allows a much degree and much variety of compensation 
results. Inserting this into the standard closed-loop control configuration with 
plant transfer function ( )G s , gives closed loop transfer function 

( )( ) ( ) ( ) / 1 ( ) ( )T s G s H s G s H s= + as: 

( )

0

( )

0

( )

( )

( )

N
N n q

n

n
N

N n q
n

n

k s G s

T s

s k s G s

−

=

−

=

⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦=
⎡ ⎤
⎢ ⎥+
⎢ ⎥⎣ ⎦

∑

∑
, 1Nq =                         (10.30) 

With ( ) N( ) / D( )G s s s= the close loop transfer function becomes: 

( )

0

( )

0

N( )

( )

D( ) N( )

N
N n q

n
n

N
N n q

n
n

k s s

T s

s s k s s

−

=

−

=

⎡ ⎤
⎢ ⎥
⎣ ⎦=

⎡ ⎤
+ ⎢ ⎥
⎣ ⎦

∑

∑
                                (10.31) 

This generalization of a PI-control process gives considerable more design 
capability and freedom. Both close-loop poles and close-loop zeros can be placed 
by proper selection of the gains. The compensator can be further generalized by 
considering the powers of q to be unrelated, in this case the controller is: 
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11 2 1 0
0 1 2 1( ) ...

N n

N

N
q

n
qq q n

N N

k s
H s k k s k s k s k s

s

−

−−− − − =
−= + + + + + =

∑
       (10.32) 

The summation assumes 0 0q = , and 1Nq = , and 0 1iq≤ ≤ and 0 i N≤ ≤ . 

The above-discussed approach can be extended to PID controllers where 
derivative action controller is allowed. However the derivative control is seldom 
used because its high frequency attenuation of noise issues. Still to generalize the 
concept the PID controller, can thus be generalized as: 

' 1 ' ( 1) ' 2 ' 2 ( 1) 1
1 2 1 0 1 2 1( ) ... ...N q q q q q N q

N N N NH s k s k s k s k s k k s k s k s k s+ + − + + − − − − −
− −= + + + + + + + + + +

(10.33) 

or equivalently with 1/q N= , the generalized PID is ( )
N

nq
n

n N

H s h s
=−

= ∑ . Based on 

the previous discussions the same compensator can be decomposed into numerator 
and denominator and be expressed as  

/

0 0

/

0 0

( )

n

n

N N
pn N

n n
n n
N N

qn N
n n

n n

b s b s
H s

a s a s

= =

= =

= =
∑ ∑

∑ ∑
. 

 In a closed loop feed back configuration the plant ( ) N( ) / D( )G s s s= we get the 

generalized transfer function: 

0

0 0

N( )

( )

D( ) N( )

n

n n

N
p

n
n

N N
q p

n n
n n

b s s

T s

a s s b s s

=

= =

⎡ ⎤
⎢ ⎥
⎣ ⎦=

⎡ ⎤ ⎡ ⎤+⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

∑

∑ ∑
                            (10.34) 

To determine the effectiveness of the generalized PID controller the analysis must 
be done on Nyquist plane, the quality of which depends on the approximation 
limited by approximation size. 

10.8   Continuum Order Feed Back Control System 

As discussed in system identification section taking the summation to the limit we 
get the transfer function of (10.33) in the form: 
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( )

( )

( )

b
q

N

a
b

q
D

a

K q s dq

H s

K q s dq

=
∫

∫
                                            (10.35) 

This is continuum order compensator, where the order distribution ( )K q  must be 

selected for numerator and denominator so that ( )H s  remains causal and so that 

the integrand must converge. The general PID expression (10.33) can be 
expressed as power series as  

0

0

0

( )

n

n

n

N
p

n
rn

nN
q n

n
n

b s
H s c s

a s

∞
=

=

=

= =
∑

∑
∑

 

or asymptotic series as 
0

( ) nw
n

n

H s c s
∞

−

=

=∑  representations. Thus the power series 

integral representation for the continuum compensator would look as: 

0

( ) ( )
a

q
PS PSH s K q s dq= ∫  

And the asymptotic series would be 
0

( ) ( ) q
AS ASH s K q s dq

∞

= ∫ . The combined form 

will be having a form as ( ) ( )
a

qH s K q s dq
−∞

= ∫ , where the order distribution 

function ( )K q  is chosen to make the integral convergent. For an order distribution 

for generalizing the PID controller of equation (10.33) will be: 

1

1

( ) ( ) qH s K q s dq
+

−

= ∫                                           (10.36) 

Given the ( )K q  function it is easy task to perform the analysis of closed loop 

system in Nyquist plane. The selection of suitable ( )K q  is field of research; 

following example of an oscillating plant will give some insight of the open 
issues. 

Consider a plant transfer function 
2

1
( )

1
G s

s
=

+
, (an oscillator un-damped). A 

possible compensator using the order distribution would be 
2

0

( ) ( ) qH s K q s dq= ∫ , 
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and if this controller were placed before the plant the resulting close-loop system 
will be having a transfer function as  

2

0
2

2

0

( )

( )

( ) 1

q

q

K q s dq

T s

s K q s dq

=
+ +

∫

∫
, 

this compensator allows an infinite number of frequencies in the closed-loop 
system and thus allows considerable freedom to design the appropriate ( )K q . The 

question of selection of this function is to minimize some desired error, for a given 
input, or more appropriately a cost function, but much research is required in this 
direction. 

10.9   Time Domain Response of Sinusoidal Inputs for Fractional 
Order Operator 

Replacing ( )j
qqs ω→  gives frequency response of the transfer function. 

Frequency domain approaches assumes that the time responses are sinusoidal 
steady state. Whenever, an input is applied to a system, the response will consist 
of transient part and steady state part. The frequency response approach assumes 
that the transient has decayed away, and that the response is in sinusoidal steady 
state. For fractional order systems sinusoid steady state also implies that the 
initialized response due to initialization function (ψ ) has decayed to near zero. 

A periodic function with period T is represented as Fourier series: 

( )j2 / j2 /

1

( ) kt T kt T
k k

k

f t c e c eπ π
∞

−

=

= +∑ . 

Fourier integral obtains the coefficient and the coefficients are complex conjugate. 

The coefficient is j2 /

0

1
( )

T
kt T

kc f t e dt
T

π−= ∫ . Oldham Spanier gives method for 

evaluating fractional differentigration of repeated periodic function by using 
lower-incomplete Gamma function as: 

( )( ) ( )0
j2

exp j2 / , j2 /
q

q
t

k
d k T q kt T

T

ππ γ π±⎛ ⎞± = − ±⎜ ⎟
⎝ ⎠

. 

This term contains both the transient and the steady state fractional derivative of 
the periodic function. An asymptotic expansion for larger values of t  for 
incomplete Gamma function γ term gives: 
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10.10    Frequency  Domain Response of Sinusoidal Inputs 
10.9   Time Domain Response of Sinuso idal  

{ } { }( )0
1

2
( ) exp j2 ( / ) ( / 4) exp j2 ( / ) ( / 4)

q
q
t k k

k

k
d f t c kt T q c kt T q

T

π π π
∞

=

⎛ ⎞ ⎡ ⎤ ⎡ ⎤= + + − +⎜ ⎟ ⎣ ⎦ ⎣ ⎦⎝ ⎠∑  

Defining the radian frequency 0 2 / Tω π=  gives equivalent response as: 

{ }( )0 0 0 0
1

( ) ( ) exp j ( / 2) exp j ( / 2)q q
t k k

k

d f t k c k t q c k t qω ω π ω π
∞

=

= + + − +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑  

For any given input frequency 0kω , it can be seen that the magnitude of the 

magnitude of the corresponding fractionally differintegrated steady state output 

sinusoid has its magnitude scaled by 0( )qkω , and is phase shifted by / 2qπ . For 

example after the decay of the transient  

( ) ( ) [ ]( )0 sin lim sin / 2
qq

t
t

d t t qω ω ω π
→∞

→ +  

This result generalizes the response obtained for integer order systems. Here it is 
important to note that frequency response results require sinusoidal steady state, 
and initialization function plays less important role. 

10.10   Frequency Domain Response of Sinusoidal Inputs for 
Fractional Order Operator 

In earlier section it was mentioned that replacement of ( )j
qqs ω→  gives the 

steady-state response of the transfer function. However replacement 

( )j
nqnqs ω→ , where q is fraction and nq , not necessary an integer, be carried 

on, question of multiple solution exists. The question here is actually which root 

of ( )j nq
 to use. The primary root is considered to be one with smallest angle from 

the positive real axis; with remaining roots being secondary roots. The answer to 
this question is given by time domain result of the previous section. That is, using 

the primary roots given by the frequency domain substitution ( )j
nqnqs ω→  will 

give the frequency response corresponding to the correct time domain response. 

For example, 0.5s , substituted by js ω= , gives ( )0.5
jω  which is 0.5 0.5j ω . 

Recognizing, j  has roots ( )exp j / 4π  and ( )exp j5 / 4π , the primary root is 

always chosen for the frequency response i.e. the root j / 4e π . This observation 
allows using the standard tools for control system analysis as Bode plot, Nyquist 
plot and others. 
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The frequency response of fractional order differintegral gives insight into the use 
of the control system tools. The un-initialized Laplace relation is 

{ }0 ( ) ( )q q
td f t s F s=L . Thus the transfer function of the fractional operator is  

{ }0 ( )
( )

( )

q
t q

d f t
H s s

F s
= =
L

. 

To obtain frequency response replaces ( )j
qqs ω→ . 

The magnitude response is simply ( )j qH ω ω= , which rolls off at 

20q dB/decade on Bode plot, and the phase shift is given by the angle of the 

primary root of ( )j q
 which is arg ( j ) / 2H qω π= . The derivative operation is for 

0q > , and integration operation is for 0q < . 

10.11   Ultra-Damped System Response 

The properties of temporal behavior of systems were discussed in Chapter 7, with 
respect to pole-locations in w-plane. In Chapter 7 it was discussed that poles lying 
to the left of the wedge, given by lines with angle qπ  in w-plane, are on the 

secondary Riemann sheet of the s-plane. These pole properties were termed as 
hyper-damped, as they were damped more than usual integer-order over-damped 
poles. Now with respect to the w-plane it is with some necessity that distinction is 
made, between, the poles that are on the negative real axis of w-plane, (which are 
called ultra-damped) and complex conjugate poles of w-plane (which are still 
hyper-damped). 

An ultra-damped system will consist of parallel combination of the form 
( )

( ) , 0
( ) q

Y s k
H s a

U s s a
= = >

+
and real. Here k is system gain, a is ultra-damped 

pole in w-plane and 0q > . For simplicity take 1a = , 1k =  and frequency 

response transfer function is  

( )
1

( j )
j 1

q
H ω

ω
=

+
. 

For small values of frequency ( j ) 1H ω = , and magnitude is thus unity and phase 

angle is zero. For large values of frequency, the transfer function becomes 

( j ) ( j ) qH ω ω −= , and frequency response reverts back to that of a simple 

fractional order operator discussed in previous section. 
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10.12   Hyper-Damped System Response 

Hyper-damped system have a pair of complex conjugate poles off the negative 
real axis of w-plane, but are farther to the left than the under-damped region 
(Chapter 7). These poles are at qϕ π> ±  lines. Here there is several type of 

behavior depending upon the specific location of the poles in w-plane.  
First we address system that can be realized with passive energy storage 

element. A passive energy storage element is one that cannot return more energy 
to the system than placed into the element by the system in the past. An active 
element is one that can return more energy to a system than placed into it in past. 
Typically an active element will have associated with it, either a large gain or 
negative gain. Necessary (but not sufficient) condition for fractional order system 
be passive are that minimal transfer function denominator have all positive 
coefficients, and that all poles lie to the left of stability wedge in w-plane. Another 
concept traditionally associated with passivity is positive real concept. To be 
positively real system, the frequency response of transfer function must always lie 
in the right half of Nyquist plot. Meaning that the arg ( j ) / 2H ω π≤ ± and 

( j ) 0eH ωℜ > . This means that maximum phase-shift of positive-real transfer 

function is bounded by 090± . A minimum phase system has smallest possible 
phase shift for given magnitude response. An implication of this in integer order 
system is that all the system poles and zeros must lie in left half plane of the s-
plane. For fractional order system the implication of this being minimum phase all 
pole-zero lie left of instability wedge of w-plane, / 2qϕ π> ± . Consider as an 

example all pole system, passive and positive real, minimum phase, transfer 

function 
0.5

1
( )

1
H s

s as
=
+ +

. (A fractional order system can be of minimum 

phase without being positive-real). The properties of this transfer function depends 
on pole location as decided by value of a, is summarized in Table 10.3. 

The under-damped active region for 0 2a> > −  has further consideration. 
The negative value of ‘a’ indicative of an active system, while w-plane poles 
remain in ‘under-damped’ region. The fact that there exist under-damped poles 
implies, that this system has a resonance and a resonance peak should appear in 
the frequency response Bode diagram too. Thus even though the high frequency 
asymptotes as well as Laplace transformed transfer function, of this example, 
indicate that this system is only a first order; it can still go into resonance. Clearly 
adding more fractional order terms with smaller value of q, would allow even 
more resonance. 

Consequently, it appears that the highest power of Laplace variable in transfer 
function is no longer an indicator of the order effective order of fractional order 
system, or of number of resonance to expect in its frequency response. We call the 
resonance as fractional resonance. 
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Table 10.3 

Value of a exp jw ρ φ=  

w-plane 

exp js r θ=  

s-plane 

Property 

2a < −  ( ) 0

4

e w

πφ

ℜ >

<
 

( ) 0

2

e s

πθ

ℜ <

<
 

Right Half 
Plane 

UNSTABLE 

0 2a> > −  ( ) 0

4 2

e w

π πφ

ℜ >

< <
 

( ) 0

2

e s

π θ π

ℜ <

< <
 

Left Half Plane 

STABLE 
UNDERDAMPED 
MIN-PHASE 

2 0a> >  ( ) 0

2

e w

π φ π

ℜ <

< <
 

2π θ π< <  

Secondary 
Riemann 
Sheet 

STABLE 
HYPERDAMPED 
 

2a >  φ π>  2θ π>  

Secondary 
Riemann 
Sheet 

STABLE 
ULTRADAMPED 

10.13   Complex Order Differintegrations 

Let us consider a function ( )f t  differentiated with order q , where jq u v= +  is a 

complex quantity. Represent this operation by a function ( )g t  as: 

j

0 j
( ) ( ) ( )

u v
q
t u v

d
g t d f t f t

dt

+

+= = , 

considering un-initialized differintegration for simplicity. The Laplace transform 
of the function ( )g t  enables us to express the above operation as: 

{ } j j j ln( )( ) ( ) ( ) ( ) ( )u v u v u v sg t G s s F s s s F s s e F s+= = = =L  

We have used in above the identity [ ]j( ) j( )exp ln( ) exp j( ) ln( )y yx x y x⎡ ⎤= =⎣ ⎦ ; and 

expressing exp( j ) cos jsinθ θ θ= +  we get: 

( ) [cos( ln ) jsin( ln )] ( )uG s s v s v s F s= +  
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The invert function of ( )g t  is ‘complex-integration’ expressed as: 
( j )

0( ) ( )u v
tf t d g t− +=  and obtaining Laplace expression we obtain: 

( j )( ) ( )u vF s s G s− += . 

Using 

{ }1 1 1( )[ ( )]q qs t q− − − −= ΓL , 

we write, { }( j ) j 1 1( )[ ( j )]u v u vs t u v− + + − −= Γ +L . Consider ( )g t  to be unit impulse 

so ( ) 1G s = . To this unit impulse we obtain the ( )f t  as: 

1 1 j 1 1 j ln( ) [ ( j )] [ ( j )]u v u v tf t u v t t u v t e− − − −= Γ + = Γ +  

that is, when simplified gives real as well as imaginary response in time! Well, 
does imaginary response constitute response in dream! 

1

( ) [cos( ln ) jsin( ln )]
( j )

ut
f t v t v t

u v

−

= +
Γ +

 

However, this imaginary time response is what is difficult to explain physically at 
present, but we can consider from above derivation a formation of ‘conjugated 
differintegrations’ operation with jq u v= +  and jq u v= − . The operation is 

described as follows: 

j j
0 0 0 0( ) ( ) ( ) ( ) ( )q q u v u v

t t t tg t d f t d f t d f t d f t+ −= + = + . 

Doing Laplace operation on this defined operation with conjugated 
differintegration we obtain: 

j j j j{ ( )} ( ) ( ) ( ) ( )u v u v u v u vg t s s F s s s s s F s+ − −= + = +L . 

Simplifying this we obtain: 

j ln j ln( ) [ ] ( ) 2 cos( ln ) ( )u v s v s uG s s e e F s s v s F s−= + =  

Similarly, we construct operation as: j j
0 0( ) ( ) ( )u v u v

t tg t d f t d f t+ −= − , on repeating 

this in the above procedure we get:  

( ) 2 j sin( ln ) ( )uG s s v s F s=  
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Note that j j 2( ) ( ) ( )u v u v us s F s s F s+ −× = and j j 2 j( ) ( ) ( )u v u v vs s F s s F s+ −÷ = . We can 

express a corollary from this and above derivation that, ‘A real order 
differentiation process can be decomposed or broken into product of two complex 
conjugated derivatives.’ 

We express the complex conjugated order integration process as:  

( j ) ( j )
0 0 0( ) ( ) ( ) ( )q u v u v

t t tg t D f t D f t D f t− − + − −= ≡ + . 

Here doing the Laplace operation we obtain j j{ ( )} ( ) ( )u v vg t s s s F s− −= +L . Since 

( )f t  is unit impulse ( ) 1F s = , so we get: 

{ }
j 1 j 1

1 ( j ) ( j ) 1( ) { } 2 cos( ln )
( j ) ( j )

u v u v
u v u v u t t

g t s s s v s
u v u v

+ − − −
− − + − − − −= + = = +

Γ + Γ −
L L  

Note the following properties of reciprocal gamma function with complex 
arguments: 

1 1 1
Re jIm

( j ) ( j ) ( j )u v u v u v

⎡ ⎤ ⎡ ⎤
= +⎢ ⎥ ⎢ ⎥Γ + Γ + Γ +⎣ ⎦ ⎣ ⎦

and

1 1 1
Re jIm

( j ) ( j ) ( j )u v u v u v

⎡ ⎤ ⎡ ⎤
= −⎢ ⎥ ⎢ ⎥Γ − Γ + Γ +⎣ ⎦ ⎣ ⎦

. 

Using this property we obtain: 

1 j j j j1 1
( ) Re ( ) jIm ( )

( j ) ( j )
u v v v vg t t t t t t

u v u v
− − −⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪= + + −⎨ ⎬⎢ ⎥ ⎢ ⎥Γ + Γ +⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

 

1 1 1
( ) 2 Re cos( ln ) Im sin( ln )

( j ) ( j )
ug t t v t v t

u v u v
− ⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪= +⎨ ⎬⎢ ⎥ ⎢ ⎥Γ + Γ +⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

 

This response ( )g t  to a unit impulse excitation ( ) ( )f t tδ=  has purely real 

response. Observing the time response one finds a power function in time with 
‘log periodic oscillations’ superimposed. If one plots the Bode frequency (log-log) 

graph with ( ) 2 cos( ln )uG s s v s−= , with js ω= , and , 0u v >  we get a graph 

depicted in Figure 10.6. 
The figure 10.6 is of normal fractional integration process with a downward 

decreasing slope of 20u− dB per decade, but impressed on this is an oscillatory 
ripple in log frequency cos( log )v ω≈ . The normal power function in time is due 

to the real part of the differintergal and the log-periodic oscillation is due to 
presence of imaginary part of the ‘complex’ differintegral process. So one may  
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( ) 2 co s( ln )uG s s v s−=

l o g ( )ω

20log ( )G s

Slope due to Real part

Ripple due to Imaginary part 

In a frequency response plot of a system, if the roll off, contains ripple of log of frequency 

then this is indicator of presence of complex differentials/integrals in the system 

characteristics. Also frequency is same in all scales of log a concept of ‘fractal ripple’.

 
Fig. 10.6 Appearance of Complex Order in System 

generalize this observation that if one observes in a frequency response graph of a 
system a ‘fractal ripple’ impressed that is, the frequency of the ripple is same in all 
decades of log scale; the system may be having possibility of complex order in the 
differential equation system description! 

In the section three, equation (10.9) describes the continuous order system as: 

( ) ( ) ( )qk q s dq X s F s
+∞

−∞

⎛ ⎞
⎜ ⎟ =
⎜ ⎟
⎝ ⎠
∫  

We have generalized the limits of integration from the example in (10.9). 
For a continuous order system we can therefore extract the ( )X s  for a suitable 

forcing function ( )F s  in following possible way 

Let 

( ) ( ) qP s k q s dq
+∞

−∞

= ∫ . 

The ( )P s  is defined in section three. Now taking the order jq u v= +  makes the 

extraction of ( )P s  as: 

j( ) ( , ) u vP s k u v s dudv
+∞ +∞

+

−∞ −∞

= ∫ ∫  
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That is, carrying out integration in ( , )u v  plane where the order distribution is a 

surface given by function ( , )k u v . 

Let us consider a surface ( , )k u v = Κ , where Κ  is constant. This surface is 

centered at u u=  with width of u±Δ , and 0v =  with width v±Δ . Consider 
forcing function to be unit delta function so ( ) 1F s = . This enables us to determine 

the response function for this ‘continuous complex order’ distributed system as 
( ) ( ) / ( ) 1/ ( )X s F s P s P s= =  

j( )
v u u

u v

v u u

P s ks dudv
+Δ +Δ

+

−Δ −Δ

= ∫ ∫ . 

In this make change of variables as w u u= − so du dw= , with new limits of 
integration we obtain the response as: 

j( )
v u

w u v

v u

P s s dwdv
+Δ +Δ

+ +

−Δ −Δ

= Κ∫ ∫  

                                      j
v u

u w v

v u

s s s dwdv
+Δ +Δ

−Δ −Δ

= Κ ∫ ∫  

                                       [ ] [ ]exp ln( ) exp j ln( )
u v

u

u v

s w s dw v s dv
+Δ +Δ

−Δ −Δ

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟= Κ
⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠
∫ ∫  

                                       
exp( ln ) exp( j ln )

ln j ln

v vw u
u

w u v v

w s v s
s

s v s

=+Δ=+Δ

=−Δ =−Δ

⎡ ⎤⎛ ⎞⎡ ⎤⎛ ⎞= Κ ⎢ ⎥⎜ ⎟⎢ ⎥⎜ ⎟
⎝ ⎠ ⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦

 

                                       
sinh( ln ) sin( ln )

4
ln ln

u u s v s
s

s s

Δ Δ⎡ ⎤ ⎡ ⎤= Κ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
 

Thus  

[ ][ ]
2(ln )

( )
4 sinh( ln ) sin( ln )

u s
X s s

u s v s
−=

Κ Δ Δ
. 

is the response to delta function input. 
The Laplace invert of this will give time domain response ( )x t  for the above. 

In all above examples we demonstrated obtaining impulse response for a forcing 
function as delta function that is, Greens function for solution of complex order 
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system. Any other response to any other function can be obtained in usual rule, as 
to convolute the Greens function obtained with the forcing function (in time 
domain), or multiplication of Laplace of forcing function with the Laplace of 
Greens function, in s (frequency) domain. 

10.14   Ordering the Disorder of System 

The system with disorder can have anomalous temporal or spatial response 
compared to system without disorder. Thus, the differential equation governing 
the system in background of disorder has to be identified; here the Fractional 
Order Differential Equation plays important role in system identification. 
Therefore suitable techniques need to evolve to order the disorder in system and 
identify the same. In classical sense the system having no memory can be modeled 
by linear differential equations with constant coefficients. However, system with 
memory has inbuilt fractional order differential operator which arise due to 
convolution in memory integrals. Chapter 2 has briefed about memory integrals 
and kernels-for non exponential relaxations. Rubber molecules presumably cannot 
remember past, here linear differential equations with constant coefficients 
suffice, and such systems have exponential decay in time (with one time constant) 
to an impulse excitation. Damping behavior of systems if expressed using linear 
constant coefficients show that linear differential equations cannot include long 
memory; that fractional derivative has. However, sufficiently high micro structural 
disorder can lead statistically to macroscopic behavior well approximated by 
fractional derivatives. 

10.14.1   Disordered Relaxation with Multiple States and 
Relaxation Constants 

Consider a partial differential equation (PDE) 

( )1
( , ) ( , ) ( )u t u t t

t
αλ λ λ δ∂ + =

∂
,  

with ( , ) 0u tλ = , for 0t < , and 0α > . 

The above PDE is having free parameter λ . Now if the free parameter 1α = , 

then we have single time constant system ( 1λ τ −= ) with solution as 
( , ) exp( )u t tλ λ= − , with initial condition ( ,0) 1u λ = . This is similar to capacitor 

discharge into a resistance as 0( ) exp( / )v t V t RC= − , with 1/ RCλ = , as unique 

time constant (discharge rate), remaining the same throughout the discharge 
period. The situation can be seen as non-exponential decay; where the time 
constant (discharge rate) is changing and can have infinite number of values. The 
situation may have capacitor and resistance distributed in space, the capacitance 
and resistance may be related with voltage and several imperfections (disorder) 
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and may lead to several time constants of discharge during the discharge time. In 
other terms we may call these disorders as non-linearity resulting in several time 
constants, and thus ‘weak’ discharge. The situation may be like 

{ }0( ) exp ( )v t V t tλ= −  where, ( ) 1/ ( ) ( )t R t C tλ = . One can express this ‘non-

exponential’ discharge with several time constants during the discharge period, by 
method of weighted residue and variation principle, expressed as: 

1

2

1 11 12 1

2 21 22 2

1 2

( ) *

( ) *

* * * * * *

( ) * N

t
N

t
N

t
N N N NN

t a a a e

t a a a e

t a a a e

λ

λ

λ

ψ
ψ

ψ

−

−

−

⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥=
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

[ ] [ ]1 2 3( ) ( ) ( ) * * ( )Nt t t tψ ψ ψ ψΨ = , [ ] [ ] [ ]( )
T

v t = Ψ = Ψ Ψ  

The discharging voltage may be expressed as several states given by matrix 
( )tΨ and combination of several decay parameters 1 2, ,... Nλ λ λ and the decay 

voltage by the norm of state matrix. This several state representation points to a 
fact that decay discharge or mixing taking place in disordered way leads to several 
internal states, each without memory. The representation  

[ ] [ ] [ ]TΨ = Ψ Ψ  

is a way matrix representation of the autocorrelation function. 

10.14.2   Appearance of Fractional Derivative in Disordered 
Relaxation 

The several time constants (discharge rate) have taken power law distribution as 

( )qλ  and 1/q α= . The strong-discharge or exponential discharge with one time 

constant follow a normal distribution with well defined average that represents 
average time constant or discharge rate, and that normal distribution has well 
defined standard deviation. Unlike the normal distribution the ‘power-law’ 
distribution has no defined average or moments (standard deviation); and is 
representation of system which has a variety. The heterogeneity or the disordered 
system thus has varieties of ways by which dissipation mechanism takes place; as 
described in above section. Taking the PDE of section 14.1 we have solution to 
that PDE with free variable λ  that can take infinite values as 

1
( , ) ( , ) expu t h t tαλ λ λ⎛ ⎞= = −⎜ ⎟

⎝ ⎠
, the ( , )h tλ  denotes ‘impulse response function’. 

On integrating this ‘impulse response function’ for free variable λ  from 0 to∞ , 
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we get the function of time and that is called ‘impulse response’ ( )g t . The 

impulse response is: 

1

0 0

(1 )
( ) ( , ) expg t h t d t d

t
α

α
αλ λ λ λ

∞ ∞
Γ +⎛ ⎞= = − =⎜ ⎟

⎝ ⎠∫ ∫  

The above is obtained by using definition of Gamma function. This is a power-
law. The ( )g t  ‘impulse-response’ of linear constant coefficient system starting 

from rest is also called Green’s function. 
Let us replace the PDE excitation function from delta function to any other 

forcing function ( ) ( ) /f t df t dt=�  and re-write the PDE as: 

( ) 1
( , ) ( , ) ( )u t u t f t

t
αλ λ λ∂ + =

∂
�  

Then the response to this new excitation is convolution of Green’s function 
( )g t obtained above with the forcing function that is: 

0 0

( )
( ) ( )* ( ) ( ) ( ) (1 )

t t
f t t

r t g t f t g t f t t dt dt
t α

α
′−′ ′ ′ ′= = − = Γ +

′∫ ∫
�� �  

Multiplying and dividing the above expression with (1 )αΓ − and assuming 

0 1α< < ,with ( ) 0f t =  for 0t ≤ , and using Riemann-Liouvelli definition of 

fractional derivative we obtain response as: 

(1 )
0 0( ) (1 ) (1 ) ( ) (1 ) (1 ) ( )t tr t D f t D f tα αα α α α− − ⎡ ⎤= Γ + Γ − = Γ + Γ −⎣ ⎦

�  

Implying the appearance of fractional derivative for cases where several time-
constants define a relaxation process. Therefore a disordered relaxation (response) 
may well be formulated by fractional differential equation, the order giving the 
‘intermittency’ of relaxation disordered process! 

Many systems materials with complex microscopic dissipative mechanism may 
macroscopically show fractional order behavior. Damping (relaxation, mixing) 
models that use fractional order terms may involve relatively few fitted parameters 
for explaining the dissipative mechanism. The fractional order behavior observed 
may be artifact of many complex dissipative mechanisms (each without memory).  

10.14.3   Generalization of Disordered Relaxation 

Fractional Calculus methods have been invoked (recently) to model relaxation 
processes in complex systems. This has lead to interesting discussions into nature 
of transport coefficients appropriately changed in equations to describe these 
complex materials and systems. This observation is leading to a thought to have 
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‘Universality’ of Disordered Material (System) Relaxation”, and classify them 
accordingly. The system identification needs to take these observations for 
disorders in the system. 

Relaxation integral tI φ  where φ  characterizes ‘degree of intermittency’ in the 

relaxation process-and exact solutions of these integrals describes relaxation in 
condense matter (system)-’intermittency in relaxation’. 

Extension in this above model of relaxation, to include β  ‘dynamic 

heterogeneity’ arising out from particle clustering (too may be included) which is 
ubiquitous in condense matter, with ,

tI φ β  intermittency plus heterogeneity as 

disorder. The solution to this gives hybrid between stretched exponential 
relaxation and a relaxation described by Mittag-Leffler function. Both these 
disorders are ‘ordered’ and modeled by fractional differential equation; helps in 
identifying the system. 

10.14.3.1   Intermittency Disorder 

Here we discuss a general model of relaxation that is developed to address the 
issue of disorder in the system. First we discuss an intermittent relaxation and 
generalize the concept. We assume that system is in equilibrium and observable 
property of the system A  (stress strain rate, voltage current charge rate velocity 
position) is represented by an autocorrelation function (normalized): 

2

( ) (0)
( )

(0)

A t A
t

A
Ψ ≡ , 

obeying relaxation law as: 

0

( ) ( ) ( )
t

d
t dt K t t t

dt
′ ′ ′Ψ = − − Ψ∫ , 

where  

( ) 0tΨ = for 0t <  and (0) 1Ψ = . 

The autocorrelation function is 

/2

/2

1
( ) ( ) (0) lim ( ) ( )

T

AA
T T

R t A t A A t A t t dt
T

+

→∞ −
′ ′= = +∫ . 

By Wiener-Khintchine theorem of signal processing, the Fourier Transform of this 
autocorrelation function gives the power spectral density; 

i2( ) 2 ( ) ft
AA AAS f R t e dtπ+∞ ′−

−∞
′= ∫ . 
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The relation between the power law exponent of power spectral density, to Hurst 
exponent, and to the fractional order governing equation, is dealt with in Chapter 4 
and Chapter 5.  

This is convolution of evolution of the relaxation process represented by 
memory integral, (Chapter 2). We now integrate the above described memory 
integral and re-write the same as: 

0 0

( ) (0) ( ) ( )
t t

t dt dt K t t t′ ′ ′ ′Ψ −Ψ = − − Ψ∫ ∫ , write 
0

( , ) ( ) ( )
t

R t t R t t dt K t t′ ′ ′ ′= − = −∫  

to get: 

0 0

( ) 1 ( ) ( ) 1 ( , ) ( )
t t

t dt R t t t dt R t t t′ ′ ′ ′ ′ ′Ψ = − − Ψ = − Ψ∫ ∫  

The new parameter is rate term of transition of state that is:
0

( ) ( )
t

R t dt K t′ ′= ∫  is 

integral of memory kernel of the basic memory (convolution) integral of the 
process. 

The ( )R t  can be considered as ‘renewal-rate’ which members drop out through 

death (or otherwise) and new members are added in order to keep the relative 
number of policy holders a constant. The parameter ( )tΨ  is relative number of 

charter members of an insurance policy. Here we consider ( )tΨ as probability that 

initial state of dynamic system property (0)A  persists that is, survives up to time 

t  ( 0t > ). This renewal rate can be obtained by differential equation which 
generalizes Poisson’s process. 

The system begins at state-0 at initial time 0t =  and will change to state-1 at 
time T , where T  is randomly drawn from ( ) exp( )f x xλ λ= −  the Poisson’s 

process. The system will be in state-1 at some time 1t  

1

1 1 1

0

( ) exp( ) 1 exp( )

t

p t t dt tλ λ λ′ ′= − = − −∫ . 

The probability of system still being at state-0 at time 1t  is complement of above 

that is: 

0 1 1( ) exp( )p t tλ= − . 

Also at any time t the absolute rate of change of probability of being in state-1 

is 1 0/dp dt pλ= , off course, 0 1 1p p+ = , and thus ( ) ( )1
1 1/ 1dp dt pλ − + = .  

For the first transition from state-0 to state-1 we can write the equation as: 



536 10   System Order Identification and Control
 

0
0

dp
p

dt
λ= − , with λ  independent of time, a constant. Now if we assume 

( )R t λ=  which is decreasing with time we generalize the first transition decay 

equation as: 

( ) ( ) ( ) ( )
d d

p t R t p t R t
dt dt

= − + or 
0

( ) ( ) ( )* ( ) ( ) ( ) ( )
t

R t p t p t R t p t d p t Rτ τ τ= + = + −∫  

This is ‘Feller Fluctuating Theory’ where ( )p t  is the probability density 

describing the ‘first passage’ time, between relaxation increment events. The 
solution to this equation 

0

( ) ( ) ( ) ( )
t

R t p t dt p t t R t′ ′ ′= + −∫  

gives ( )R t  of the random process governing the large scale relaxation process. 

The occurrence of universality and classification in ( )tΨ and ( )R t  in this 

model of relaxation is from the observations, of ‘moments’ of ( )p t  that is if they 

are finite or infinite (diverging). 

0

( ) ( )n nt dt t p t
∞

′ ′ ′= ∫  

We will discuss the cases where average and variances are finite and infinite, that 

is if 2 ,t t < ∞ and 2 ,t t →∞ . This corresponds to different degree of 

intensity in the fluctuations governing relaxation process. 
 

10.14.3.2   Strong Intense Relaxation 

With finite mean and variance that is 2t < ∞  relaxation event occurs with well 

defined average period t < ∞  leading to rapid and strong mixing (relaxation) 

that is, ( ) 0tΨ → as t →∞ , very fast. This is ‘strong relaxation’ and is without 

memory. Say if we take relaxation time as Poisson’s process 

( ) ( )1

0 0( ) exp /p t tτ τ−′ ′= − , 

and then using this in the Rate equation 
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0

( ) ( ) ( ) ( )
t

R t p t dt p t t R t′ ′ ′= + −∫ , 

we obtain 0( ) 1/R t τ= , which in turn implies from  

0 0

( ) 1 ( ) ( ) 1 ( , ) ( )
t t

t dt R t t t dt R t t t′ ′ ′ ′ ′ ′Ψ = − − Ψ = − Ψ∫ ∫  

that ( )0( ) exp /t t τΨ = − . More generally the rate ( )R t  for any ( )p t  with finite 

variance and mean has asymptotic relation 0( ) (1/ ) /R t C tτ≈ + . For large times 

approach a constant rate of relaxation, for constant rate 0( ) (1/ )R t τ= , the Kernel 

of Memory-Integral is: 

0

1
( ) ( ) ( )

d
K t R t t

dt
δ

τ
= = . 

Giving relaxation without memory, (discussed in Chapter 2) .Exponential decay 
(strong mixing) is commonly found in idealized systems. The integral equation 
and corresponding differential equation without memory in case of strong 
relaxation is listed as obtained from convolution form of memory integral 
(Chapter 2). 

( ) 1 1
0( ) 1 ( )tt I tτ −Ψ = − Ψ  and 1 1

0( ) ( ) ( )tD t tτ −Ψ = − Ψ . 

10.14.3.3   Weak Intermittent Relaxation 

In rate equation if we take power law decaying rate as 1( )R t Ctφ −≈ , with 

0 1φ< < , it indicates that intensity of relaxation process goes down with time. 

Here the relaxation process is non-exponential in nature, with a power law kernel 
of memory integral (as described in Chapter 2). The exponent φ  indicates time 

points at which relaxation occurs as a fractal dimension and can also be termed as 
degree of intermittency. As this degree of intermittency approaches unity we get 
stronger relaxation with constant rate.  

10.14.3.4   Oscillating Relaxation 

One case of oscillatory relaxation was discussed in non-Newtonian fluid 
compression experiment in Chapter 9. In the case where rate is given as 

1( )R t tφ −≈ , with 1 2φ< ≤  that is rate increases with time, the relaxation is 

oscillatory. For the case 2φ →  the rate linearly grows with time as 1
0( ) ( )R t tτ −≈  
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and the kernel of the memory integral approaches constant value, as 1
0( ) ( )K t τ −≈  

giving relaxation (mixing) as oscillatory function (refer Chapter 2); that is: 

0( ) cos( / )t t τΨ ≈ . For the oscillatory case 

0
( ) 0t dt

∞
′ ′Ψ =∫ , 

that is the associated transport properties either vanish or diverge. This situation is 
significant for systems driven far from equilibrium condition. This relaxation of 
oscillatory nature is observed in very small time scales. For example in case of 
constant rate where asymptotically constant value is reached; the initial part of the 
relaxation will show oscillations and then the asymptotic fast exponential decay. 

The integral equation and corresponding differential equation with memory in 
case of weak intermittent relaxation is listed as obtained from convolution form of 
memory integral (Chapter 2). 

The memory kernel is: 

2
0( ) ;0 2K t K tφ φ−= < ≤ , 

which gives following from memory integral as: 

1
0

1
( ) ( )t

d
t D t

dt
φ

φτ
−Ψ = − Ψ , 

with 

[ ] 1

0 ( 1)Kφτ φ −= Γ − . 

Apply integration on both sides to get the integral equation: 

0 0( ) ( ) ( )t tt D t I tφ φ φ φτ τ− − −Ψ −Ψ = − Ψ = − Ψ  

Apply fractional differentiation to both sides to get: 

0 0( ) ( )
(1 )t

t
D t t

φ
φ φτ

φ

−
−Ψ −Ψ = − Ψ

Γ −
 

10.14.3.5   Generalized Dynamic Critical Index of Relaxation with 
Intermittency 

All the above discussed relaxations can be generalized as: 

10( )
( )

R t tφφ φ
−Ω

≈
Γ

, for 0 1φ< ≤ with 0Ω  as coupling constant governing relaxation 

rate intensity and the gamma function ( )φΓ  is used as normalizing factor. We can 
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verify that: 01
lim ( )R tφφ→

= Ω , giving constant rate and thus strong relaxation. 

With this definition we have relaxation equation: 

10

0 0

( ) 1 ( , ) ( ) 1 ( ) ( )
( )

t t

t dt R t t t dt t t tφ

φ
−Ω′ ′ ′ ′ ′ ′Ψ = − Ψ = − − Ψ

Γ∫ ∫ , 

inserting Riemann-Liouvelli definition we obtain: 0( ) 1 ( )tt I tφΨ = −Ω Ψ , where φ  

denoting intermittency as described earlier is termed as ‘ dynamic critical index’ 
characterizing the relaxation process. The solution to this generalized relaxation 
equation is Mittag-Leffler function ( ) ( )t Eφ τΨ = −Δ  with 0( / )t φ

τ τΔ =  and 
1

0 0( ) φτ
−

= Ω . The asymptotic expansion of this Mittag-Leffler function gives 

asymptotic decay as power-law with scale-invariance; that is: 0( , ) ( / )t t φφ τ −Ψ ≈ ; 

for late times. This, property of Mittag-Leffler function that is monotonic decay is 
characteristic of large scale relaxation decay functions, which is often taken for 
granted by experimentalists. Also this Mittag-Leffler function approximates, at 
early times a stretched exponential,  

( ) ( )[ / ] exp [ / ] / (1 )E t tα α
α τ τ α− − Γ +∼  

and at late times approximates as  

( ) 1
( [ / ] ) [ / ] (1 )E t tα α

α τ τ α
−

− Γ −∼ . 

The Figure 10.7 gives relaxation (mixing) curves for different dynamic critical 
index values. As the value tends to unity the Mittag-Leffler curve approaches 
exponential decay. The curve in Figure 10.7 assumes homogeneous system 
without clustering disorder 0β = . 

In experiments it is also observed that by changing ambient (temperature) 
changing the magnitude of coupling constant 0Ω , the functional form of the 

relaxation function remains invariant provided the dynamic critical index φ  does 

not change in the temperature interval. This time-temperature invariant property is 
due to scale invariant memory kernel of the relaxation integral. The rate and its 
corresponding memory kernel, and its scale invariance are represented as follows: 

20( )
( ; )

( 1)

dR t
K t t

dt
φφ

φ
−Ω

= ≈
Γ −

, 0 1φ< ≤  

2( ; ) ( ; )K t K tφχ φ χ φ−=  
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Fig. 10.7 Relaxation curves for different dynamic critical index. 

10.14.3.6   Spatial Disorder 

Previous section discussed the issue of disordered relaxation (mixing) for system 
without heterogeneity in this system (materials), which develops transiently 
through inter-particle interactions. As an example, cooled liquids develop large 
scale heterogeneity, which has significant influence on their properties.  Material 
disorder can lead to, ‘stretched exponential’ relaxation’ that is: 

1
0( ) exp / (1 )t t β β−⎡ ⎤Ψ = −Ω −⎣ ⎦  

This can be viewed as ‘locally strong relaxation (mixing)’ with β  as spatial 

dimension of the ‘clustering’ heterogeneity involved. The distribution of the 
cluster size is assumed to be governed by Boltzmann’s distribution. The 
experiments on stress relaxation in condense matter suggest the values of β  as 

2/3 for linear disorder, ½ for sheet type disorder and 2/5 for clumps type disorder. 
With 0β = , the relaxation is ‘strong relaxation’ with expression as 

( )0( ) expt tΨ = −Ω , with memory integral kernel is: 

0( ) ( )K t tδ= Ω . For the stretched exponential relaxation process the memory 

integral kernel is 0( ) ( )K t tβτ τ δ τ−− = Ω − . To get the differential equation for this 

stretched exponential law, write the basic memory integral in convolution form: 

0

( )
( ) ( )

td t
dt K t t t

dt

Ψ ′ ′ ′= − − Ψ∫ , 

with (0) 1Ψ = , and put the memory integral to get: 
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( ) ( ){ }0 0

0 0

( )
( ) ( ) ( ) ( )

t td t
dt t t t t dt t t t t

dt

β βδ δ− −Ψ ′ ′ ′ ′ ′ ′ ′ ′= − Ω − Ψ = −Ω − Ψ∫ ∫ . 

Delta function integration gives 

0( ) ( )
d

t t t
dt

β−Ψ = −Ω Ψ  

The graph of stretched exponential is depicted in Figure 10.8. In this figure the 
dynamic critical index is assumed to be unity. 
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Fig. 10.8 Stretched exponential relaxation process  

Kohrash-William’s Watts’ law is widely used to correlate relaxation data in 
complex liquids. 

10.14.3.7   Hybrid Disorder with Intermittency and Spatial Heterogeneity 

With both the types of disorder present in the system we compose a hybrid of 
Mittag-Leffler with stretched exponential relaxation function. The rate term is 
expressed as: 

1
, 0( , ) ( ) / ( )R t tβ φ
φ β τ τ τ φ− −= Ω − Γ , 0; 1φ β> ≤  

The parameter β  signifies measure of spatial geometrical clustering disorder-

heterogeneity whereas φ  is measure of intermittency of relaxation intensity the 

temporal heterogeneity. With these two parameters the relaxation equation is: 

,

0

( ; , ) 1 ( , ) ( ; , )
t

t d R tφ βφ β τ τ τ φ βΨ = − Ψ∫  
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1
0

0

( ; , ) 1 ( ) / ( ) ( ; , )
t

t d t φ βφ β τ τ τ φ τ φ β− −⎡ ⎤Ψ = −Ω − Γ Ψ⎣ ⎦∫  

The integral expression is Erdelyl-Kober fractional operator and is expressed as: 

, ( ) 1

0

( ) ( ) / ( ) ( )
t

p q p q q p
tI f t t d t q fτ τ τ τ− + −⎡ ⎤= − Γ⎣ ⎦∫ . 

This is related to Riemann-Liouvelli fractional integral operator as: 

, ( )( ) ( )p q p q q p
t tI f t t I t f t− + ⎡ ⎤= ⎣ ⎦ . 

The solution is listed as follows: 

[ ]
0

( ; , ) ( , ) ( , )
k

k
k

t a zφ β φ β φ β
∞

Ω
=

Ψ =∑ , 0 ( , ) 1a φ β =  

1

ˆ(1 )
( , )

ˆ(1 )

k

k
m

m
a

m

φ φφ β
φ=

Γ + −=
Γ +∏ , 0k > , φ̂ φ β= − , ˆ0 , ; 1φ φ β< ≤  

( ) ˆ
ˆ

*0( , ) tz
φ

φφ β τ τΩ = Ω = , 
1

ˆ*
0( , ) φτ φ β
−

= Ω  

The function ( ; , )t φ βΨ  is Mittag-Leffler for 0β =  and is stretched exponential 

for 1φ = . Figure 10.9 demonstrates hybrid relaxation with clustering 

heterogeneity as well as intermittency. 
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Fig. 10.9 Hybrid of relaxation with Mittag-Leffler and Stretched Exponential 
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10.15   Identification of Fractional Stochastic Processes 

The systems of stochastic nature like in biophysics, physiology, economics and 
many others give identification with long term probability densities that extend far 
beyond typical tail of region of Gaussian distribution. One way in terms of 
Fractional Order Signal Processing method, these processes have been classified 
as 1/ f phenomena, since their time series have spectrum that are inverse square 

law of frequency or their probability are inverse power law. In either case the 
underlying structure is fractal in nature. For example the differential return plot of 
stock market price index looks similar at several time scales (two hourly, weekly 
or monthly). Modern economics relies heavily on these statistics. Most of the 
statistics are based on Gaussian distribution, these kinds of data occurs in financial 
data. For example the one day return on stock does closely conform to a Gaussian 
curve. In this case the return of yesterday has nothing to do with return of today. 
However, as the return period moves to say weekly period or fortnight period 
returns the distribution changes to long memory with lingering tail. Here ‘tails’ of 
the curve follow a power-law. These longer ‘time-series’ of data have some 
amount of autocorrelation and a non-random Hurst exponent ( 0.5H ≠  ). The 
process has some memory of past event, which is forgotten as time moves 
forward. For example, larger trades in market will move the market price up or 
down. A large purchase order will increase the price and a large sellout will bring 
the stock price down; these are called market impact. When an order has 
measurable market impact, the prices does not rebound to previous price after the 
order is filled. The market acts as if it has some memory of what took place and 
the effect of this impact takes time to decay; well market with memory! Similar 
long ranged distribution with memory is observed in network delays, human gait 
time pattern, mortality rate for say epidemic spreads and noise in reactor systems 
and several others. The idea is to identify and characterize these stochastic 
systems. 

10.15.1   Fitting Stochastic Data into Parameters of Levy Stable 
Distribution 

As discussed in various sections of the book, Levy stable distributions are 
generalization of Gaussian, and the index of the Levy distribution gives the idea of 
long and lifted tail and it’s Long Range Dependence. It was pointed out earlier 
that Levy stable family of statistical distribution, with Gaussian being one of them. 
It’s explicit pdf generally does not exist, instead is given by a characteristic 
function as: 

{ }( ) exp (1 i sign( ) tan[ / 2] iC B
ααϕ θ θ θ απ μθ= − − + , 

with α  as Levy index, B as skewness, C  is scale parameter where, 0 C< < ∞ ; 
corresponds to standard deviation of Gaussian distribution, μ  is shift parameter. 
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The function sign( )θ  takes value -1, for 0θ < , zero for 0θ =  and +1 for 0θ > . 

Parameter C  is related to Hurst exponent ( H ) as 0
HC C l= , where l  is sampling 

interval of the data field. 
A standard symmetric distribution with zero mean is obtained when 0B = , the 

characteristic function becomes, ( ) exp( )C
ααϕ θ θ= − . The pdf of this is given as, 

0

1
( ) exp( cos( )f x dk Ck kx

α

π
∞

= −∫ , 

 where k  is frequency or ‘wave-number’.  
The sample-quantile based estimation technique of Famma & Roll (1972) helps 

to identify the parameters is as follows: 
Choose a constant interval of length l , the sampling interval or its multiple, to 

calculate the ‘increments’ of the physical quantity; and then plot the cumulative 
distribution function (CDF). 

Calculate the quantile range 1f fQ Q −−  from the obtained CDF, where f  

(fractile) is truncated part of the CDF and f  can be as small as 0.72. Quantile fQ  

can be interpolated from the CDF. The scale parameter C  is calculated as: 

0.72 0.28

1.654

Q Q
C

−
=  

Then define 

0.95 0.05

0.75 0.25

Q Q
A

Q Q

−
=

−
, 

with this calculate Levy index as: 

4 3 20.02 0.36 2.49 7.77 10.52A A A Aα = − + − + . 

This equation is valid for 1 2α< <  and 2.327 6.426A< < . 

Estimate Hurst index H  by 0

H
C C l= , or 0log log logC C H l= + . The 

Hurst exponent is the slope of log C  versus log l . Given α  and H  the data can 

be thus described by fractional Levy motion. For (1/ ) 1Hα < < , the data is 

persistent. For 0 (1/ )H α< <  the data is anti-persistent; and for, 1 /H α= , the 

data is pure ‘white-noise’. 
Well quantile are points taken at regular interval for the CDF. Dividing ordered 

data into q  essential equal sized data subsets. The thk q− −  quantile for a 

random variable is value x -such that x  is at most /k q  and the probability the 
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random variable will be more than x  is at most ( ) /q k q− . 0.75Q , of a random 

variable X is such a value x  such that Pr( ) 0.75X x≤ = . 

10.15.2   Estimation of Hurst Index by Rescaled Range  
(R/S method) for Stochastic Data 

Estimation of the Hurst index is demonstrated in earlier section, along with the 
important Levy distribution parameter. The relation of Hurst exponent to average 
local Holder exponents, the decay fractional order of the power spectral density, 
and the relation with fractional differencing parameters and the fractal dimensions 
were already discussed earlier in this book. Let us recall the Hurst exponent it not 
only identifies the LRD degree, but also gives the degree of roughness. A smaller 
Hurst exponent gives higher fractal dimension, and indicating rougher surface. 
The classical estimation of Hurst parameter is explained here in this section. 

From the average of all the values of random time series we calculate first for a 
period τ . Say τ  represents yearly period. Call it average mean of the time series 

for a period τ as
1

1
( )ii

x x t
τ

τ τ =
≡ ∑ . Say for any period (year) u , ( )x u  represents 

the total value obtained for ( )ix t ; then deviation from mean for that period is 

( )x u x τ− . Note that x τ  is mean calculated over same multi-τ  (yearly) 

period.  

Let { }1
( , ) ( )

u
X t x u x

τ

ττ
=

= −∑  represent running sum of accumulated 

deviation from mean for period (year) 1u =  to u τ= . The following algorithm 
will clarify the meaning of this ( , )X t τ . 

( )

sum 0;

for( 0; ; ){

sum sum ( );

}

sum
mean

(0) 0;

( 1; ; ){

( ) ( 1) ( 1) mean ;

}

t t t

x t

X

for t t t

X t X t x t

τ

τ

τ

=
= < + +
= +

=

=
= ≤ + +
= − + − −

 

Then range ( )τR  is defined as [ ] [ ]( ) max ( , ) min ( , )X t X tτ τ τ= −R  for 1 t τ< < . 

Dividing this by the standard deviation ‘Rescaled Range’ is obtained as 
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/ ( ) ( )τ τ= ÷R S R S where, { }2

1

1
( ) ( )

t
x t x

τ

ττ
τ =

= −∑S . 

The Hurst exponent is calculated then by average Rescaled Range over multiple 
regions in data, that is / HCn=R S  , as n→∞ , where n is region size. 

The Hurst exponent applies to data that are statistically self similar, meaning 
that the properties of the entire data set are same for the subsection of the data set. 
For example the two halves of the data set have the same statistical properties as 
the entire data set. Calculate /R S for the entire data set. Call it / 0R S , and then 

make this first calculation as / /→0 SAVE-0R S R S . Then, /R S is calculated for the 

two halves / 0R S and / 1R S . These two / 0R S and / 1R S are averaged and saved 

as / SAVE-1R S . In this case the process continues by dividing each of the previous 

sections by half and calculating Rescaled Range for each new section. The 
Rescaled Range values for each new section are averaged. At some point this 
subdivision stops; since the region is getting smaller and smaller. Usually the 
smallest region will have eight data points. Let us take the example of 1024 data 
points of a time series of fractional stochastic process. The division of these data 
points would give region-size { }in as { }1024,512,256,128,64,32,16,8 for these 

let the calculated / AverageR S , for individual n be as a set:  

{ } { }/ 96.4451,55.7367,30.2581, 20.9820,12.6513,7.2883, 4.4608, 2.7399-i =AverageR S  

Let 2X logi in= thus we have{ } { }X 10,9,8,7,6,5,4,3i = and  

2Y log /i i−= AverageR S , to get 

{ } { }Y 6.5916,5.8006,4.9193,4.3911,3.6612, 2.8656,2.1573,1.4541i = . 

A linear regression on { }Xi and { }Yi fits a straight line as Y X= m +c , with 

= 0.7270m as slope, and = 0.7455c as Y-intercept. The estimated slope 
gives 0.73H ≅ . 

The above mentioned method uses non-overlapping data regions, where size of 
data set is in power of two. This is simplification, the overlapping region with data 
set size as other power is too possible. 

10.16   The Concept of System Order and Disadvantage of 
Fractional Order System  

As the concept of order is central to the understanding of fractional (or integer) 
order systems, some discussion of this concept now follows. In the discussion, 
mostly single-input-output systems are considered. The examples in preceding 
chapters for heat flow and transmission line (lossy and lossless), dynamics of 
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chain network, normal Fickian diffusion and many other processes, gave the stage 
for half order system or zero order system. Thereby we had generalized the 
observed half-order of differintegrations to arbitrary ‘fractional’ order, relating 
sometimes to ‘fractal-lattice’, non-Euclidian geometry, weakly-intermittent 
relaxation, or disordered background. Recalling the characteristic equations or 
transfer function we call a system first order, second order third order etc. 
similarly the system can be of fractional order too. We also consider that system 
representation is minimal and they are linear.  

Mathematical order is defined as highest derivative occurring in a given 
differential equation. The concept of mathematical order is applicable to both 
ordinary and fractional differential equations. Normally, when the order is used 
without qualifier, it implies the meaning of mathematical order. 

For linear dynamic systems that are described by ordinary differential equations 
the system mathematical order implies or is equivalent to the following: 

(1). The highest derivative in ordinary differential equation. 
(2). The highest power of Laplace variable s, in the characteristic equation. 
(3). The number of initializing constants required for the differential equation. 
(4). The length of the state vector. 
(5) The number of singularities in the characteristic equation. 
(6). The number of energy storage elements. 
(7). The number of independent spatial directions in which a trajectory can move. 
(8). The number of devices that can add 900 sinusoidal steady state phase lag. 
(9). The number of devises that retain some memory of the past. 

The utility of the definition of mathematical order is that infers all the system 
characteristics for system, with integer order components. 

Thus the benefit of having a definition for order for linear ordinary differential 
equations is that it allows a direct understanding of the behavior of given dynamic 
system. Unfortunately, for fractional differential equations, the order of the 
highest derivative does not infer all of the previously mentioned properties. 
Indeed, the most important characteristics of order in integer order ordinary 
differential equation is probably item (3) i.e. it indicates number of initializing 
constants, which together with the differential equations allow prediction of the 
future behavior. In system terminology this information provides initial states, of 
the system being analyzed. Clearly the order of highest derivative in a fractional 
differential equations does not have this property nor does it predict the associated 
number of energy/memory elements associated with fractional differential 
equation, nor does it infer the number of integrations (even fractional), required to 
solve simulate the given fractional differential equation. Thus the issue of order 
and the information required together with the fractional differential equation to 
predict the future is fundamental and should be treated differently. 

In the examples of preceding chapters it has been demonstrated that when 
specific differintegral operators (q=1/2 & 0) are considered as semi-infinite 
systems, a time-dependent term resulting from the initial spatial condition should 
be added to the forced response. This is an important observation for solution of 
fractional differential equations that can have rather arbitrary initial conditions.  
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Here we points out to some of the disadvantage specially occurs in 
computational efforts, to realize fractional order systems. This area of science is 
evolving field presently disadvantages are pointed in order to make distinction 
between classical integer order calculus. The points are summarized below: 

a) Fractional order differential equations accumulate the entire information 
of the function in weighted form. 

b) Fractionally differentiated state variables must be known as long as 
system has been operated. This is known as initialization function. 

c) For integer order systems, the initialization function is constant and for 
fractional order systems it is time varying. 

d) Integer order system set of state along with system equations is sufficient 
to predict the response. 

e) The fractional dynamic variables do not represent the state of the system. 
f) Fractional dynamics require history of states or sufficient number of 

points by short memory principle, for initialization function computation. 
g) The above memory effect requires large memory. The evolving 

developments to reduce this requirement in form of power series 
expansion and continued fraction expansion of the Generating function in 
digital domain is on going process. 

h) Diverging definitions of fractional derivatives make a confusing start as 
what to do with fractional initial states, or any conversion needs to be 
done to have fractional differential equation solution irrespective of 
diverging definitions? 

10.17   Concluding Comments 

A very advanced topic is touched upon as on today, about the reality of an order of 
a system. Well, can there be total certainty about the fixed integer order definition 
of a system, or experimental determination of characteristic system equation, 
forces one to think, that order of a system be distributed in the neighborhood of 
some integer or real numbers or even complex numbers. If the physical quantities, 
were absolutely a point property then having fixed integer order be of reality, but 
having seen that all physical quantities are distributed property well, and then 
having a distributed order should therefore be a reality. Well physical processes 
with disordered background too have anomalous behavior which requires non-
integer order differential equations, has been focused along with identification of 
order of irregular stochastic process and its memory relation is deliberated. When 
order of a system has distribution, then having controller with distributed order 
may be wise to have for efficient governance. Also ambient can change the order 
of the system and future development in variable fractional order system 
mathematics is enrich area of research.  



Chapter 11 
Solution of Generalized Differential Equation 
Systems 

11.1   Introduction 

Mathematical modeling of many engineering and physics problems leads to 
extraordinary differential equations (Non-linear, Delayed and Fractional Order). 
We call them Generalized Dynamic System. An effective method is required to 
analyze the mathematical model which provides solutions conforming to physical 
reality. For instance a Fractional Differential Equation (FDE), where the leading 
differential operator is Reiman-Liouvelli (RL) type requires fractional order initial 
states which are sometimes hard to physically relate. Therefore, we must be able 
to solve these dynamic systems, in space, time, frequency, area, and volume, with 
physical reality conserved. The usual procedures, like Runga-Kutta, Grunwarld-
Letnikov Discretization with short memory principle etc, necessarily change the 
actual problems in essential ways in order to make it mathematically tractable by 
conventional methods. Unfortunately, these changes necessarily change the 
solution; therefore, they can deviate, sometimes seriously, from the actual physical 
behavior. The avoidance of these limitations so that physically correct solutions 
can be obtained would add in an important way to our insight into natural behavior 
of physical systems and would offer a potential for advances in science and 
technology. Adomian Decomposition Method (ADM) is applied here in this by 
physical process description; where a process reacts to external forcing function. 
This reactions-chain generates internal modes from zero mode reaction to first 
mode, second mode and to infinite modes; instantaneously in parallel time or 
space-scales; at the origin and the sum of all these modes gives entire system 
reaction. By this approach formulation of Fractional Differential Equation (FDE) 
by RL method it is found that there is no need to worry about the fractional initial 
states; instead one can use integer order initial states (the conventional ones) to 
arrive at solution of FDE. ADM method was first explored by mathematicians 
Prof Rasajit Bera and Prof S Saharay, for obtaining solutions to Fractional Order 
Differential equations. 
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11.2   Generalized Dynamic System and Evolution 

11.2   Generalized Dynamic System and Evolution of Its 
Solution by Principle of Action Reaction 

General physics law states that a system will react to external stimulus and will 
have opposition to the changes; and the process is described by system dynamic 
equations.  

Let there be general differential equation system described as (11.1). 

1 2 1
1 2 1

1
1 0

( ) ( ) ( ) ..... ( ) ( )

[ ( )] [ ( )] ... ( ) ( )

m m m
x x x m x m

k k
k k

D u x a D u x a D u x a D u x a u x

b u x b u x b u x G x

− −
−

−
−

+ + + + + + +

+ + + =
     (11.1) 

We can decompose this as linear part (11.2). 

OL ( ) ( ) ( ) ( )u x G x R u N u= − −                                            (11.2) 

The operator OL  represents a linear operator representing the highest orders of 

change in the process parameter. OL ( ) ( ) / ( )m m m
xu d u x dx D u x= = . This is easily 

invertible. This order of change ( )m  could be one, two or any positive integer or 

even fractional (say half, one-fourth, one and one-fourth). This order of change 
could be with respect to time, space, space square (area) frequency or time-square-
depending on the process description where,  

1 2 1
1 2 1( ) ( ) ( ) ... ( )m m

x x m xR u a D u x a D u x a D u x− −
−= + + +                          (11.3) 

is the remainder differential operator of order less than m . This R  could be of 
integer or fractional order. The rest of the terms are put as (11.4) contains nonlinear 
as well as the linear terms; and assume this (11.4) as analytic function N . 

1
1 0( ) ( ) [ ( )] [ ( )] ... ( )k k

m k kN u a u x b u x b u x b u x−
−= + + +                        (11.4) 

The ( )G x  is sum of all external stimulus source/sink. 

General physics law states that a system will react to external stimulus and will 
have opposition to the changes; by the system reaction terms defined by R  and 
N  defined in the system description equation (11.1). These R  and N  generates 
internal stimulus when excited by external source/sink as to oppose the cause. The 
reactions are causal in nature. If the external stimulus and the internal reactions to 
the stimulus get balanced then the process parameter remains static without any 
growth (accumulation) or decay (loss). Else, the process parameter will have a 
solution as infinite (or finite) decomposed modes; generated by system itself to 
oppose stimulus generated internally by previous modes. 

Adomian Decomposition Method (ADM) Computational method yields analytical 
solution; has certain advantages over standard numerical techniques. However, the 
ADM was discovered in mid-late eighties and utilized to tackle non-linear problems 
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of physics ADM is free from rounding off errors as it does not involve discretization 
and does not require large computer memory. ADM is qualitative rather than 
quantitative, analytic, requiring neither linearization nor perturbation and continues 
with no resort to discretization. ADM splitting gives equation into linear ( OL ) that is, 

containing highest order of change, the remainder part (R) that has change rates less 
than ( OL ) and then the non-linear (N) part. Thereafter, inverting the “highest order” 

derivative ( OL ) in the linear operator on both sides of the differential equation is the 

first step. Second is to identify the initial/boundary conditions and terms involving the 
independent variables alone; as initial approximation. Decomposing the unknown 
functions (N) into series whose components are to be determined by ADM. The 
decomposed parts of ADM method are related physically to system reactions of 
various modes from zeroth mode to infinity mode. The sum of all these modes is the 
solution of Differential Equation (Non-Linear, Linear Integer Order or Fractional 
Order). Physically the zeroth mode reaction comes from external stimulus plus the 
initial integer order states; which instantly generates the internal stimuli of infinite 
modes-to oppose this first action (change) in opposite way, in time or space (at the 
origin). Exactly the ADM in mathematics generates these infinite modes reactions; 
and therefore ADM is close to physical reality. The ADM helps to physically 
visualize the reaction of system by decomposing the total gross reaction into all these 
infinite modes. If the differential equation system with ( OL ) is of Riemann-Liouvelli 

type fractional operator, then classically one needs the initial states as fractional order 
like 1(0), (0)u uα α −  etc; where α  is not an integer. These states are hard to visualize 

physically. With this ADM the RL formulation does not need these fractional initial 
states instead requires (0), (0)u u� , the integer order states give the solution and thus 

physically realizable easily. This new finding too is highlighted in this chapter along 
with several other problems to give physical insight to the solution of extraordinary 
differential equation systems. This way one gets insight to Physics of General 
Differential Equation Systems and its solution by Physical Principle and equivalent 
mathematical decomposition method. This facilitates ease in modeling systems close 
to physical reality. The system transfer function for analysis is delta function 
excitation (forcing function). This gives solution to homogeneous set of system of 
differential equations, called Green’s function. Response to any other type of forcing 
function (say Heaviside’s Step, Ramp or Sinusoidal function) is obtained by 
convoluting this delta function’s response with (other) excitation function. Therefore 
most of the examples are discussed with delta function as forcing function; however 
the solution to any other type of forcing function is similar. One example is thus 
solved for mass spring damper with (half) fractional order element with Heaviside’s 
step as input to demonstrate this methods utility.  

11.3   Physical Reasoning to Solve First Order System and Its 
Mode Decomposition 

The application of ADM to simple ordinary differential equation will give insight 
into the action reaction theory of physics. Thus the ADM will try to explain the 
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physical behavior too. It will be therefore demonstrated that ADM is actually 
translating the physics of the process where any change is opposed by the system 
itself. Consider the first order differential equation, ( ) ( ) ( )x t ax t f t+ =�  or in terms 

of (11.1) as: 

1 ( ) ( ) ( )tD x t ax t f t+ =                                                    (11.5) 

With initial condition and forcing function (source) as (0) 0, ( ) ( )x f t K tδ= = . 

Practically, let ( )x t  be instantaneous current of RC circuit connected to battery, 

by a switch. The voltage excitation is a step function ( )BBV H t .  

Where ( ) 0; 0H t t= <  and ( ) 1; 0H t t= ≥  a Heaviside’s step function. The 

circuit equation is 

0

1
( ) ( ) ( )

t

BBi t dt Ri t V H t
C +

+ =∫  or 

0

( )1
( ) ( )

t
BBV H t

i t dt i t
RC R+

+ =∫                (11.6) 

Differentiating (11.6), we get: 

1
( ) ( ) ( )BBVd

i t i t t
dt RC R

δ+ =                                          (11.7) 

The (11.6) is a voltage equation and (11.7) is current equation, re-written with 
compliance with (11.5). This basic equation like (11.5) and (11.7) gives rate of 
change of current (function) as related to external stimulus. The current excitation 
is impulse excitation in (11.7). Have the initial current in the system be zero 
(0) 0i = . This system has characteristic time constant RC  seconds; meaning that 

current in system changes e  times in RC  seconds. We shall consider response at 
larger time scales than RC . In (11.5) this characteristic time constant is (1/ )a . 

Here time scales and concept of time-constant is mentioned. This could be length 
scale, frequency scale time-square scale area volume or any other scales 
depending on the units of a  in (11.5). 

At initial time zero, the switch closer instance gives impulse excitation of 
current, and assuming if the capacitance of the circuit were absent at this initial 
instance (capacitance comes into action at later time), then the current in the 
resistance is, 

1

0

( ) ( ) ( )
t

BB BB BB
t

V V Vi t t dt D t RR R
δ δ−= = =∫  a constant. 

Here a point is mentioned that integration of the forcing function comes because the 
inertial element capacitance is present in the circuit and equation (11.7). If the 
capacitor is completely absent then the current reaction will be simple ( / ) ( )BBV R tδ ; 
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meaning that the output current would have vanished instantaneously with the 
impulse voltage input and the current would be then zero i.e. ( ) 0i t = at 0t ≥ . This 

initial moment current in resistor is /BBV R  at 0t = ; since initially uncharged 

capacitor acts as short circuit impedance. The capacitor presence is making the 
current linger for time greater than zero. The circuit as natural reaction to any force 
will oppose this flow of current that is the change in current from zero to /BBV R  -is 

the capacitor action. 
Therefore, the first (and the foremost) reaction comes from the resistive 

element (without lag or lead) that is, 1
0 (0) [ ( ) / ] /t BB BBi i D V t R V Rδ−= + = , in the 

absence of the capacitive element (initially short-circuited); and this is the first 
reaction due to external force (and initial current if at all be present in the circuit). 
This sudden change in charges (Coulombs) cannot flow into capacitor, as the 
voltage across it cannot change instantaneously. This constant action of current 
gives rise to a rate of change of current in the system (per unit time constant) and 
is ( 0 /i RC ) A/s. The first reactionary constant current thus is opposed by internal 

generated current as 1
1 0[ / ]ti D i RC−= − , which is in opposition to this first 

reactionary current initial reaction, therefore negative. This action reaction 
summed up to give 0( ) ii t i i= + , the total current. The internally generated 

reactionary current gives a rate of change as 1( / )i RC  A/s; which will generate 

opposition current to the cause 1i ; as 1
2 1[ / ]ti D i RC−= − , which again is added to 

give total reaction as 0 1 2( )i t i i i= + + , as the total current. This way infinite set of 

stimulus currents are generated as chain reaction giving the total current as 

0 1
( ) nn

i t i i
∞

=
= +∑ ; where 0i  is the reaction due to external stimulus (and initial 

current if present in the circuit) and rest are internally generated modes; acting in 
opposition to the rate of change in current. 

The reaction ( )i t , for (11.7) can therefore be written as: 

1 1
1

1

1
( ) [ (0) ( ( ) / )] ( 1) [ ]n

t BB t n
n

i t i D V t R D i
RC

δ
∞

− −
−

=

= + + − ∑                        (11.8) 

This (11.8) is appearing as physical reasoning as infinite series as: 

1 1 1 1
0 0 1 2 3

1 1 1 1
( ) [ ] [ ] [ ] [ ] .....t t t ti t i D i D i D i D i

RC RC RC RC
− − − −= − + − + +         (11.9) 

In recursion, we obtain: 

1
0

1
1

(0) [ ( ) / ]

1
[ ]; 1

t BB

n t n

i i D V t R

i D i n
RC

δ−

−
−

= +

= − ≥
                                           (11.10) 
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Applying (11.10), we obtain: 

0

1
1

2
1

2

3 3
1

3

/

1
[ / ]

1 1

2!

1 1 1

2! 3!

BB

BB
t BB

BB BB
t

BB BB
t

i V R

V t
i D V R

RC R RC

V Vt t
i D

RC R RC R RC

V Vt t
i D

RC R RC R RC

−

−

−

=

= − = −

⎡ ⎤ ⎛ ⎞= − − = ⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞= − = −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

                 (11.11) 

Giving the total reaction of the system (11.7) as: 

2 3
1 1

( ) 1 ..........
2! 3!

t

BB BB RCV Vt t t
i t e

R RC RC RC R

⎛ ⎞−⎜ ⎟⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞= − + − + =⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

           (11.12) 

The physical reasoning logic “opposite reaction to action” gives Mode-
Decomposition and addition of all these infinite modes gives the entire system 
response. The observation is that zeroth mode reaction is formed by the external 
source/sink stimulus plus due to any initial condition. To oppose that rate of 
change an opposite internal reaction integral action takes place. This internal 
action is the first mode-reaction which causes a rate of change; and again integral 
action to this first mode, in opposition makes the second modal reaction. So on 
and so forth to make sum of “converging” analytical solution to the system’s 
differential equation. The above (11.12) can be decomposed as follows with 
change in symbol. 

2 3

0

1 2

2 3 2

3 4 3

0 1 2

1 1
( ) 1 ..........

2! 3!

(0)

(0)

(0)

(0)

...............................................

( )

t

RCBB BB

BB

BB

BB

BB

V Vt t t
u t e

R RC RC RC R

V
u u

R
V

u u
R C
V

u u
R C

V
u u

R C

u t u u t u

⎛ ⎞−⎜ ⎟⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞= − + − + =⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

= =

= = −′

= =′′

= = −′′′

= + + 2 3
3

0

0

.................... .....

( )

1 ( )

!

n
n

n
n

n

n

n n

t u t u t

u u

d u
u

n d λ

λ λ

λ
λ

∞

=

=

+ + + +

=

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

∑
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Meaning that the series solution can be decomposed as Maclurain series at origin 
with all derivative components. This is fundamental of decomposition. 
11.4   P hysical  Reasoning to Solve Second Order System 

11.4   Physical Reasoning to Solve Second Order System and Its 
Mode-Decomposition 

Consider a classical oscillator of integer-second order, mass spring system 
represented as: 

2 ( ) ( ) ( )tmD x t kx t f t+ =                                          (11.13) 

With initial conditions and forcing function defined as 
 

(0) 0, (0) 0, ( ) ( )x x f t tδ= = =�  

We can re-write the equation as: 

2 1
( ) ( ) ( ) ( )t

k
D x t x t f t x t

m m
= = −��                                      (11.14) 

This above equation gives insight into physical aspect of the process. The RHS 
states the opposing action to a forcing function, which is manifested as motion is 
given by LHS of (11.14). At the initial time the displacement being zero with the 
velocity implies that the displacement at just time 0t +=  is due to the forcing 
function; alone. This displacement action is without any opposition.  

This (zeroth mode) displacement call it 
 

2
0

1
( )tx D f t

m
−=  

Due to nature of this forcing function as an impulse, the displacement (zeroth 
mode) takes the form as 

 

2
0

1 1
( )tx D t t

m m
δ−= =  

This displacement action would be true, in the absence of any retarding or 
opposing element say spring or friction. (In case of (11.14) it is spring action). In 
absence of any opposition, the constitutive equation will be ( ) ( )mx t f t=�� , and for 

impulse force, the displacement will be linear function of time ( ) /x t t m= , with 

constant velocity  
 

( ) 1/x t m=� . 
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11.4   P hysical  Reasoning to Solve Second Order System 

The presence of spring makes the equation of motion as: 

1
( ) ( ) ( )

k
x t f t x t

m m
= −�� , 

the external excitation being opposed by the spring action by opposite spring force 
and is internally generated  

1i i

k
f x

m −= − . 

The primary and the zeroth mode of displacement is due to external force on the 
mass that is: 

2 2
0

1 1 1
( ) ( )t tx D f t D t t

m m m
δ− −= = = . 

This zeroth mode of displacement is solely due to external excitation; since the initial 
conditions are at rest. This displacement is now opposed by spring. Due to this 
opposing element, the displacement caused by external force, the spring generates an 
opposing force (first mode, from zeroth order mode displacement), as: 

1 0

k
f x

m
= − , 

and to this, new (internal force) the displacement would be  

3
2 2 2

1 1 0 2

1

3!t t t

k k k t
x D f D x D t

m m m m
− − − ⎛ ⎞= = − = − = −⎜ ⎟⎝ ⎠

 

(This is the first order mode reaction-displacement), this displacement, again 
generates an internal force; inside the spring as 

2 3

2 1 3 3!

k k t
f x

m m
= − = + , 

and to this force the displacement is second order mode. 

3 2 5
2 2 2

2 2 1 3

1

3! 5!t t t

k k k t k t
x D f D x D

m m m m m
− − − ⎛ ⎞

= = − = − − =⎜ ⎟⎝ ⎠
, 

and so on. 
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In the absence of the spring, the opposing forces will be zero. We can call this 
as displacement as sum of all the modal displacements from zero to infinity 
modes, with zero modes being the only reaction to the bare excitation (and if any 
initial displacement and velocity be present) and all other modes are opposing 
reactions taking place in the spring. The modes can be tabulated as in Table 11.1. 

 
Table 11.1 Decomposing the action reaction of second order mass spring system 

 
MODE FORCE DISPLACEMENT 

0 
0

1 1
( ) ( )f f t t

m m
δ= =  2

0 0

1
tx D f t

m
−= =  

Higher Modes Higher Modal Internal 
Forces 

Higher Modal Internal 
displacements 

1 
1 0 2

k k
f x t

m m
= − = −  

3
2

1 1 2 3!t

k t
x D f

m
−= = −  

2 2 3

2 1 3 3!

k k t
f x

m m
= − = +  

2 5
2

2 2 3 5!t

k t
x D f

m
−= = +  

3 3 5

3 2 3 5!

k k t
f x

m m
= − = −  

3 7
2

3 3 4 7!t

k t
x D f

m
−= = −  

……. ……. ……. 

 
The process block diagram is represented in Figure 11.1, with 1k =  and 1m = . 
Adding up all the (modal displacements reactions), the solution to (11.13) is 

obtained as infinite series: 

3 2 5 3 7 3 2 5

0 1 2 3 2 3 4 2

1 1
( ) ..... ....

3! 5! 7! 3! 5!

k t k t k t k t k t
x t x x x x t t

m m mm m m m

⎡ ⎤
= + + + + = − + − = − + −⎢ ⎥

⎣ ⎦
 

(11.15) 

Multiplying the above series by /k m  and dividing by same we get: 

3 53 52 21 1
( ) ... sin

3! 5!

k k t k t k
x t t t

m m m mkm km

⎡ ⎤ ⎛ ⎞⎛ ⎞ ⎛ ⎞⎢ ⎥= − + − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
             

(11.16) 

This is oscillator with natural frequency /k mω =  radians per second. In 
(11.15) we decompose with symbol change to show that the series solution is 
Maclurain series at origin, and expressed as follows: 
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3 2 5 3 7 3 2 5

2 3 4 2

0

1

2

3 2

2 3
0 1 2 3

0

1 1
( ) ....

3! 5! 7! 3! 5!

(0) 0

1
(0)

(0) 0

(0)

.........................

( ) ...... ........

( )

1 (

!

n
n

n
n

n

n

k t k t k t k t k t
u t t t

m m mm m m m

u u

u u
m

u u

k
u u

m

u t u u t u t u t u t

u u

du
u

n

λ λ

λ

∞

=

⎡ ⎤
= − + − = − + −⎢ ⎥

⎣ ⎦
= =

= =′

= =′′

= =′′′

= + + + + +

=

=

∑

0

)
nd λλ =

⎡ ⎤
⎢ ⎥⎣ ⎦

 

 

(0)x

(0)tx

( )f t
             
∑
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� � �

 

 

Fig. 11.1 Block diagram showing decomposition and solution of second order differential 
equation 

11.5   Adomian Decomposition Fundamentals and Adomian 
Polynomials 

We symbolize the general differential equation as: 

Fu G=                                                       (11.17) 
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:F  General non-linear Ordinary Differential Operator, this can also be Fractional 
Differential Operator also of Riemann-Liouvelli (RL) or Caputo type. This 
operator can be decomposed as: 

OLFu u Ru Nu G= + + =                                         (11.18) 

OL :  Highest Order Derivative (Integer or Fractional Order) which is invertible. 

:R  Linear differential (remainder) operator of order less than that of OL ; this 

can also be fractional differential linear operator. 
:N  Is the Non-Linear Part which will be decomposed into infinite sum of 

Adomian Polynomial (This term can too be of linear or constant still 
decomposition is valid). For decomposition this needs to be analytic. 

:G  Is the source term. 

The decomposed equation can be re-written as: 

OL u G Ru Nu= − −                                              (11.19) 

Applying invert operator on both sides we get: 

1 1 1
O O OL L [ ( )] L [ ( )]u G R u N u− − −= Φ + − −                             (11.20) 

where Φ  is solution of the homogeneous equation OL 0u = ; so that OL 0Φ = , 

this comes from initial/boundary conditions. The LHS of (11.17) physically is, 
reaction of each components of physical system; with RHS of (11.17) representing 
source/sink or forcing term. For example a mass spring and damper system has the 

constituent equation as 
2

2 ( )
d x dx

m c kx f t
dtdt

+ + = , the LHS of this is reaction of 

each elements, the sum of which balances the RHS and the external force. In terms 
of (11.17) (11.18) in this physical system  

2
OL tD= , 1

tR D=  and xxN =)( . 

The solution to this is  

1 1 1
O O O

1
( ) L L L

c k
x t f R N

m m m
− − −= Φ + − −  

In this example the order of OL is two then (0) (0)u tuΦ = + � . Assuming the time 

dependent differential equation system; and the invert operator in this case is, 
 

1 2
O

0 0

L ( ) ( ) ( )
t t

tf t D f t f t dtdt− −≡ = ∫ ∫ . 

If the order of OL  is of order one then,  
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(0)uΦ = and 1 1
O

0

L ( ) ( ) ( )
t

tf t D f t f t dt− −≡ = ∫ . 

For decomposition of the ( )N u  part in the (11.4) define a “grouping” parameter, 

close to one as λ . The function u  can be expressed as: 

2
0 1 2

0

( ) .........n
n

n

u u u u uλ λ λ λ
∞

=

= = + + +∑                                (11.21) 

This (11.21) is Maclurain series with respect to λ ; with nu ’s as coefficients of the 

Maclurain series around 0λ =  that is ( ) (0) / !n
nu u n= . Then ( )N u  in Maclurain, 

series with respect to λ  we obtain: 

0

( ) n
n

n

N u Aλ
∞

=

=∑                                                      (11.22) 

where 

0 0

1

!

n
k

n kn
k

d
A N u

n d
λ

λ
λ

∞

= =

⎡ ⎤⎛ ⎞
⎢ ⎥= ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

∑                                           (11.23) 

The parameter λ  is just an identifier for collecting terms in suitable way such that 

nu  depends on 0 1 2 1, , ,... nu u u u − , and later on, we will set 1λ =  .Paremetrizing the 

equation (11.20) we get: 

1 1 1
O O OL L [ ( )] L [ ( )]u G R u N uλ λ− − −= Φ + − −                              (11.24) 

Expanding with decomposition the (11.24) we obtain: 

1 1 1
O O O

0 0 0

L L Ln n n
n n n

n n n

u u G R u Aλ λ λ λ λ
∞ ∞ ∞

− − −

= = =

⎛ ⎞
= = Φ + − −⎜ ⎟⎝ ⎠∑ ∑ ∑             (11.25) 

Equating the coefficients of equal powers of λ  in the expression for 0n = , to get 

0u , then 1n = , to get 1u  and so on, in (11.25), we get: 

1
0 O

1 1
1 O 0 O 0

1 1
2 O 1 O 1

1 1
O 1 O 1

L

L ( ) L ( )

L ( ) L ( )

..............

L ( ) L ( ), 1n n n

u G

u R u A

u R u A

u R u A n

−

− −

− −

− −
− −

= Φ +

= − −⎡ ⎤⎣ ⎦
= − −⎡ ⎤⎣ ⎦

= − − ≥⎡ ⎤⎣ ⎦

                          (11.26) 
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Finally  

1

0

( ) ( )
N

N n
n

t u tϕ
−

=

= ∑  

with 1N ≥ ; and exact solution of (11.17) is  
 

( ) lim ( )N
N

u t tϕ
→∞

=  

This method is applied in various problems of physics. The convergence of this 
method is very well proved too. In the ADM method described in the expression 
(11.26) contains Adomian polynomials nA  as recurring formulations where the 

invert operator is operational. Finding these nA  from (11.23) is demonstrated in 

this section. Suppose that the non-linear part of (11.18) that is ( )N u  is represented 

as  

0

n
n

n

Aλ
∞

=
∑ ; 

that is ( ( ))N u λ  is assumed to be analytic in λ . So we write 

0

( ( )) n
n

n

Nu N u Aλ λ
∞

=

= = ∑ . 

The nA ’s are polynomial defined in such a way that each nA  depends only on 

0 1 2, , ,... nu u u u .  

Thus, 

0 0 0 1 1 0 1 2 2 0 1 2( ), ( , ), ( , , ).......A A u A A u u A A u u u= = = etc. 

Therefore, one possible formulation is listed below (11.27): 

2
0 0 0 0 0 1 2 0 0

1 1 0 1
0

22 2

2 2 0 1 2 2 2

0

3

3 3 0 1 2 3 3

( ) ( ( )) ( ...) ( )

( , )

1
( , , )

2

1
( , , , )

6

A A u N u N u u u N u

N u
A A u u

u

N u N u
A A u u u

uu

N u
A A u u u u

u

λ λ

λ

λ

λ λ λ

λ

λ λ

λ

= =

=

=

= = = + + + =
∂ ∂⎛ ⎞ ⎛ ⎞= = ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∂ ∂

⎡ ⎤⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞= = +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞∂ ∂⎛ ⎞= = ⎜⎜ ⎟ ⎝ ∂∂⎝ ⎠

3 2 2 3

2 2 3

0

3
N u u N u

uu
λ

λ λ λ
=

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞+ +⎢ ⎥⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎠ ⎝ ⎠ ⎝ ⎠∂ ∂∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
(11.27) 
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The nA ’s can be re-formatted, from (11.27) in the following form as (11.28): 

0 0

1 1 0 1 0
0

2
2 21

2 2 0 0 2 0 1 02
0 0

3
2 31

3 3 0 1 2 0 02 3
0 0 0

3
1

3 3 0 1 2 0 0

( )

( ) ( )

1
( ) ( ) ( ) ( )

2! 2!

( ) ( ) ( )
3!

( ) ( ) ( )
3!

A N u

dA u N u u N udu

ud dA u N u N u u N u u N udu du

ud d dA u N u u u N u N udu du du

u
A u N u u u N u N u

=

⎛ ⎞= = ′⎝ ⎠

⎛ ⎞⎛ ⎞= + = +′ ′′⎜ ⎟⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞⎛ ⎞= + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= + +′ ′′ ′′′

 (11.28) 

For the case where non-linear term is linear, that is say ( )N u u= ; then n nA u= , 

else 0 1 2( , , ... )n n nA A u u u u=  for all 0,1,2,3......n = . 

For examples if 3( )N u u= , then Adomian Polynomials for this non-linearity 

are:  

3 2 2 2 3 2
0 0 1 0 1 2 0 2 1 0 3 1 0 3 0 1 2; 3 ; 3 3 ; 3 6A u A u u A u u u u A u u u u u u= = = + = + +  

and so on. 
The derivation of obtaining Adomian Polynomials comes from Generalized 

Taylor’s series (Maclurain series) of several variables from linear analysis. This is 
described as follows: 

0

2 2 3
0 1 2 0 1 2 3

( )

( ....) .......

n
n

n

N u A

N u u u A A A A

λ

λ λ λ λ λ

∞

=

=

+ + + = + + + +

∑               (11.29) 

Put 0λ = , to get 0 0( )N u A= . 

Differentiate once (11.29), with respect to λ  to get: 

2 2
0 1 2 0 1 2[ ( ....)] ( ....)

d d
N u u u A A A

d d
λ λ λ λ

λ λ
+ + + = + + +               (11.30) 

Using partial derivative expansion on the LHS of (11.30) and differentiating RHS 
of (11.30), we obtain the following:  

2
2 20 1 2

0 1 2 1 2 32
0 1 2

( ..)
( ..) 2 3 ...

( ...)

N u u u
u u u A A A

u u u

λ λ λ λ λ λ
λλ λ

∂ + + + ∂ + + + = + + +
∂∂ + + +

  

(11.31) 
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Put 0λ =  in above (11.31) to get: 

0
1 1 1 0

0

( )
( )

dN u
A u u N u

du
= = ′                                            (11.32) 

Differentiating once more (11.32) with respect to λ  we get: 

20 1
0 1 1 2 3

0 1

( ..)
( ..) ( 2 3 ...)

( ...)

N u ud d
u u A A A

d u u d

λ λ λ λ
λ λ λ λ
⎡ ⎤∂ + + ∂ + + = + + +⎢ ⎥∂ + + ∂⎣ ⎦

    (11.33) 

Using partial derivative expansion on the LHS of (11.33) and differentiating RHS 
of (11.33), we obtain the following:  

0 1 0 1
0 1 0 1 2 3

0 1 0 1

( ..) ( ..)
( ...) ( ..) 2 3! ...

( ...) ( ..)

N u u N u ud d
u u u u A A

d u u u u d

λ λλ λ λ
λ λ λ λ λ λ

⎡ ⎤∂ + + ∂ + +∂ ∂
+ + + + + = + +⎢ ⎥∂ ∂ + + ∂ + + ∂⎣ ⎦

(11.34) 

Using partial derivative expansion on the LHS of (11.34) and differentiating RHS 
of (11.34), we obtain the following:  

2
0 1 0 1

1 2 0 1 2 3 22
0 10 1

( ..) ( ..)
( 2 ..) ( ..) (2 3 ..) 2 ..

( ..)( ..)

N u u N u u
u u u u u u A

u uu u

λ λλ λ λ
λ λλ

∂ + + ∂ + +∂+ + + + + + + = +
∂ ∂ + +∂ + +

                                                                                                           (11.35) 

Putting 0λ =  in above expression (11.35), we obtain: 

2
2 0 0

1 2 22
00

( ) ( )
2 2

N u N u
u u A

uu

∂ ∂
+ =

∂∂
                                      (11.36) 

Implying,  

22
20 01

2 2 2 0 1 02
0 0

( ) ( ) 1
( ) ( )

2 2

dN u d N uu
A u u N u u N u

du du
= + = +′ ′′                    (11.37) 

Continuing like this we get set of the Adomian Polynomials for the function 
( )N u . 

If the non-linearity part is  

2
1

0

( ) n
n

n

N x x Aλ
∞

=

= =∑  

then the Adomian Polynomials are  



564 11   Solution of Generalized Differential Equation Systems
 

2 2
0 0 1 0 1 2 1 0 2 3 0 3 0 2; 2 ; 2 ; 2 2 .....A x A x x A x x x A x x x x= = = + = +  

If the non-linearity part is,  

3
2

0

( ) n
n

n

N x x Aλ
∞

=

= = ∑  

the Adomian Polynomials are 

3 2 2 2 2 3
0 0 1 0 1 2 0 2 1 0 3 0 3 0 1 2 1; 3 ; 3 3 ; 3 6 .............A x A x x A x x x x A x x x x x x= = = + = + +  

For the linear term  

0
0

( ) n
n

n

N x x Aλ
∞

=

= =∑ , 0 0A x= .and n nA x= . For constant ( )N u , the Adomian 

polynomials are:  

0 ( )N x K= , 0 0 0( )A N x K= = ; 1 2 ........ 0A A A∞= = = = . 

The series solution 
0

n
n

u
∞

=
∑  thus may have finite terms with higher modes as zero; 

depending on ( )N u . 

11.6   Generalization of Physical Law of Nature Vis-À-Vis ADM 

The physical description and then obtaining decomposed solution matches well 
with the ADM. From the section, 2, 3 and 4 we generalize the system of General 
Differential Equations and give action-reaction laws to it so that one can obtain 
the solution by decomposition into infinite (or finite) modes. Let there be general 
differential equation system as: 

1 2
1 2

1
1 0

( ) ( ) ( ) ..... ( )

[ ( )] [ ( )] ... ( ) ( )

m m m
x x x m

k k
k k

D u x a D u x a D u x a u x

b u x b u x b u x G x

− −

−
−

+ + + +

+ + + =
                      (11.38) 

We can write (11.38) as: 

OL ( ) ( ) ( ) ( )u x G x R u N u= − −                                                (11.39) 

where  

1 2 1
1 2 1( ) ...m m

x x m xR u a D a D a D− −
−= + + +  

is the remainder differential operator of order less than m . This 
1

1 0( ) ( ) [ ( )] [ ( )] ... ( )k k
m k kN u a u x b u x b u x b u x−

−= + + +  contains nonlinear as well as 

the linear terms. The ( )G x  is sum of all external stimulus source/sink. 
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The OL  represents a linear operator representing the highest orders of change 

in the process parameter. OL ( ) ( ) / ( )m m m
xu d u x dx D u x= = ; which is easily 

invertible. This order of change ( )m  could be one, two or any positive integer or 

even fractional (say half, one-fourth). Then with ADM we have: 
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2 2 3
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L

[ ( )] ( ...) ....
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−
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∞
−

=
−
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∞

=

⎡ ⎤
⎢ ⎥
⎢ ⎥

− ⎢ ⎥
⎢ ⎥
⎣ ⎦

= − −

=

∑

∑
    

(11.40) 

The (11.40) is exactly what was described in section 2, 3 with physical principles 
of action reaction generating all internal modes. 
11.7   ADM Applied to F irst Order Linear Differential Equation 

11.7   ADM Applied to First Order Linear Differential Equation 
and Mode-Decomposition Solution 

Comparing with ADM described by (11.26) and (11.40); and with solution 
obtained by physical reasoning, to arrive at solution of (11.5), (11.7) gives a 
similarity. Therefore, the ADM is close to physical system behavior where the 
system reacts naturally in opposite way to resist any change this is physical law, 
which is described by ADM, for solving system of differential equations (11.40). 

The initial reaction to the external disturbances and the complete set of 
opposing reaction due to self opposed elements to the change, gets summed up to 
get the overall reaction yielding solution for (11.5) as set in (11.41) obtained  
vis-à-vis (11.40): 

 
11.7   Adm Applie d to First Order Linear Differential Equation  
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0 1 2 3( ) (0) .........x t x x x x x= + + + + +  

1 1 1
1 2( ) (0) ( ) ( ) ( ) ...t t tx t x D f t aD f t aD f t− − −= + + + +  

1 1
1

1

1
0

( ) (0) ( ) ( 1) ( )

(0) ( )

n n
t t n

n

t

x t x D f t a D x

x x D f t

∞
− −

−
=

−

= + + −

= +

∑  

2 3( ) ( )
( ) 1 ... exp( )

2! 3!

at at
x t at at= − + − + = −                                    (11.41) 

The nx ’s are internal reaction to internal generated forces for 0n > . 

The action reaction process described is represented in Figure 11.2, with  

Parameter 1a K= = , the 1
tD−  is anti-derivative operator of unity order is 

1

0

( ) ( )
t

tD f t f t dt− ≡ ∫  
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Fig. 11.2 Block showing solution of first order differential equation by decomposition 

In the ADM, as described in (11.26) we can write the set of modes (reactions) as: 
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1
0 O

1 1
1 O 0 O 0

1 1
2 O 1 O 1

L

L [ ( )] L ( )

L [ ( )] L ( )

x G

x R x A

x R x A

−

− −

− −

= Φ +

= − −

= − −

                                       (11.42) 

In the case of (11.5) 1 1
OL tD− −= , ( ) ( )G f t K tδ= = , ( )N x ax= , is linear and 

0 0 ,x A=  with Adomian Polynomials (11.26) as: n nA ax=  with no remainder term 

as 0R = . With this decomposition we get (11.43) 

1 1
0 O

0 0

1 1 1
1 O 0 O 0

2
1 1

2
1 1 1 2

2 O 1 O 1

2
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2 2

2 3
1 1 1 3
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L [ ( )] L ( ) [ ]
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2 3!
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t

t
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t

x G D K t K

A ax aK

x R x A D aK Kat

A ax Ka t
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x R x A D Ka t K

t
A ax Ka

t at
x R x A D Ka K

x t K

δ− −

− − −

− − −

− − −

= Φ + = =
= =

= − − = − = −

= = −

= − − = − − =

= =

⎡ ⎤
= − − = − = −⎢ ⎥

⎣ ⎦

=
2 3( ) ( )

1 ....
2! 3!

atat at
at Ke−⎛ ⎞

− + − + =⎜ ⎟⎝ ⎠

           (11.43) 

The infinite set of reactionary currents at instance ( 0t → ) is formed. The first (or 
zeroth) reaction current is due to initial state of the circuit and solely due to 
external force represented by 0x . Then recurring opposite reactions occur as set of 

internal forces due to opposing the changes, giving rise immediately the first mode 
and second mode (and to infinity-modes) of currents; adding up giving the total 

current reaction as, 0 1
( ) nn

x t x x
∞

=
= +∑ . Therefore the ADM method is related to 

physical process of physics as to any “action” there is equal and opposite 
“reaction” maybe external or internal to the system. In other words, all system 
reacts in opposite way to any change (external or internal). 
11.8   ADM Applied to Second Or der Linear Differential Equat ion 

11.8   ADM Applied to Second Order Linear Differential 
Equation System and Mode-Decomposition 

The ADM method for (11.13) has  

1 2
OL tD− −= , 0)0()0( =+=Φ xtx � , 1 1

( ) ( )G f t t
m m

δ= = , 
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11.8   Adm Applied to Second Order Linear Differential Equation System 

( )
k

N x x
m

=  which generates Adomian Polynomials (11.26) as 

0 0

k
A x

m
= , and 

n n

k
A x

m
= . 

Here in (11.13) the remainder part is ( ) 0R x = . Using the ADM for (11.13) one gets 

the modal displacements as described by physical reasoning also as: 

1 2
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0 0 2

3
1 1 2

1 O O 0 2 2

2 3

1 1 3
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2 O O 1 3

1 1
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x R x A D
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k k t
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m m

k t
x R x A D t

m

δ− −
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− − −

= Φ + = =

= =

⎛ ⎞= − − = − = −⎜ ⎟⎝ ⎠

= = −

= − − = − − =

               (11.44) 

Giving the solution to (11.13) as 

3 2 5 3 7

0 1 2 3 2 3 4

3 2 5

2

1
( ) ..... ... ..

3! 5! 7!

1
( ) ....

3! 5!

k t k t k t
x t x x x x t

m m m m

k t k t
x t t

m m m

= + + + + = − + − + +

⎡ ⎤
= − + −⎢ ⎥

⎢ ⎥⎣ ⎦

     (11.45) 

This too demonstrates the decomposition by ADM gives the physical modes of 
reaction process, generated as infinite series. 

Multiplying the above series by /k m  and dividing by same we get: 

3 53 52 21 1
( ) ... sin

3! 5!

k k t k t k
x t t t

m m m mkm km

⎡ ⎤ ⎛ ⎞⎛ ⎞ ⎛ ⎞⎢ ⎥= − + − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎝ ⎠⎣ ⎦
          (11.46) 

This is oscillator with natural frequency /k mω =  radians per second; obtained 
earlier by physical law of action-reaction process. 
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11.9   ADM for First Or der Linear Differential Equat ion Syste m 

11.9   ADM for First Order Linear Differential Equation System 
with Half Order Element and Mode-Decomposition 

Consider a first order differential equation with presence of a fractional (half) 
order element as (11.47) 

1
2( ) ( ) ( ) ( )tx t D x t x t f t+ + =�                                           (11.47) 

With initial conditions as (0) 0, ( ) ( )x f t tδ= = . With the physical explanation as 

done in section 2 and 3 gives following solution (11.48): 

11 1 2
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1
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( ) (0) ( ) ( 1) ( ) ( )

(0) ( )

n n
t t t n

n

t

x t x D f t D D f t

f x D f t

∞
−− −

−
=

−

= + + − +

= +

∑
                        (11.48) 

For this system the 
1

2
tR D= , 1

OL tD=  and nonlinear part is ( )N x x= ; ( is linear 

in nature) thus as per (11.26) n nA x= . This demonstration also shows the fact 

because the fractional order component is of lesser order than the main 
component, which is of, in this case is integer order the initial condition does not 
depend on the fractional derivative definition. Here the initial states are always of 
integer order in nature. 

(0)x

( )f t              
∑

0x

1x

2x
.
.
.

1

tD�

1
1 2( )t tD D

�� �

1
1 2( )t tD D

�� �

1

-1

-1

( )x t

 

Fig. 11.3 Block showing solution of first order differential equation by decomposition in 
presence of fractional half order term 

The application of ADM method gives the components as, represented in  
Fig: 11.3. 
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11.9   Adm for First Order Linear Differential Equation Syste m  

1 1 1
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=
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Γ Γ

 

(11.49) 

The physics of this process may be viewed as, RC circuit reacting to an impulse 
current reaction in the presence of a semi-infinite RC cable (CRO Probe) 
connected to a shunt to measure the current. The semi-infinite lossy cable acts as 
half order element and the first order circuit reaction thus will be modified by 
presence of this half order element. Refer Figure 11.4. 

 

CRO

R

BBV

C

 

Fig. 11.4 The RC circuit (a first order differential equation), with semi-infinite cable as 
fractional half order element  

11.10   ADM for Second Order System, with Half Order Element 
and It’s Physics 

11.10.1   Forcing Function as Delta Function 

Solution of second order differential equation with presence of half order element 
is considered in (11.50) 

1
2

0( ) ( ) ( ) ( )tx t D x t x t f t+ + =��                                               (11.50) 

With the initial condition as (0) 0, (0) 0, ( ) ( )x x f t tδ= = =� . Rearranging the above 

equation (11.50), we rewrite (double integrating both sides) as 
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32 2 2( ) (0) (0) ( ) ( ) ( )x t x tx D f t D x t D x t
−− −= + + − −�                      (11.51) 

The physical reasoning generates (11.52) 
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(5) (11/ 2) (6)
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⎛ ⎞
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                  (11.52) 

The modal displacements are generated after the application of external forcing 
function is depicted in the Table 11.2. The block diagram of the process is shown 
in Figure 11.5. 

The ADM method generates the modes as follows in (11.53). 
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(11.53) 

Table 11.2 Modal force and displacements for second order system with fractional order 
damping 

 

MODE FORCE DISPLACEMENT 
0 ( )tδ  t  

   
1 t−  5 32

(3.5) (4)

t t− −
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2 5 32
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t t+
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94 52
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3 94 52
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1311 6 72 2
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….. ….. ….. 
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Fig. 11.5 Block diagram showing solution of by decomposition of a second order 
differential equation in presence of fractional order term. 

11.10.2   Forcing Function as Step Function 

Consider a fractional oscillator described by (11.54)  

12 2
1

( ) ( ) ( ) ( )t t

c k
D x t D x t x t f t

m m m
+ + =                                  (11.54) 

The system is initially stationary (i.e. (0) 0x =  and [ ]1

0
( ) (0) 0t t

D x t x= = =�  are 

initial conditions). Let this stationary fractional oscillator is subjected to and 
excitation function ( ) ( )f t FH t= , where ( )H t  is Heaviside’s unit step function 

and F  is a constant. By application of ADM (11.26), (11.27) and with the help of 
Figure 11.3 we obtain the reactionary displacement modes as in set (11.55) below: 

2
2

0

1
( ) ( )

2t

Ft
x t D f t

m m
−= =  

7 423 22
1 0 0 2 2( ) ( ) ( )

9 (5)
2

t t

c k cF t kF t
x t D x t D x t

m m m m
− −= − − = − −

Γ⎛ ⎞Γ ⎜ ⎟⎝ ⎠
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( )

112 5 2 623 22
2 1 1 3 3 3

2
( ) ( ) ( )

136 (7)
2

t t

c k c F t kcF t k F t
x t D x t D x t

m m m m m
− −= − − = + +

Γ Γ⎛ ⎞Γ ⎜ ⎟⎝ ⎠

 

3 22
3 2 2( ) ( ) ( )t t

c k
x t D x t D x t

m m
− −= − −  

13 153 2 7 2 3 82 2

3 4 4 4 4

3 3
( )

15 17(8) (9)
2 2

c F t kc F t k cF t k F t
x t

m m m m
= − − − −

Γ Γ⎛ ⎞ ⎛ ⎞Γ Γ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

           (11.55) 

The total solution is sum of all these component modes to infinity as series in 
(11.56). 
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∞
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= + + + + +

− − +⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎛ ⎞Γ + +⎜ ⎟⎝ ⎠

− −⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∑ ∑

∑

                  (11.56) 

where , ( )E xα β  is two parameter Mittag-Leffler function, and ( )
, ( )rE xα β  is the 

derivative of Mittag-Leffler function, defined as follows (11.57): 

( )
( )

, ,
0

( )!
( ) ( )

!

r j
r

r
j

d j r x
E x E x

j j rdxα β α β α α β

∞

=

+
= =

Γ + +∑ ,  ( 0,1,2,3...)r =             (11.57) 

11.10.3   Explanation Physical Action Reaction Process Vis-À-Vis 
ADM 

The fundamentals of mode decomposition as explained above in case of second 
order differential equation, in the presence of fractional order component may be 
explained in slightly elaborated way as follows with a mass spring fractional 
viscous system as  

12 2

2 1
2

( ) ( ) ( ) ( )
d d

x t a x t bx t f t
dt dt

+ + =                                      (11.58) 

where a  is the constant of half order property and b  is the spring stiffness 
constant for spring. The above equation of motion is for unit mass attached to an 
ideal spring with half order visco-elastic element.  
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The initial conditions are: (0) 0, (0) 0, ( ) ( )x x f t tδ= = =� , for delta function 

input case. 
The above equation (11.58) can be re-written in terms of external force and 

opposing internal forces as (11.59):  

12 2

2 1
2

( ) ( ) ( ) ( )
d d

x t f t a x t bx t
dt dt

= − −                                     (11.59) 

Decomposing the above by modal decomposition, we get the zero order mode as 
first reaction (immediate) that is: 2

0 ( )tx D f t−= . This zero order displacement is 

the reaction without presence of the spring or any other opposing elements. Due to 
this zero order, displacement there will be opposing forces which appear as  

1
2

11 0tf aD x= −  and 12 0f bx= −  

giving rise to first order displacements as 

32 2
11 11 0t tx D f aD x

−−= − = −  and 2 2
12 12 0t tx D f bD x− −= − = −  

The overall first modal displacement is: 1 11 12x x x= + . From this the reaction force 

for second modes are generated as: 

1
2

21 1tf aD x= −  and 22 1f bx= −  

giving rise to second modal displacement as: 

32 2
21 11 1t tx D f aD x

−−= − = −  and 2 2
22 22 1t tx D f bD x− −= − = −  

Similarly, we can carry on for infinity as this self-similar pattern of reactions 
generated within the system to external stimulus. The observation is that the half 
order element adds second force to the ideal spring restoring force as obtained in 
case of pure second order pure oscillator (11.13). 

The practical way of explaining the fractional order behavior is by considering 
a LC-oscillator and then trying to measure the oscillation by CRO probe, which is 
semi-infinite cable (with losses) acting as half order element. The constant a of 
the half order element (11.58) is depending on the distributed loss parameter that 
is per unit series resistance and per unit shunt capacitance. 

The constitutive equation for the circuit in (Figure 11.6) is described in (11.60) 

1
2

1
20

12 2

2 1
2

1
( ) ( ) ( ) ( )

( )
( ) ( ) ( )

t

BB

BB

d d
i t dt L i t a i t V H t

C dt dt

i t d d
L i t a i t V t

C dt dt
δ

−

−
+ + =

+ + =

∫
                          (11.60) 
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This is demonstration of the oscillator with fractional order element, shown in 
Figure 11.6. Practically in circuit experiments it is observed that a purely 
oscillating circuit when connected by shunt to a long CRO-probe, goes to damped 
oscillations removal of probe that again gives the oscillations. Use of a very short 
probe to CRO gives oscillation. This is due to fact the long CRO probe may act as 
lossy transmission line, behaving as half-order damping element. 

 

CRO

L

BBV

C

 

Fig. 11.6 The oscillator circuit (a second order differential equation), with semi-infinite 
cable CRO-probe acting as half order element. 
11.11   A pplication of Decomposition Method 

11.11   Application of Decomposition Method in RL-Formulated 
Partial Fractional Differential Equations Linear Diffusion 
Wave Equation and Solution to Impulse Forcing Function 

Here attempt is made to obtain series solution with ADM and the physical 
explanation of several modes generating as reaction. This problem example 
elaborates that the time evolution of process parameter takes place without the 
forcing function present, 0G = ; only the effect is due to initial value (in this case 
is Dirac’s delta function as process parameter present at space-origin). 

The fractional time rate of change of the process variable is related to spatial 
double derivative of the same as expressed in (11.61). In (11.61) the formulation 
of fractional derivative is of Riemann-Liouvelli (RL) scheme. 

Let us consider the problem of fractional time diffusion as: 

2

2
( , ) ( , )

RL

u x t u x t
t x

α

α

⎡ ⎤∂ ∂=⎢ ⎥∂ ∂⎣ ⎦
                                      (11.61) 

with 1 2α< <  and have the initial condition as ( ,0 ) ( )u x xδ+ =  and ( ,0 ) 0tu x + = . 

The integer order highest to the fractional order in case of (11.61) is 2m = . 
Converting the (11.61) into Caputo derivative formulation, we obtain: 



576 11   Solution of Generalized Differential Equation Systems
 

11.11   Application of Decomposition Method 

1 2

2
( , ) ( ,0) ( ,0) ( , )

(1 ) (2 )

C
t t

u x t u x u x u x t
t x

α α α

α α α

− −⎡ ⎤∂ ∂+ + =⎢ ⎥ Γ − Γ −∂ ∂⎣ ⎦
�             (11.62) 

Observation here states that the (11.61) RL derivative of fractional order when 
changed to Caputo formulation (11.62) gives rise to extra source/sink terms of the 
inverse power function of the independent variables in the constituent equation. In 
(11.62) after applying the definition of Caputo derivative in the fractional operator 
and rearranging, we get: 

2 2 1
(2 )

2 2
( , ) ( , ) ( ,0) ( ,0)

(1 ) (2 )t

t t
D u x t u x t u x u x

t x

α α
α

α α

− −
− − ⎡ ⎤∂ ∂= − −⎢ ⎥ Γ − Γ −∂ ∂⎣ ⎦

�       (11.63) 

Inverting (11.63), we get: 

2 2
(2 ) (2 ) (2 ) 1

2 2

( ,0) ( ,0)
( , ) ( , ) [ ] [ ]

(1 ) (2 )t t t

u x u x
u x t D u x t D t D t

t x
α α α α α

α α
− − − − −⎡ ⎤ ⎡ ⎤∂ ∂= − −⎢ ⎥ ⎢ ⎥ Γ − Γ −∂ ∂⎣ ⎦ ⎣ ⎦

�
 

(11.64) 

Applying fractional derivative of the power functions in RHS of (11.64) we get: 

2 2 2 1 2
(2 )

2 2

( ,0) ( 1) ( ,0) (1 1)
( , ) ( , )

(1 ) ( 1 2 ) (2 ) (1 1 2 )t

u x t u x t
u x t D u x t

t x

α α α α
α α α

α α α α α α

− − + − − +
−⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤∂ ∂ Γ − + Γ − += − −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥Γ − Γ − + − + Γ − Γ − + − +∂ ∂⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

�  

(11.65) 
Simplifying (11.65) 

2 2 2 1
(2 )

2 2
( , ) ( , ) ( ,0) ( ,0)

( 1) (0)t

t t
u x t D u x t u x u x

t x

α
α

− −
−⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤∂ ∂= − −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥Γ − Γ∂ ∂⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

�                (11.66) 

The last two terms of (11.66) gives zero; since reciprocal Gamma function is zero  
at values zero and negative integer points giving the modified diffusion equation as: 

2 2
(2 )

2 2
( , ) ( , )tu x t D u x t

t x
α−⎡ ⎤ ⎡ ⎤∂ ∂=⎢ ⎥ ⎢ ⎥∂ ∂⎣ ⎦ ⎣ ⎦

                                            (11.67) 

Taking the (space) Fourier Transform of (11.67), we get: 

2
2 (2 )

2
( , ) ( , )tu k t k D u k t

t
α−∂ = −

∂
                                       (11.68) 

With transformed initial condition as 
1

( ,0)
2

u k
π

= ; and ( ,0) 0tu k = . 
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where  

1
( , ) ( , )

2
ikxu k t e u x t dx

π

+∞

−∞

= ∫ , k ∈ ℜ  

is the spatial Fourier Transform definition. The parameter k  is “wave-vector”. 
The system of equations (11.67) has been transformed to (11.68) so we solve for 

( , )u k t  and write with ADM (11.26) the solution as: 

1 1 1
O O O

1 2
O

2 2 2 2 2 2

( , ) L L ( ) L ( )

( , ) L [ ( , )]

( , ) ( ,0) ( ,0) [ ( , )] ( ,0) [ ( , )]
t

t t t t t

u k t G R u N u

u k t D u k t

u k t u k tu k k D D u k t u k k D D u k t

α

α α

− − −

− −

− − − −

= Φ + − −

= Φ +

= + − = −

 

(11.69) 

In (11.69) the 1 2
OL tD− −= , 0G R= = , ( ) ( , )N u u k t=  is the linear.  

Therefore, 0 0 ( ,0)u u k= Φ =  and for 1n ≥ ; 1 2
O 1Ln t nu D uα− −

−= −  Following the 

ADM, (11.26) we get  

0

( , ) ( , )n
n

u k t u k t
∞

=

=∑  

where the components are listed in (11.70) 
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απ

απ

απ

− − − −

− −

− −

=

=

⎛ ⎞
= − − = − ⎜ ⎟Γ +⎝ ⎠
=

⎛ ⎞
= − = ⎜ ⎟Γ +⎝ ⎠
=

⎛ ⎞
= − = − ⎜ ⎟Γ +⎝ ⎠

              (11.70) 

Therefore,  

2 4 2 6 3

2
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( , ) 1 ...

( 1) (2 1) (3 1)2

1 ( ) 1
( , ) ( )

( 1)2 2

n n
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α α α

α
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α

α α απ

απ π

∞

=

⎡ ⎤
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= = −
Γ +∑

                  (11.71) 
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11.12   Generalization of Fractional Order Leading Terms 

The (11.71) is series solution of (11.68) in space-Fourier Transformed system, in 
terms of Mittag-Leffler function, here, is one parameter Mittag-Leffler function 

2( )E k tα
α − . Taking the Inverse Fourier Transform of (11.71), we get solution to 

(11.61) with impulse excitation as: 

2 2

2

1
( , ) ( / )

2
u x t t M x t

α α
α

−= ; for x−∞ < < +∞ and 0≥t                    (11.72) 

where Inverse Fourier transform is: 

1
( , ) ( , )

2
ikxu x t e u k t dk

π

+∞
−

−∞

= ∫ , x ∈ℜ . 

The 
2

Mα is special case of Wright function defined as in (11.73) 
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∞
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−
=
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where 0 1γ< <  
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n
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x t
M x t

n
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α

α
α α α

∞

=

⎛ ⎞−⎜ ⎟⎛ ⎞ ⎝ ⎠=⎜ ⎟ ⎡ ⎤⎝ ⎠ ⎛ ⎞Γ − + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

∑ ; where 0 1
2

α< <            (11.73) 

11.12   Generalization of Fractional Order Leading Terms in 
Differential Equations Formulated with Riemann-Liouvelli 
and Caputo Definitions–and Use of Integer Order 
Initial/Boundary Conditions–with Decomposition Method 

11.12   Generalization of Fractional Or der Leading  Terms 

In this section merger of two classical definitions of Fractional Derivatives with 
decomposition, technique is demonstrated; where only integer order initial/boundary 
conditions will be employed to get to the modal solutions-in decomposition method. 
This generalization and unification is important as to eliminate the need of much 
difficult fractional order initial states required classically by RL formulation of FDE.  

11.12.1   Decomposition of Caputo Derivative in Fractional 
Differential Equations 

Let the linear part of the equation OL u Ru Nu G+ + =  be of Caputo Fractional 

Derivative represented as OL C
tDα= , which is composed of integer order 

derivative of function followed by fractional integration. That is if an integer m   
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is just greater than fraction 0α > ; that is ( 1)m mα− < < , then; Caputo operator 

is: ( )C m m
t t tD D Dα α− −≡ . This gives the differential equation system as: 

( ) ( ) ( ) ( )m m
t tD D u G R u N uα− − = − −                                     (11.74) 

Inverting this we get:  

( ) ( ) ( )( ) ( ) ( )m m m m
t t t tD u D G D R u D N uα α α− − −= − −                         (11.75) 

The solution is: 

1 1 1
O O O( ) L L ( ) L ( )m m m

t t tu t D G D R u D N uα α α− − − − − −= Φ + − −                 (11.76) 

where 1
OL m

tD− −= ; we have used complementation property that is m mD D I− = . 

The Φ is solution to integer order homogeneous condition of ( ) 0m
tD u t = ; and 

is same as in the case of integer order general differential equation solution, 
described above. Due to this fact, researchers like to formulate with Caputo 
derivative. 

11.12.2   Riemann-Liouvelli (RL) Derivative and Its 
Decomposition for Solving Fractional Differential 
Equation with Integer Order Initial Condition 

The RL derivative operator is ( )m m
t t tD D Dα α− −≡  i.e., the function is first 

fractionally integrated and then differentiated by integer order, which is just 
greater than the fractional order. In this solution, the homogeneous equation 
formed by RL operator requires fractional initial states; though sometimes difficult 
to interpret physically. However, one can relate these fractional initial states to 
physical quantities provided the laws of physics are known (As Ohm’s Law, 
Stress-Strain relations and flow-pressure relations etc.) Here in this chapter, it is 
demonstrated that decomposing fractional derivative with RL definition by 
transforming to Caputo expression first then applying decomposition rules, one 
can solve the fractional differential equations with RL formulations and with 
integer order initial states. 

Generally, the Caputo and RL definitions of fractional derivatives are not equal, 
but are equated by initial conditions as: 

1
( )

0

( ) ( ) (0 )
( 1)

km
C k

t tRL
k

t
D f t D f t f

k

α
α α

α

−−
+

=

⎡ ⎤ = +⎣ ⎦ Γ − +∑ , 

Where ( 1)m mα− < < ; m ∈ Ν  0t >  

(11.77) 
11.12   Generalization of Fractional Order Leading Terms  
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Let the linear part OL  be of RL derivative type. Then the formulation with 

definition of RL derivative gives the system as:  

( ) ( ) ( ) ( )m m
t tD D u G R u N uα− − = − −  

In the expression with RL we change to Caputo and relate with RL-Caputo 
relation and get: 

1
( )

0

( ) ( ) ( ) (0 )
( 1)

km
C k

t
k

t
D u G R u N u u

k

α
α

α

−−
+

=

= − − −
Γ − +∑                        (11.78) 

Here the RL differential equation is changed to Caputo formulation. This is 
equivalent to original differential equation, but with extra power series term with 
integer order initial conditions appearing as extra source/sink term. Let us follow 
the decomposition method, as obtained for Caputo formulation in section 11.0.1, 
thereby giving the solution as: 

1
1 1 1 1 ( )

O O O O
0

( ) L L ( ) L ( ) L (0 )
( 1)

km
m m m m k
t t t t

k

t
u t D G D R u D N u D u
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α
α α α α

α

−−
− − − − − − − − +

=

⎧ ⎫
= Φ + − − − ⎨ ⎬Γ − +⎩ ⎭

∑  

(11.79) 

Let us examine the bracketed term of the RHS of, the source sink term. 

1 1
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0 0

1
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( 1)
(0 ) (0 )

( 1) ( 1) ( 1 )
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( 1)
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− + +

= =
− −

+

=
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Γ − + Γ − + Γ − + − +

=
Γ − +

∑ ∑

∑
 

(11.80) 

The expression above contains reciprocal of Gamma function at negative integer 
points and zero point, the values of which are zero. The reciprocal of Gamma 
functions ( ( 1)), ( ( 2))... (0)m mΓ − − Γ − − Γ  are zeros. This reciprocal Gamma 

function is multiplied by powers of t at 0t ε+→ = ; as 1 2 1, , ,....m m mε ε ε ε− − − − . 

Therefore, at 0t +→ , the inverted source/sink extra term be collapsed to zero, i.e., 
 

1
( )

0

(0 ) 0
( 1)

m k
m k
t

k

t
D u

k

α
α

α

− −
− +

=

=
Γ − +∑ . 

The fractional differentiation of a power function is given by 

( 1) / ( 1 )D t tμ λ λ μλ λ μ−= Γ + Γ + − , Euler’s rule of generalized differ-integration; 

where μ +∈ℜ , with 1λ > − . Let us take monomial of  type say nx , with n  as 

integer. We differentiate this with integer order m  such that 

( ) 1,2,3,....;m n m n− = > . Then in the integer order calculus 0m n
xD x = . Say a 

square function 2x  differentiated thrice, four times, and so on will give zero. 
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Same is the observation for ( )m k
tD tα α− − , returns zero since differential order 

(fractional) minus the power order that is ( ) ( )m k m kα α− − − = − , is 

, ( 1), ( 2)......1m m m− − , for 0,1,2,3,.....( 1)k m= − . This is new observation not 

used elsewhere earlier in RL fractional calculus context. This new observation and 
its application is now useful for solving FDE with RL formulation by 
decomposition technique where the extra source sink term appearing in FDE 
(changing from RL to Caputo) collapses to zero thus giving ease and uniformity in 
the two definitions of fractional calculus. 

The above argument suggests that with RL derivative formulations too one can 
have solution in ADM approach to solve fractional differential equation, with the 
help of integer order initial/boundary condition. 

Therefore the solution of General Fractional Order Differential Equation where 
the leading terms are of Fractional Derivative of Caputo or RL type is: 

1 1 1
O O O( ) L L ( ) L ( )m m m

t t tu t D G D R u D N uα α α− − − − − −= Φ + − −                (11.81) 

where Φ  comes from integer order initial/boundary conditions. This unifies the 
two definitions of Caputo/RL to solve FDE with only integer order initial states. 
11.13   A pplication of Decomposition Method 

11.13   Application of Decomposition Method in RL Formulated 
Fractional Differential Equations (Non-Linear) and Its 
Solution 

So far, we considered linear systems and reasoned out physically the 
decomposition and the action-reaction concepts to solve the differential equation 
systems, by ADM. The non-linear part ( )N u  in the earlier cases were linear in 

nature and thus the Adomian Polynomials for each mode were same ( n nA u= ) for 

1n ≥ ; for obtaining the subsequent parallel modes and thereby the solution. The 
non-linear part which is described gives different Adomian Polynomials for the 
different modes to get solution of non-linear systems. 

Consider RL formulated Fractional differential equation with non-linearity as in 
(11.82) 

4(1 )
d y

y
dt

α

α = − ; With 0 1α< < ; and (0 ) 0y + =                         (11.82) 

The nearest integer in this case is one; for the fractional order α . The invert 

operator is 1 1
OL tD− −= and 0CΦ = = , 4

0
( ) (1 ) n

nn
N u y Aλ∞

=
= − =∑ , 1λ ≈ the 

solution is thus; as in (11.61)–( 11.67) is: 

1 1 1 1
O

0 0 0

( ) Ln t n t n
n n k

y t y D A D D Aα α
∞ ∞ ∞

− − − −

= = =

⎡ ⎤= = Φ + = ⎢ ⎥
⎣ ⎦

∑ ∑ ∑   ,  1λ ≈              (11.83) 
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11.13   A pplication of Decomposition Method in Rl  

The source/sink term that appears in the RL to Caputo change in (11.82) is 

(0 )
(1 )

t
y

α

α

−
+−

Γ −
. Taking m

tD α−  of this source/sink term gives;  

1(0 ) ( 1) (0 )
0

(1 ) ( 1 ) (0)

my t y t

m

α αα
α α α

+ − − + + −Γ − +− = − =
Γ − Γ − + − + Γ

                            (11.84) 

Therefore, the decomposed solution of (11.82) is (11.84). 

The non-linearity 4

0
( ) (1 ) n

nn
N y y Aλ∞

=
= − =∑ , 1λ ≈  and to find the Adomian 

Polynomials following are the steps (11.26) and (11.27) 
The iterations are listed in (11.85) 

0 0y = , 4
0 0(1 ) 1A y= − =  

[ ]1 1 1 1
1 0( ) (1)

( 1)t t t t

t
y t D D A D D

α
α α

α
− − − −= = =

Γ +
 

1 1 0

4 3
0 0 0

0

1 1

( )

( ) (1 ) 4(1 ) 4

4
( 4)

( 1)

A y N y

d
N y y y

dy

t
A y

α

α

′=

′ = − = − − = −

= − = −
Γ +

                            (11.85) 

From this, we obtain the next term of solution as (11.86) 

[ ]
2

1 1 1 1
2 1

4 4
( )

( 1) (2 1)t t t t

t t
y t D D A D D

α α
α α

α α
− − − − ⎡ ⎤− −= = =⎢ ⎥Γ + Γ +⎣ ⎦

                    (11.86) 

Next step is to obtain 2A  as (11.87) 

[ ]
[ ]

2
1

2 2 0 0

2
4 2

0 0 02
0

0

2 22
2

2 2

( ) ( )
2!

( ) (1 ) 12(1 ) 12

( ) 4

6 (2 1) 16 ( 1)4 12
( 4)

(2 1) 2 ( 1) (2 1) ( 1)

y
A y N y N y

d
N y y y

dy

N y

t t
A t

α α
αα α

α α α α

′ ′′= +

′′ = − = − =

′ = −

Γ + − Γ +⎛ ⎞ ⎛ ⎞−= − + =⎜ ⎟ ⎜ ⎟Γ + Γ + Γ + Γ +⎝ ⎠ ⎝ ⎠

(11.87) 

From above (11.87) we obtain (11.88): 
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[ ] [ ]
[ ]

2

1 1 3
3 2 2

6 (2 1) 16 ( 1)
( )

(3 1) ( 1)
t ty t D D A tα αα α

α α
− − Γ + − Γ +

= =
Γ + Γ +

                     (11.88) 

The series form solution to (11.82) is (11.89) 

[ ]
[ ]

2

2 3
2

6 (2 1) 16 ( 1)1 4
( ) ..................

( 1) (2 1) (3 1) ( 1)
y t t t tα α αα α

α α α α
Γ + − Γ +

= − + +
Γ + Γ + Γ + Γ +

(11.89) 

11.14   A pplication of Decomposition Method 

11.14   Application of Decomposition Method in RL-Formulated 
Partial Fractional Differential Equations Non-linear 
Diffusion-Wave Equation and Solution 

Consider the Non-Linear equation (11.90), formulated by RL fractional 
differential operator 

2
2 2 3

2
( , ) ( , ) ( , ) [ ( , )]

RL

u x t u x t c u x t u x t
t x

α

α γ σ
⎡ ⎤∂ ∂= − +⎢ ⎥∂ ∂⎣ ⎦

                (11.90) 

with 1 2α< ≤  and ( ,0) cosu x kxε= , and the first time derivative ( ,0) 0tu x =  as 

initial condition. 
The argument about vanishing extra source/sink term while RL is changed  

to Caputo formulation in this case is same as in the previous problem  
(11.61)– (11.67). 

In this case, 2m = , that is, integer number just greater than α the order of 
fractional derivative of (11.90). The non-linear part is 

2 3

0
( ) n

nn
N u c u u Aσ λ∞

=
= − =∑ , 1λ ≈ . 

We simplify the (11.90) in easier notation as 

2 2 3
t xxD u u c u uα γ σ= − + ; 

Where 
2

2
( , )xxu u x t

x

∂≡
∂

. 

From (11.61)–(11.67) we write the solution of (11.90) as (11.91): 

2 2 2 2 2

2 2 2 2 2

0

( , ) [ ] ( )

( , ) ( ,0) ( ,0)

t t xx t t

t t t xx t t n
n

u x t D D u D D N u

u x t u x tu x D D u D D A

α α

α α

γ

γ

− − − −

∞
− − − −

=

= Φ + −

= + + −⎡ ⎤⎣ ⎦ ∑
            (11.91) 
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11.14   A pplication of Decomposition Method 

The iteration follows as shown in steps in (11.92) 

(

( )

( ) ( )

0

2 3 2 3 3
0 0 0

2 2 2 2 2
1 0 ) 0

2
20

0 2

2 2
2

0 0

0 0

2 2 3 2
2 3

0 0

0 0

( ,0) cos

cos cos

cos

cos
2

cos cos
2 2

xx

xx

xx xx

t t t t

t t

t

t t

t

u u x kx

A c u u c kx kx

u D D u D D A

u
u k kx

x

k t
D u u dtdt kx

t c t
D A A dtdt kx kx

α α

ε

σ ε σε

γ

ε

ε

σεε

− − − −

−

−

= Φ = =

= − = −

= −

∂
= = −

∂

= = −

= = −

∫ ∫

∫ ∫

 

2 2 2 3 3

1
cos ( cos cos )

( 1) ( 1)

k kx c kx kx
u t tα αγ ε ε σε

α α
−= − −

Γ + Γ +
 

( )

( )

2 2
1 1 0

2 2 2 2 2
2 1 1

2
1

1 2

( 3 )

xx

xx

t t t t

A u c u

u D D u D D A

u
u

x

α α

σ

γ − − − −

= −

= −

∂
=

∂

 

4 4 2 2 3 2 3
2 2 2 3 2

2

2 2 2 2 2 3 3 3 2 2 3
2 2 2

2 2 2 3 3

cos 3 9
cos cos cos

(2 1) (2 1) 4 4

cos ( cos cos ) 3 cos

(2 1) (2 1) (2 1)

3 cos ( cos cos )

(

k kx k k
u t c k kx kx kx t

c k kx c c kx kx k kx
t t t

kx c kx kx

α α

α α α

εγ γ σε σεε
α α

εγ ε σε σε γ
α α α

σε ε σε

⎡ ⎤ ⎡ ⎤
= − − + +⎢ ⎥ ⎢ ⎥Γ + Γ +⎣ ⎦ ⎣ ⎦

−+ + −
Γ + Γ + Γ +

−−
Γ

2

2 1)
t α

α +
                                                                                                                        (11.92) 

Therefore the approximate (three term) solution to (11.90) is  

2

0 1 2
0

( , ) n
n

u x t u u u u
=

≈ + + =∑  

11.15   Decomposition Method for Generalized Equation of 
Motion 

Consider the equation of motion (11.93) a non-linear one; where two bodies of mass 

1m  and 2m  collide and the variable ( )x t  denotes indentation with respect to time. 
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The contact force is Hertz force given by nf Kx= . For spherical particles this index 

of non-linearity is 3 / 2n = . The parameter s  is depending on the contact properties 
of material. 

2
1 2

2
1 2

( 1) 0
2( )

nm m d x
K n x

m m dt
+ + =

+
                               (11.93) 

We consider the (11.93) in simple way as  

2
3

2
2

d x
ax

dt
= − , where, 3 / 2n = and 1 2

1 2

5( )m m K
a

m m

+
=                    (11.94) 

with (0) 0x =  and [ ]1
0

( ) (0)t t
D x t x u= = =�  as the initial conditions. The (11.94) 

has  

0G = , 0R =  , 1 2
OL tD− −= , 

3
2( )N x ax= . 

The ADM for (11.94) gives set as (11.95). 

1
0 O

3 3 3
2 2 2

0 0 0

3 3 3 71 1 2 2 2 2 2
1 O 0 O 0

(0) (0)

L

( )

4
L ( ) L ( )

35t

x tx ut

x G ut

A N x ax au t

x R x A D au t au t

−

− − −

Φ = + =

= Φ + =

= = =

⎡ ⎤= − − = − = −⎢ ⎥⎣ ⎦

�

 

1 2 2 42
1 1 0 0 1

3 12
( )

2 70
A x N x ax x a u t′= = = −  

1 1 2 2 2 4 2 2 6
2 O 1 O 1

12 12
L ( ) L ( )

70 210tx R x A D a u t a u t− − − ⎡ ⎤= − − = − − =⎢ ⎥⎣ ⎦
           (11.95) 

and so on. The solution, with decomposed modes of displacements as series, to 
(11.93) and (11.94) is  

3 2 22 7 62
4 12

( ) ..........
35 210

au a u
x t ut t t= − + +                        (11.96) 

For completion sake let 0n = , in, (11.93) and (11.94). This makes 

0 0( )N x a A= = , and ( ) 0N x′ = , therefore 1 20 ......A A A∞= = = = .  
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Here, 1
0 OLx G ut−= Φ + =  and 1 2 2

1 O 0

1
L ( )

2tx A D a at− −= − = − = − , with higher 

modes all zero that is 2 3 .. 0x x x∞= = = = . The solution is just sum of zeroth and 

first mode of reaction that is 21
( )

2
x t ut at= − ; this is familiar to Newton’s laws of 

motion.  
For, 1n =  the equation (11.93) becomes oscillatory system (mass spring) 

described earlier. 

11.16   Decomposition Method for Delay Differential Equation 
System 

In this concluding section, application of mode decomposition in delay differential 
equation is demonstrated. A delayed differential equation system is system like 
(11.97). 

OL ( ) ( ) ( ) ( , ( ), ( ( )))u R u N u G f x u x u g x+ + = +                        (11.97) 

Consider a non-linear delayed differential equation system as (11.98). 

21 2 ( / 2)
dy

y x
dx

= −                                                  (11.98) 

with (0) 0y = , as initial condition. 

Here in (11.98) 1 1 2
O1, 0,L , ( ) 2 ( / 2)xG R D N y y x− −= = = = . Applying ADM we 

get the set as mentioned in (11.99) 

1 1
0 O

0

( ) L [1]

( / 2)
2

xy x G D x

x
y x

− −= Φ + = =

=
 

2
2 2

0 0 0

1
( ) 2 ( / 2) 2

2 2

x
A N y y x x⎛ ⎞= = = =⎜ ⎟

⎝ ⎠
 

2 3
1 1

1 O 0

3

1

( ) L ( )
2 6

( / 2)
( / 2)

6

x

x x
y x A D

x
y x

− − ⎛ ⎞
= − = − = −⎜ ⎟

⎝ ⎠

= −

 

0 0 0( ) 4 ( / 2); ( ) 4N y y x N y′ ′′= =  
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3 4

1 1 0 1 0

( / 2)
( ) ( / 2)4 ( / 2) 4

6 2 24

x x x
A y N y y x y x

⎛ ⎞′= = = − × = −⎜ ⎟
⎝ ⎠

 

4 5
1 1

2 O 1

5

2

( ) L ( )
24 120

( / 2)
( / 2)

120

x

x x
y x A D

x
y x

− − ⎛ ⎞
= − = − − =⎜ ⎟

⎝ ⎠

=

 

6
2 2

2 2 0 1 0 2 0 1

1 1
( ) ( ) ( / 2) 4 ( / 2) ( / 2) 4

2! 2 720

x
A y N y y N y y x y x y x′ ′′= + = × + × =  

7
1 1

3 O 2 2( ) L ( ) ( )
5040x

x
y x A D A− −= − = − =                                 (11.99) 

The solution to (11.98) is 

3 5 7

( ) ....... sin
6 120 5040

x x x
y x x x= − + − + = . 

This is exact solution to (11.98) as the RHS of (11.98) is  

2 21 2 ( / 2) 1 2sin ( / 2) cos (sin ) /y x x x d x dx− = − = =  

11.17   Proposition 

11.17.1   Fractional Initial States Classical Solution to FDE 

Classical theory of fractional differential equation solution gives the idea of 
fractional initial states. Consider the fractional differential equation system 
(Homogeneous) as: 

1 02[ ] ( ) 0D aD bD y t+ + =                                             (11.100) 

The Laplace Transforming the (11.100) gives: 

1 1
2 2[ ( ) (0)] [ ( ) (0)] ( ) 0sY s y a s Y s D y bY s

−− + − + = , 

gives the following arranged relation, as 

1 1
2 2[ ] ( ) (0) (0) 0s as b Y s y aD y

−+ + − − =                            (11.101) 
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giving  

( ) / ( )Y s C P s= , with 
1

2(0) (0)C y aD y
−= + , 

and indicial polynomial as: 2( ) ( )( )P x x ax b x xα β= + + = − − , with ,α β  as roots 

of indicial polynomial. Now, we question, how do we, know that 
1

2(0) (0)C y aD y
−= +  is finite? How do we physically find the meaning and value 

of 
1

2 (0)D y
−

 that is fractional initial state? If 
1

2(0) (0)C y aD y
−= +  is not finite 

then problem is serious and this approach is meaningless. With partial fraction 
approach, we get partial fraction of inverse indicial polynomial and with 
assumption that C  is finite, and nonzero constant, we proceed to find solution to 
(11.100). If 0C = , then the only solution is trivial solution that is ( ) 0y t = . The 

partial fraction of indicial polynomial is 

1 1 1 1

( )P x x xα β α β
⎡ ⎤= −⎢ ⎥− − −⎣ ⎦

                                           (11.102) 

Putting
1

2( )x s= , we get 

1 1 1 1

( )P s s sα β α β
⎡ ⎤

= −⎢ ⎥− − −⎣ ⎦
                                      (11.103) 

The inverse Laplace is solution to (11.100), and in the form of Robotnov-Harley 
function, as one possibility we obtain, solution to (11.100) as 

1 1
2 2

( ) ( , ) ( , )
C

y t F t F tα β
α β

⎡ ⎤= −⎢ ⎥⎣ ⎦−
, 

for α β≠ , and 1 1
2 2

( ) [ ( , )* ( , )]y t C F t F tα α= , this is for α β= . The Robotnov-

Hartley function, defined as  

( 1) 1

( , )
({ 1} )

n n q

q
n o

a t
F a t

n q

+ −∞

=
=

Γ +∑ , 

with its Laplace-Transform as  

1
( , )q q

F a s
s a

=
−

. 

In this approach, the fractional initial state is arising from Generalization of 
Laplace Transform, and for this example is explained as: 
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1 112 2( ) [ ( )]D y t D D y t
−= , 

is Riemann-Liouvelli definition of fractional derivative.  

Let 
1

2
1( ) ( )D y t y t

− = . Then Laplace pair is  

1
2

1( ) ( )Y s s Y s
−= . 

Then Laplace of RL  

1 12
1( ) ( )D y t D y t= is 1 1[ ( ) (0)]sY s y− , 

putting values of  

1
2

1 1(0) (0), ( )y D y Y s
−= , 

 the Laplace of RL 

1 1 1
2 2 2( ) (0)D y t s D y

−= − , 

requiring fractional initial state. 
If the half-derivative operator in (11.100) had been of Caputo type, then  

1 1 12 2( ) [ ( )]CD y t D D y t
−= , 

With 1
1( ) ( )y t D y t= , has 1( ) ( ) (0)Y s sY s y= − . The Laplace of Caputo half 

derivative is 

1 1 1
2 2 2

1[ ( )] ( ) (0)s Y s s Y s s y
− −= −  

and requires integer order initial state. 
Therefore the dichotomy persists in (11.100) if formulated by RL scheme then 

requires (0)y and
1

2 (0)y
−

, and if formulated by Caputo requires (0)y . This is one 

reason for Caputo derivative being popular. In RL, definition 
1

2 (0)y
−

 is hard to 

visualize. 
Generally, the Caputo and RL definitions of fractional derivatives are not equal, 

but are equated by initial conditions as 

1
( )

0

( ) ( ) (0 )
( 1)

km
C k

t tRL
k

t
D f t D f t f

k

α
α α

α

−−
+

=

⎡ ⎤ = +⎣ ⎦ Γ − +∑                       (11.104) 
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These two definitions are equal only when, the initial states are zero. The (11.100) 
is of first-order differential equation with remaining lesser orders, classically, 
should have required only one initial state yet the treatment is asking for two 
initial states. However, the definition of order in FDE is not as simple as Integer 
Order Calculus as the first order system with half order element may behave as 
classical second order system of Integer Order Calculus, yet the application 
scientists and engineers will be comfortable if the RL formulations of FDE 
requires only integer order states to get practical realizable responses to FDE 
system.  

11.17.2   Basic Fractional Order Differential Equation System and 
its Classical Solution 

A fractional differential equation system is described as with RL definition of 
derivative as  

( 1) ( 2) 0
1 2[ ........ ] ( ) ( )nv n v n v

nD a D a D a D y t G t− −+ + + =                        (11.105) 

If of order ( , )n q , where ,n q  are positive integer and v  is positive fractional 

number, 1/v q= . If we have integer N nv≥ , where homogeneous initial 

/boundary conditions are given as:  

(0) 0jD y = , 0,1, 2,..... 1j N= − . 

For (11.105) the indicial polynomial is ( )P x , and the Green’s function (the 

solution of homogeneous system of (11.105) is ( )K t  which is Laplace Inverse of 
1[ ( )]vP s − , then solution of (11.105) is  

0

( ) ( ) ( )
t

y t K t G t dξ ξ= −∫ . 

Here, point is to be mentioned that the homogeneous integer order initial states are 
given for this simple convolution of Green’s function and the source (forcing) 
function. In the homogeneous differential equation system of (11.105) the source term 
is zero, requires the idea of fractional initial states, as explained in example (11.100). 
The homogeneous system of (11.105) has fundamental solution 1( )y t  as Laplace 

Inverse of 1[ ( )]vP s − , with 1 2 3, , ... Ny y y y  as linearly independent solutions with 

1 1( )j
jy D y t+ = , 0,1, 2,... 1j N= − .This is classical theorem of Fractional Calculus 

to have solution to FDE. 
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11.17.3   Classical Solution to Fractional Fokker-Plank 
Kolmogorov Equation (FFPK) by Fourier-Laplace 
Technique 

Consider generalized FFPKE given as: 

( , ) ( , )
( )

(1 )

P x t P x t t
x

t x

β α β

β α δ
β

−∂ ∂= +
Γ −∂ ∂

, 

we would like the solution and asymptotic solution, where the expression of the 
source is taken to satisfy the normalized condition  

( , ) 1P x t dx
+∞

−∞
=∫ . 

Let us introduce Laplace-Fourier Transformation as  

i

0
( , ) ( , )

t st kxP k s dt dxe P x t
+∞ − +

−∞
= ∫ ∫ . 

This concept and the FFPKE were discussed in earlier chapters. Using this 
Laplace-Fourier transform to the FFPKE we obtain the following: 

1( , ) ( , )s P k s k P k s s
αβ β −+ = . 

On applying only Fourier transform we get: 

( , ) ( , )
(1 )

t
P k t k P k t

t

β β
α

α β

−∂ + =
Γ −∂

,for 0t > . 

The solution of this is  

( )
0

( 1)
( , )

( 1)

m m

m

P k t k t
m

α β

β

∞

=

−=
Γ +∑ , 

it is easy to prove this as solution by Euler’s formula that is 

( 1)

( 1 )

t
t

t

β γ
γ β

β
γ

γ β
−∂ Γ +=

Γ + −∂
. 

In compact form the solution of the FDE in Fourier space is 

( )( , )P k t E k t
α β

β= − ; 
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that is individual (Fourier) modes decay with Mittag-Leffler pattern with time. If 

we do term by term Fourier invert that is writing ( )1E k t
α β

β
−ℑ − , we will get 

( , )P x t , that is as follows 

/2
1

1 1 ( 1) ( 1)
( , ) cos ( 1)

( 1) 2

m

m
m

m
P x t m

y mt y
μ α

α π α
π β

∞

=

⎧ ⎫− Γ + ⎡ ⎤⎪ ⎪= +⎨ ⎬⎢ ⎥Γ + ⎣ ⎦⎪ ⎪⎩ ⎭
∑ , 

where /2/y x tμ= , 2 /μ β α= . 

It follows the asymptotic form as 

1

1 (1 )
( , ) sin

(1 ) 2

t
P x t

x

β

α
α πα

π β+

Γ + ⎛ ⎞
⎜ ⎟Γ + ⎝ ⎠

∼ , 

where, / 2 /x t tμ β α>> = . From this we also can conclude that Fractional Order 

moments that is x
δ

, 0δ >  converge if 0 2δ α< < < . Similar solution was 

obtained in previous section earlier (11.71). 

11.17.4   Decomposition of Fractional Differential Equation 
Principle and Equivalence of RL and Caputo Definitions to 
Solve FDE with Integer Order Initial States 

In this section a system of FDE with RL formulation is decomposed by changing 
to Caputo and step by step convergence is shown. Convert the (11.105) to Caputo 
System and write as: 

( ) ( 1) ( )1 2
( 1) 0

1 1
0 0

(0) (0)
( ) ( ) .. ( ) ( )

( 1) ( ( 1) 1)

k nv k k n v kN N
C nv C n v

n
k k

t y t y
D y t a D y t a a D y t G t

k nv k n v

− − −− −
−

= =

+ + + + =
Γ − + Γ − − +∑ ∑  

(11.106) 
The nearest integer for first term of LHS of (11.106) is N , for second term 1N − , 
and so on. 

Decomposing the (11.106) with Caputo definition, we obtain: 

( )1
( ) ( 1 ( 1) ) 1 0

1
0

( 1) ( )2

1
0

(0)
[ ( ) ( ) ... ( )] [

( 1)

(0)
.................] ( )

( ( 1) 1)

k nv kN
N nv N N n v N

n
k

k n v kN

k

t y
D D y t a D D y t a D y t

k nv

t y
a G t

k n v

−−
− − − − − − −

=

− −−

=

+ + + +
Γ − +

+ + =
Γ − − +

∑

∑
  

(11.107) 
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Differentiating (11.107) ( )N nv−  times and applying identity expression for 

differential operator m mD D I− = , we obtain 

( )1
(1 ) 1 2(1 ) 2 0

1 2
0

( 1) ( )2
( ) ( )

1
0

(0)
[ ( ) ( ) ... ( )] [

( 1)

(0)
.................] ( )

( ( 1) 1)

k nv kN
N v N v N N nv N nv

n
k

k n v kN
N nv N nv

k

t y
D y t a D D y t a D D a D D y t D

k nv

t y
a D D G t

k n v

−−
− − − − − − −

=

− −−
− −

=

+ + + +
Γ − +

+ + =
Γ − − +

∑

∑
(11.108) 

Let us examine the extra power series terms in (11.108) and apply Euler’s formula 

( 1) / ( 1 )D t tμ λ λ μλ λ μ−= Γ + Γ + − , 

where μ +∈ℜ , with 1λ > − , then 

( 1) ( 1)

( 1 ) ( 1 )
N nv k nv k nv N nv k Nk nv k nv

D t t t
k nv N nv k N

− − − − + −Γ − + Γ − += =
Γ − + − + Γ + −

 

1 1( )
( )

0 0

1
( )

0

(0) ( 1)
(0 )

( 1) ( 1) ( 1 )

(0 )
( 1)

N Nk nv k k nv N nv
N nv k

k k

m k N
k

k

t y k nv t
D y

k nv k nv k nv N nv

t
y

k N

− −− − − +
− +

= =
− −

+

=

Γ − +=
Γ − + Γ − + Γ − + − +

=
Γ − +

∑ ∑

∑
 (11.109) 

The expression (11.109) contains reciprocal of Gamma function at negative 
integer points, the values of which are zero. The reciprocal of Gamma functions 

( ( 1)), ( ( 2))... (0)N NΓ − − Γ − − Γ  are zeros. This reciprocal Gamma function is 

multiplied by powers of t at 0t ε+→ = ; as 1 2 1, , ,....N N Nε ε ε ε− − − − . Therefore, at 

0t +→ , the (11.109) be collapsed to zero, i.e., 

1 2 1

... 0
(1 ) (2 ) (3 ) (0)

N N N

N N N

ε ε ε ε− − − −
+ + + + =

Γ − Γ − Γ − Γ
; 

giving 

1
( )

0

(0 ) 0
( 1)

m k nv
N nv k
t

k

t
D y

k nv

− −
− +

=

=
Γ − +∑                                      (11.110) 

The 0+  is put in above argument is because the differentiation is valid for half-
open interval (0, )t . The Euler expression has 1λ > − , for the functions for ease in 

differintegrable class, has been put for convenience of existence. This (11.110) is 
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new observation not used elsewhere earlier in RL fractional calculus context. This 
new observation and its application is now useful for solving FDE with RL 
formulation by decomposition technique where the extra source sink term 
appearing in FDE (changing from RL to Caputo) collapses to zero thus giving 
ease and uniformity in the two definitions of fractional calculus. This reduces 
(11.108) to  

(1 ) 1 2(1 ) 2 0
1 2

2 ( 1) ( )
( ) ( )

1
0

[ ( ) ( ) ... ( )]

(0)
[ .................] ( )

( ( 1) 1)

N v N v N N nv
n

N k n v k
N nv N nv

k

D y t a D D y t a D D a D D y t

t y
a D D G t

k n v

− − − − − −

− − −
− −

=

+ + +

+ =
Γ − − +∑       (11.111) 

Look at the second differential term in (11.109) that is 1 1v ND D− − . The fractional 
derivative is Caputo type and the nearest integer is “one”. Therefore, 

1 1v vD D D− −= , is the Caputo definition. Differentiating v  times  

1 1 2(1 ) 2 0
1 2

2 ( 1) ( )
( ) ( )

1
0

[ ( ) ( ) ... ( )]

(0)
[ .................] ( )

( ( 1) 1)

v N N v v N v N nv
n

N k n v k
v N nv v N nv

k

D D y t a D D y t a D D D a D D D y t

t y
a D D D D G t

k n v

− − − −

− − −
− −

=

+ + +

+ =
Γ − − +∑   (11.112) 

Observing, power series term of the term in LHS of (11.112) the term is: 

2 2( 1) ( ) ( 1) ( )
( )

0 0

(0) (0)

( ( 1) 1) ( ( 1) 1)

N Nk n v k k n v k
v N nv N nv v

k k

t y t y
D D D

k n v k n v

− −− − − −
− − +

= =

=
Γ − − + Γ − − +∑ ∑ , 

has derivative order N nv v− + , and power function exponent as k nv v− + ; the 
expanded term will be the following: 

2 2( 1) ( ) 1 2

0
0 0

(0)
lim ... 0

( ( 1) 1) ( 1 ) (1 ) (2 ) ( 1)

N Nk n v k k N N N
N nv v

t
k k

t y t
D

k n v k N N N

ε ε ε
+

− −− − − − − −
− +

→= =

⎡ ⎤
= = + + =⎢ ⎥Γ − − + Γ + − Γ − Γ − Γ −⎣ ⎦

∑ ∑  

The (11.112) becomes: 

1 1 2(1 ) 2 0
1 2

3 ( 2) ( )
( )

2
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[ ( ) ( ) ( )... ( )]
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( ( 2) 1)

v N N v v N v N nv
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v N nv v N nv

k

D D y t a D D y t a D D D y t a D D D y t
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a D D D D G t
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− − −
− −

=

+ + +

+ =
Γ − − +∑  

(11.113) 

Reducing the fractional integral operator vD , gives the (11.113) as: 
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1 1 2(1 ) 2 0
1 2
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− −
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+ + +

+ =
Γ − − +∑       (11.114) 

The (11.113) and (11.109) are of similar the power term after this second iteration 
has become zero, and in (11.113) remaining power terms are present. It appears 
that the power terms for the coefficients 1 2, .....a a + , will keep on reducing to zero 

if we follow this stepwise decomposition. Let us repeat the steps for the remaining 
power functions of (11.113). The differential Caputo is 

2(1 ) 2 2 2 2v N v ND D D D D− − − −= . 

We differentiate (11.113) by 2v  to get 

2 2 1 1 2 2(1 ) 2 2 0
1 2

3 ( 2) ( )
2 2 ( )

2
0

[ ( ) ( ) ( )... ( )]

(0)
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n
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k

D D y t a D D D y t a D D D y t a D D D y t

t y
a D D D D G t
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− − − − −

− − −
− −

=

+ + +

+ =
Γ − − +∑

(11.115) 

The differentiation of power term, of exponent ( ( 2) )k n v− −  by ( 2 )N nv v− + , 

returns zero as the discussed for the power exponents for other previous 
coefficients. That is  

3 3( 2) 1 3
2

0
0 0

lim ... 0
( ( 2) 1) ( 1 ) (1 ) (2 ) ( 2)

N Nk n v k N N N
v N nv

t
k k

t t
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k n v k N N N

ε ε ε
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− −− − − − − −
−

→= =

⎡ ⎤
= = + + + =⎢ ⎥Γ − − + Γ + − Γ − Γ − Γ −⎣ ⎦

∑ ∑
Thus, power term of (11.114) goes to zero and again integrating on both sides of 
(11.114) by 2v , we get  

1 1 2(1 ) 2 0
1 2

4
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3
0

[ ( ) ( ) ( )... ( )]

[ .................] ( )

N v N v N N nv
n
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D y t a D D y t a D D y t a D D y t
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−
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+ + +

+ =∑           (11.116) 

This way by induction we arrive at decomposed equation, above formulated by 
RL definition as: 

1 1 2(1 ) 2
1 2[ ...... ] ( ) ( )N v N v N N nv N nv

nD a D D a D D a D y t D G t− − − − − −+ + + + =    (11.117) 

In one example of (3,2)  order  

3 1 02 2[ 2 2 ] ( ) 0D D D D y t− − + = , 
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formulated by RL derivative, this method gives equivalent one as 

3 12 12 2[ 2 2 ] ( ) 0D D D D y t− − + = , 

is matching with above criteria. For a system where N nv= , the reduction need 
not be carried out. This procedure states that with RL formulated system of 
differential equations one can decompose the same, with above described method, 
where the leading order is integer order N , and thus should require N  integer 
order initial states-not fractional to get the fundamental solution. If the formulation 
were of Caputo then this decomposition method also holds. 

The example of (11.100) formulated is having highest order as one, should 
have required one initial states, but classically we saw that it had asked for 
fractional order states too when formulated by RL definition. Thus, decomposition 
method obtained here for RL and Caputo gives uniformity in solving Fractional 
Differential Equations, with decomposition.  

11.17.5   Application to Fractional Diffusion-Wave Equation with 
Input Sine Excitation with RL-Formulation 

Here demonstration is made to have ADM for RL formulation giving the same 
result as with Caputo and obtained analytical result. For simplicity and 
demonstration of this method, the diffusion-wave equation constant is assumed 
unity.  

Consider 

2

2
( , ) ( , )

RL

u x t u x t
t x

α

α

⎡ ⎤∂ ∂=⎢ ⎥∂ ∂⎣ ⎦
, 1 2α< ≤                              (11.118) 

with 

( ,0 ) sinu x x+ = , 
( ,0 )

( ,0 ) 0t

u x
u x

t

+
+∂ = =

∂
. 

The 2m =  in the case of above diffusion-wave equation and while changing RL 
to Caputo formulation gives the extra source/sink term as 

1

( ,0 ) ( ,0 )
(1 ) (2 ) t

t t
u x u x

α α

α α

− −
+ +− −

Γ − Γ −
. 

Operating fractional derivative 2m
t tD Dα α− −≡  on this source/sink term gives  

 

2 1

( ,0 ) ( ,0 ) 0
( 1) (0)t

t t
u x u x

− −
+ +− − =

Γ − Γ
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Referring to earlier discussion we can re-write the above as: 

2
1

O 2
( , ) L ( , )m

tu x t D u x t
x
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, 

for this system 2m = , 1 2
OL tD− −=  and thus  

( ,0) ( ,0) sinu x t u x x
t

∂Φ = + =
∂

. 

By the decomposition technique, we write the following: 
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(11.119) 

Therefore the solution to is: 

1 2 3
0

( )
( , ) .... sin

( 1)

n

n

t
u x t u u u x

n

α

α

∞

=

⎛ ⎞−= + + + = ⎜ ⎟Γ +⎝ ⎠
∑  

The expression above can be exactly put in close form by use of Mittag-Leffler 
function as ( , ) ( )sinu x t E t xα

α= − . 

11.18   Observations 

From the above arguments, the following is stated: Assume that ( )G t  and ( )y t  are 

“well-behaved” in half open interval (0, ]t , and are fractionally differ-integrable. 
A Fractional Differential Equation (11.120) 

( 1) ( 2) 0
1 2[ ........ ] ( ) ( )nv n v n v

nD a D a D a D y t G t− −+ + + =                    (11.120) 
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with RL Derivative or Caputo Derivative be decomposed as 

1 1 2(1 ) 2
1 2[ ...... ] ( ) ( )N v N v N N nv N nv

nD a D D a D D a D y t D G t− − − − − −+ + + + =        (11.121) 

With nvN ≥ , and solved with initial states  

)(ty j , 0,1,2........., ( 1)j N= − . 

The fundamental solution is 

0 1 1 1
1 1

( ) .....v nv
k n k

k k

y t y a D y a D y
∞ ∞

− −
− −

= =

= − − −∑ ∑               (11.122) 

With Φ  a solution of ( ) 0ND y t = , and 0 ( )nvy D G t−= Φ + . 

Requiring only integer order initial states, for Fractional Differential Equation 
with leading terms as fractional order. This we can call Lemma ,derived from all 
previous discussions and examples. 

11.19   Concluding Comments 

The Decomposition Method of Mathematics of Linear Analysis, as demonstrated 
is generalization of the physical law of nature that is, the process reacts in opposite 
way to thwart any changes in the process variable. The Decomposition Method as 
explained for physical systems gives insight into micro-scale reactions, to the 
external or internal stimulus so as to oppose the changes; thereby generating 
infinite (or finite) modes of reactions, the sum of which gives the total system 
behavior. Fractional Differential Equation (FDE) by RL method it is found that 
there is no need to worry about the fractional initial states; instead one can use 
integer order initial states (the conventional ones) to arrive at solution of FDE. 
This new finding too is highlighted in this chapter-along with several other 
problems to give physical insight to the solution of extraordinary differential 
equation systems. This way one gets insight to Physics of General Differential 
Equation Systems–and its solution–by Physical Principle and equivalent 
mathematical decomposition method. This facilitates ease in modeling to get 
approximate analytic behavior of General Dynamic System-involving Extra 
Ordinary Differential Equations. Well to conclude the fractional differential 
equations be it of Riemann-Liouvelli, or be it Caputo formulated, can be solved in 
the practical way with integer order initial states, and with physical principle of 
decomposition and action reaction. These fractional order system of differential 
equations are as rigorous as their counterparts in integer order systems, well if the 
system are solvable then there is close relation to physics and series reaction and  
series solution.   
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